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PREFACE 

TO THE EIGHTH EDITION 

The continued demand for this text-hook has given encourage¬ 
ment for the production of a new edition, and the opportunity 
has keen taken to add considerable material to several of the 
chapters. Mohr’s Circle and its use in the determination of 
principal and other stresses lias been included in Chapter II, 
whilst Castigliano’s Theorem and Wilson’s Method as used for 
beam deflections, reactions, etc., have been added to Chapters 
VIII and IX respectively. Chapter XII has been enlarged by 
the introduction of Perry’s Formula for the solution of problems 
on struts and the use of Strain Gauges and Brittle Lacquers 
has been incorporated in Chapter XV. A description of both 
Brittle and Fatigue Fractures and their probable causes have 
also been given in this chapter. The material relating to 
Cement Testing has been rewritten to agree with the latest 
British Standard Specification. 

The author wishes to take this opportunity to thank the 
Institution of Mechanical Engineers for permission to use 
certain diagrams and tables relating to both fatigue and 
brittleness, and also the Iron and Steel Institution for material 
relating to the use of manganese in preventing brittleness at 
ordinary temperatures. Thanks are also due to the Editor of 
The Engineer for certain figures; to Messrs. Thos. Eirth and 
John Brown, Ltd., for hardness tables; and to Messrs. High 
Duty Alloys, Ltd., for tables of the properties of their 
aluminium alloys. E. V. WABNOCK 

1955 


PREFACE 

TO THE FIRST EDITION 

This book has been written for engineering students, and although 
its main purpose is to assist those students working for the degrees 
of the University of London and the final examinations of the 
various professional engineering institutions, it will be iound to 
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cover the course of other universities. It is also hoped that it will 
prove useful to many practical engineers. 

In arriving at the various formulae the calculus has been used, 
as nearly all engineering students have a working knowledge of 
this branch of mathematics. 

The book contains a liberal supply of worked examples taken 
from the recent examination papers of the University of London 
and the Institutions of Civil and Mechanical Engineers. At the 
end of each chapter a large number of exercises will be found, taken 
from the same sources. 

The chapter dealing with the deflection of beams has been 
influenced to some extent by Prof. J. H. Smith, D.Sc., and the 
reader is advised to become familiar with the method of treating 
deflection and slope from a knowledge of the bending-moment 
diagram, as in the majority of eases this method greatly simplifies 
the calculations. 

In many cases reference is made to important researches bearing 
on the subject, and in each case it will he found that the reference 
simplifies the access to the original papers. In the last chapter 
the fatigue of metals has been dealt with rather briefly, but the 
reader is referred to a comprehensive work on the subject. It will 
be found, however, that the synopsis contains the most important 
of the generally accepted results. 

The author wishes to thank the various professional institutions 
for permission to make use of a great amount of material taken 
from their journals, and the following firms who have kindly supplied 
blocks or photographs ; W. and T. Avery, Ltd., Birmingham; 
A. Macklow-Smith, London ; Joshua Buckton & Co., Ltd., Leeds ; 
Cambridge Instrument Co., Ltd., London ; Messrs. W. G. Pye 
<fc Co., Cambridge; Messrs. Kayser Ellison & Co., Ltd., Sheffield ; 
and the editor of Engineering for the description of the Lamb 
extensometer. 

The author is also greatly indebted to Mr. J. MoKeown, M.Sc., 
for his valuable assistance in the production of the book. 

It is hoped that the errors in this edition will be compara¬ 
tively few—on account of the huge amount of arithmetical work it 
is too much to hope that there are none. The author will be 
grateful to receive intimation of any errors and helpful suggestions 
will be appreciated. P. V. WARNOCK 

Belfast 

1927 
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CHAPTER I 

SIMPLE STRESSES AM) STRAINS 

1. Introduction. When an engineer undertakes the design of 
a machine part or portion of a structure, it is essential that he 
should fully realize the various forces for which allowances 
have to be made. He then requires to have at his disposal 
formulae which will enable him to proportion the design so 
that fracture will not take place when the part is subjected to 
the estimated forces. The formulae which follow have been 
largely arrived at by making use of well-known facts in the 
study of statics, dynamics, and mathematics. In the deriva¬ 
tion of these formulae assumptions have been made, which are 
very often not exactly realized in practice. The results 
obtained by using such formulae should be compared, there¬ 
fore, wherever possible, with those obtained experimentally. 

The reader is advised, when attacking a particular problem 
in design, first of all to make himself perfectly familiar with 
the conditions under which the part has to work. Secondly, 
before making use of a particular formula, to be familiar with 
the assumptions made in obtaining the formula, and thus see 
how closely theoretical and working conditions agree. Finally, 
in making use of the formula, he should incorporate common 
sense and the results of experience. 

2. Load. The external forces acting on a piece of material 
constitute what is oalled the “ load.” The following are a 
few of the forces met with in practice— 

(а) A force, due to a load not in motion ; an example of 
which is a load hanging from a crane chain, without being 
raised or lowered. 

(б) An inertia force, due to change in velooity of a mass. 
This is met with in engine practice and is the result of change 
in velocity of the reciprocating parts. 

(c) A centrifugal force, which is met with in pulleys and 
flywheels, and is due to the tendency of a rotating mass to get 
away from its centre of rotation. 

i 
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(d) A frictional force, resulting from the application of a 
brake on a drum. 

(e) A force due to expansion or contraction, whioh is met 
with in boiler furnaces. 

Forces such as those above mentioned often act at the end 
of an arm, and cause bending or twisting in the material. 

3. Stress. No material is perfectly rigid, therefore the appli¬ 
cation of a load to a piece of material causes a deformation. 
This deformation may be large and easily measured as in the 
case of a piece of rubber 1 sq. in. cross-section carrying a pull 
of 100 lb., or it may be small and require a delicate measuring 
device where a steel bar of the same cross-section carries a 
pull of 10 tons. In all cases internal forces are called into play 
in the material to resist the load and are referred to as 
“ stresses.” The intensity of the stress is estimated as the 
force acting on unit area of cross-section, and is expressed in 
such units as tons per sq. in., lb. per sq. in., etc. 

4. Tensile Stress. An example of a body stressed in this 
manner is shown in Fig. 1, which represents a uniform vertical 
bar held at its upper end and carrying an axial load W. If the 
bar is cut at OB, it is easily seen that a force P, acting in the 
opposite direction to W, and equal in magnitude to IT, is 
required to hold the lower portion in equilibrium. In the 
normal state of the bar, the force P is supplied by the internal 
forces in the material. If the section OB is taken at any point 
between the ends of the bar a similar condition exists (neglect¬ 
ing the weight of the portion of the bar below the section). 

W 

The intensity of tensile stress at OB is given by f t = — 
where A is the cross-sectional area of the bar. A 

5. Compressive Stress. Fig. 2 represents a uniform vertical 
bar carrying a load W, which in this case causes a stress of 
opposite nature to that discussed in par. 4. The line of action 
of the load is again assumed to be axial. Considering a section 
OB, it is seen that a force P equal in magnitude to W, and 
acting in the opposite direction to W, is required for equili¬ 
brium, Again, neglecting the weight of the portion of the bar 
above OB, the intensity of the compression stress at CB is 
given by— 



where A is the cross-sectional area of the bar. 
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6. Shear Stress, A stress of this nature is said to exist on a 
section of a body if on opposite faces of the section equal and 
opposite parallel forces exist. Let a rectangular block of 
metal of cross-sectional area A be soldered to a heavy mass 
of iron and suppose a force W to be applied, acting as shewn in 
Fig. 3, now consider the section GB. The upper portion H 
exerts a force W on the face of the lower portion K, which 
portion in turn exerts an equal and opposite force on the face 



Fig. 1 Fig. 2 

of the upper portion H. The intensity of the shear stress on 
the section at GB is given by 



In each of the three cases considered the force is assumed to 
be distributed uniformly over the surface. If this is not the 
case then the intensity of stress at a point in the surface is 

<5 }V 

taken to be equal to the limiting ratio of when each is 

reduced indefinitely where 6 W is the force acting on the very 
small area <5 A. 

7. Strain. Strain is a measure of the deformation produced 
by the application of the external forces. 

(а) In Fig. I it will be observed that the deformation is an 
elongation of the amount x, and if l is the initial length of the 
bar, then the tensile strain is given by 

x 

l 

or is the elongation per unit of length. 

(б) In Fig. 2 the deformation is shown to be a shortening of 
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the bar by the amount x, and if l is the unloaded length, the 
compressive strain is given by 

x 

e ‘ = l 

or the shortening per unit of length. 

(c) The state of deformation produced by shear is shown by 
the dotted lines in Fig. 3. The movement x of the corner is 
exceedingly small so that EFL may be regarded as a right- 
angled triangle. The shear strain 
is given by 

w 


e, = 


— tan 6 


(d) Another kind of strain is 
encountered if a solid such as a 
cube be subjected to forces on 
each face. Fig. 4 shows a cube 

C! / 


YV a 

7—TTT" 

B j ■ 

77?’’^ 

i B K \ 

}e 


Pig. 3 



subjected to equal compressive normal forces on eaoh face. 
(This state of loading would be obtained if the cube was 
lowered to a great depth in a liquid.) The result of the 
forces on each face will be a shortening of each edge of the 
cube and hence a reduction in volume. The cubical or volume 
strain is given by 

change in volume 
C * — original volume 
or change in volume per unit of volume. 

If l is the length of the edge of the unstrained cube and x the 
decrease in length of each edge, then the change in volume is 
given by 3 Px - 3 lx 2 + x 3 . Now since x is very small, terms 
containing x 2 or higher powers may be neglected, hence the 
change in volume is approximately 3 l 2 x. The volume strain 

is therefore approximately -y-, which is three times the linear 
strain of the edge. 1 
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It is important to note that in each case the strain is a ratio 
and. thus non-dimensional. 

Let the dimensions of a bar be x, y and z, and suppose the 
bar to be loaded in such a manner that the corresponding 
strains in the directions of the above dimensions are e xi e v , and 
e,. Any of these strains may be positive or negative, depending 
on whether they are elongations or contractions. 

The new dimensions of the bar are x (1 + e x ), y (1 + e v ) and 

2 (1 + &z)‘ 

The volume of the unstrained bar = xyz 
„ „ „ strained „ = x (1 -f e x ) y (1 -f e v ) 

z (1 + e«) = xyz (1 + e* + e v + e *) 
if the product of two or more strains be neglected. 

The change in volume of the bar 

= xyz (e x + e„ + e.) 

, , . , . change in volume . . , 

and the volume strain ■= — - . —-r- = e„ is given by 

original volume 

""I - ^ e 


8. Elasticity. A material is said to be perfectly elastic if 
the strain due to loading disappears with the removal of the 
load, and also if the strain for a given value of load during the 
unloading process is equal to the strain for the same value of 
load during the loading process. 

A limiting value of load will be found at which the strain 
does not completely disappear with the removal of the load. 
The value of the stress corresponding to this load is called the 
“ Elastic Limit,” and the residual strain is referred to as a 
permanent set. 

9. Hooke’s Law. It was discovered by Hooke that if a 
material be loaded without exceeding the elastio limit, then 
the deformation produced is proportional to the load producing 
it. Now the stress caused by the load is proportional to the 
load, and the corresponding strain is proportional to the 
deformation, therefore the stress is proportional to the strain, or 


stress W l 

—-= — y - — 

strain A x 


W l 

— where k = - 
x A 


W . 


and since x is proportional to W, then k — is equal to a con- 
. stress i * 

“• as - s i 
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This constant is called the modulus of elasticity, and its 
magnitude will depend on the material and on the nature of 
the stress and strain dealt with. Since stress is a force per 
uni t of area, and strain is a number, the modulus of elasticity 
will also be a force per unit area. 

10. The Elas tic Constants. When a body is subjected to 
simple tension or compression the modulus of elasticity is 
usually called Young’s modulus, and it is invariably denoted 
by the letter E. In the case of a body subjected to pure shear 
only the modulus is called the shear or rigidity modulus, and 
is usually denoted by the letter G. 

The bulk or volume modulus corresponds to the strain 
arising from a state of loading such as is indicated by Fig. 4, 
and is denoted by K. 

If f t and /„ denote the tensile or compressive stress in a 
body subjected to pure tension or compression, and e t and e„ 
the corresponding strains, then 

jg _ ft _ fo 

~ e, ~ e e 

Also if f, is the shear stress in a body subjected to pure 
shear and e, the corresponding strain, then 

C ~- 

e. 

In Fig. 4 if /„ denotes the intensity of the normal stress on 
each face of the cube and e„ the corresponding strain, then 



e. 


These constants are related to one another, which relation¬ 
ship will be obtained in a later chapter. 

From a knowledge of the relationship, just obtained, between 
stress, strain and modulus of elasticity, it will be found that 
the attack on a problem on strength of materials develops 
along the following lines— 

(1) Assuine a deformation (this should be of as simple a 
character as possible). 

(2) Calculate the strains. 

(3) Multiply the strains by the elastic moduli and so obtain 
the stresses. 

(4) Multiply the stresses by the areas over whioh they act, 
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equate to the external forces, and so proceed with the solution 
of the problem. 

Numerous examples of tile use of this method of attack will 
be shown by means of worked examples, and the reader is 
advised to study each one carefully. 


Example 1. 

Define “stress," 11 strain,” and “modulus of elasticity” in general terms. 
A metal rod of circular section, 1 in. in diameter, is subjected to stress in a 
tension.-testing machine. It is found that the total extension over a length 
of 8 in. is 161 scale divisions of an extensometer for a pull of 9,000 lb., the unit 

of the scale being of an inch. Calculate the stress, the strain and the 

OUfhUU 

modulus of elasticity for this rod. (London University, 1913.) 

Area of cross-section of rod = 0-7854 X l 2 = 0-7854 sq. in. 
W 9,000 
f*~~A~ 0-7854 


= 11,460 lb./sq. in. 


Extension on 8 in. length == scale divisions X unit of scale 


= 151 X 


1 . 
50,000 U1 ‘ 


x 151 

S ‘ ~ l ~ 50,000 X 8 
= 0-0003775 


F = /. _ 1M60 

J e, 0-0003775 
= 30-37 X 10 B lh./sq. in. 



Example 2. 

Design a treble-riveted lap joint in which the pitoh of the rivets in the outer 
rows is twice the pitch of the rivets in the inner row, for plates J in. in thick¬ 
ness. Determine the pitch and diameter of the rivets so that the tensile stress 
in the plates is 6 tons per Bq. in. and the shearing stress in the rivets is 4J tons 
per sq. in. (Lond. Univ., 1912.) 


The arrangement of the joint is shown in Eig. 5. 

The diameter of the rivets is found from the formula 

d = 1-2 ■sjl where t = thickness of plates in inches. 

d = 1-2 VO^TS 
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Let n = number of rivets in strip of width, equal to p, 
where p = pitch of rivets 
Strength of plate against tearing 

= <JP - d)t X ft 
= (j> - 1) X f X 6 

= ±lP ~ 

Strength of rivets against shearing 

= ^ d 2 X /, X » 

= 0-78 X 1 X 4-5 X 4 
= 14-15 tons 



Fig. 5a 


Since joint is equally strong in tension and in shear, 

4 \p - 4^ = 14-15 
p — 4-14 in., say 4 in. pitch. 

Example 3. 

Two lengths of bar 12 in, wide and | in. thick aro to be connected by a 
double caver butt joint. The diameter of the rivet holes is 1 in. Design a 
suitable joint. Tensile stress, 7 tons/sq. in. Shear stress, 6 tons/sq. in. 
Bearing stress, 9 tons/sq. in. (Lond. Univ., 1916.) 

The rivets in a joint of this type are usually arranged as 
shown in Fig. 5a, the bar is then only weakened by one rivet 
hole. 

Strength of joint against tearing through the outside rivet 
= (12 - 1) J X 7 = 57-75 tons. 

Shear strength of one rivet = X (l) 2 X 5(2^°^ jjjjjjjj 

- 7.as shear 
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Number of rivets required for shear = -y^r ~ B0i T ®- 

Bearing strength of each rivet = 9 X 1 X f — 6*75 tons. 

57-75 

Number of rivets required for bearing = -g^r == 8-55, 
say 9. 

The joint would therefore require 9 rivets in each bar, and 
would be arranged as shown in Fig. 5a. 

Each cover plate might be taken to be half the thickness of 
the bars, but in practice it is usual to make the cover plates 
| the thickness of the bars. 

Thickness of each cover plate = f x f -== \ in. 

It is of interest to further extend this example and find the 
force necessary to rupture the joint at DD, CO, etc., and hence 
obtain the efficiency of the joint. 

The force necessary to rupture the joint at DD has already 
been found to be 57-75 tons. 

Suppose bar to tear at CC and rivet at DD to shear. Total 
force required = (12 - 2) £ x 7 + 7-85 = 60-35 tons. 

Suppose bar to tear at BB and rivets at CO and DD to shear. 
Total force required = (12 - 3) | X 7 + 7-85 X 3 = 70-8 tons. 

Suppose bar to tear at AA and rivets at BB, CC and DD to 
shear. Total force required = (12-3) fx7+6X7-85 
= 94-36 tons. 

Suppose cover plates ruptured along AA. Total force 
required = 7 (12 - 3) X 2 x ^ = 63 tons. 

From this it is clear that the weakest section is at DD. 


The efficiency of the joint = 


least strength of the joint 
strength of solid plate 
57-75 
~63~ 


Example 4. 


= 91-6 per cent 


The diameter of tho piston of a Diesel engine is 310 mm., and the maximum 
compression pressure in the cylinder is SCO lb./eq. in. The cylinder is held 
by four bolts whose effective diameter is 2 in. and length 36 in. Estimate 
the maximum tensile stress in each bolt, and the elongation of each bolt, 
E = 30 X 10Ib./sq. in. 

Maximum force exerted on each bolt 

/ 310\ 2 500 

“(sw) x °- 7864 X T- 

= 14,6301b. 
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Maximum stress in each bolt 
14,630 


/« 


0-7854 X 4 
= 4,656 Ib./sq. in. 

ft X l 


Elongation of each bolt = 


4,656 X 35 


E 30 X 10 8 
= 0-005433 in. 

11. Bar of Uniform strength. Fig. 6 represents a tie-bar 
rigidly secured at its upper end, it is required to find the shape 
of the bar in order that the tensile stress 
at all cross-sections may be constant. 

Consider a small strip of the bar of 
thickness dx between the sections AB and 
CD distant x from the free end. 

Let A be the area of the section at CD 
and A -f- 6A the area of the section at 
AB. 

Since the strip is in equilibrium, then 
The total force acting upwards 
= Total forces acting downwards, 

i.e. (tensile stress x area of Beotion at 
AB = tensile stress x area of section at CD weight of slice 
of thickness 6a;). 

If j 4 i = weight of unit volume of the bar and 
/ = tensile stress at any cross-seotion, 

then 

/ {A -{■ 54) ~ fA + wAdx, or 



Fio. 6 


/M + 


54 . dx 
dx 


)~ fA 


-f- wAdx 


,54 . dx 

J —wr- = wAdx 
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In the limit, when the slice is infinitely thin, this reduces to 


d_A 

A 



Integrating each side, we get 



. A tv 
l ° g ‘A 2 =f x 


W 

or A — A 2 el x 

where e is the base of the napierian logarithm = 2-718, 

-z 

also A x = A 2 e 1 

12. Extension of a Taper Rod. A rod of 
length L tapers uniformly as shown by Pig. 7, 
and carries an axial tensile load W. 

Let A x — the smallest cross-sectional area, 
d l = the diameter of the area A 2 and 
A = the tensile stress on A v 

then A a , d 2 and / a are the corresponding values 
for the largest diameter. 

Consider a small length of the rod dx, 
distant x from the larger end, at which the 
cross-sectional area is A, the diameter d, and 
the tensile stress /. 

If <5w is the increase in length of the small length dx, 

f 

then du = dx 



Fxo. 7 


but fA = f x A x = If 




dx 


P 


(l + L- xP 


( 1 ) 
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fi 12 

Hence by substitution in (1) 5u = j- . _ x y . ox 

12 

dx when 8x is infinitely small 


■, fi 
or au = 


E ■ {l + L- xf 

The total extension u = Jdu 


W 


I 


f L i£ 
~ Jo E 


dx 


E 

WL 


l -f- L 
l 


(l -f- L - x ) a 

L 
0 


^77m7V777777Z77pZ / 77?77/ 

FlO. 8 


or U 


A t E l L 

WL dj 
A t E ' d 2 


A 


(2) 


fil i 
’ E • l + L 


(3) 

WL 


For a parallel bar — = 1, and the expression reduces to 


which is the expression for the extension of a parallel bar carry¬ 
ing a tensile load W. 


13. Compound Bars and Columns. A short compound 
column, composed of a steel tube fitting loosely inside a copper 
tube, and carrying an axial load W, is shown in Fig. 8. 

It is evident that the strain in each tube will have the same 
value, but since E is different for each material, the stress will 
not have the same value for each material. 

Let A c — cross-sectional area of copper tube 
A g = i, ,, ,, steel ,, 

W e — load carried by the copper tube 
W, = „ „ „ steel 

E c and E s being the value of Young’s modulus for ooppor 
and steel, and /„ and f, being the value of the corresponding 
stresses in the tubes. 

If l is thelunloaded length of the column, and x is the amount 
each tube shortens, 
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Strain in each = j 
But l = 1 

. A _ A 

"E,~E e • 

also IF = IF, 4- W„ — f s A s -\-fcA c 

and from (1) 

W=f,A,+S a jA e 

WE a 

4A+ 4 A 
. , HA 

simdarly 


( 1 ) 

( 2 ) 


14. Temperature Stresses. When the temperature of a 
metal changes there is a corresponding change in dimensions. 
If this change in dimensions is prevented then a stress is set 
up in the metal. 

The linear expansion of the metal is proportional to the 
change in temperature, and this expansion per unit of length 
per unit change in temperature is called the linear co-efficient 
of expansion of the metal. 

Suppose a bar be held in such a manner that linear change 
of dimensions is prevented when heat is applied. 

Let l = length of bar 

T = change in temperature 
a = linear co-efficient of expansion 

If the bar was free to expand the increase in length 
= aTl 

Hence the strain set up due to expansion being prevented 
_ aTl 
~~ l 
= aT 

If / = stress due to the above strain, 

E = Young’s modulus for the material of the bar. 
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stress 
Since —— 
strain 


== modulus of elasticity 


or 



/ = aTE 


Example 5. 

A steam pipe is 100 ft long at a temperature of 15° C. Steam at 180° C. is 
passed through the pipe. What is its length when free to expand ? Suppose 
expansion to be prevented, what stress is induced in the material ? E = 6,000 
tons/sq. in. a — 0'000012 per ° C. 

Change in temperature = 180-15 

= 165° C 

Increase in length = a Tl 

= 0-000012 X 165 X 100 
= 0-198 ft. 

Strain due to prevention of expansion 

_ <m 

~ i 
= aT 

= 0-000012 X 165 

Stress induced in material = aTE 

= 0-000012 X 165 X 6,000 
= 11-88 tons/sq. in. 


Example 6. 

Three rods, each initially of J sq. in. cross-section and 5 ft. long, support a 
load of 10 tons. The centre rod is made of steel and the outer ones of copper. 
If the temperature of the rods is increased by 100° C and the rods are so 
adjusted that they are extended equal amounts, estimate the load carried by 
each rod. E, = 30 X 10*lb./sq. in. E. = 12 x 10" lb./sq. in. a. =0-000012 
per ° C. a e = 0-0000185 per ° C. 

Let x = the common extension. 

Then aTl — extension due to heating, 

and - aT j = strain due to load carried. 

Stress hi each rod = f ^ ~ 


( 1 ) 
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Load carried by rod — (j ~ a ^j . . (2) 

where A = crosa-seetion&l area of rod. 

Total load = W = £ (j - EA. . . . (3) 

.*, 22,400 == (j - 0-000012 X 100^ 30 X 10 4 X J 
y - 0-0000185 X 100^ 12 X 10 6 X \ X 2 
22,400 -f ^ (0-000012 X 30 -f- 0-0000185 X 24)10 6 

X Z 

T = } X 10 6 (30 + 24) 

= 0-002318. 

Load carried by steel rod 
= (0-002318 - 0-000012 X 100) 30 X 10 c X \ 

= 0-001118 X 15 X 10 6 
= 16,7701b. 

Each copper rod carries a load 
= (22,400 - 16,770) \ 

— 5,630 X l 
= 2,815 lb. 

EXAMPLES I 

1. A flat mild steel bar of rectangular cross-section, 3 in. x £ in., carries 
an axial pull of 12 tons. Estimate the tensile stress in the bar and the elonga¬ 
tion if the unloaded length is 20 ft. E = 30 X 10 9 lb./sq. in. 

Ana., 6-33 tons/sq. in., 0-0956 in, 

2. A cast-iron column, 15 ft. long, ha3 a hollow circular cross-sootion, The 

external diameter is 12 in., and the thickness of tile material Ip in. The 
column is subjected to a compressive stress, of 4 tons per sq in., by a central 
load on top of the column. If Young’s modulus for cast iron is 8,000 tons 
per sq. in., estimate the value of the load and the amount the column shortens 
under the load. Ana., 168'86 tons, 0-09 in, 

3. A tie-bar 1J in. in diameter carries a load which causes a tensile stress 

of 8,000 lb. per sq. in. The bar is fastened to a cast-iron bracket which is 
held by four bolts. Find the diametor of tho bolts at the bottom of the 
threads if the stress is limited to 5,000 lb. per sq. in. Ana., 0-948 in, 

4. If the ultimate shear stress for mild steel is 66,000 lb./sq. in., find the 
force required to punch a £-in. hole in a mild steel plate J in. thick. What is 
the compressive stress on the punch 7 Ana., 28-94 tons, 65-48 tons/sq. in. 
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6. A vertical tie-bar has a cross-section whose diameter is 2 in., at which 
the tensile stress is 6,000 lb./sq, in. If the stress in the bar is to be constant 
at all cross-sections, find the diameter of the section at a point 20 ft. above the 
section whose diameter is 2 in. Density of material 0*29 lb./cu. in. 

Ana., 2 012 in. 

6. A short steel tube 4 in. internal diameter and £ in. thick is Surrounded 
loosely by a brass tube of the same length and thicloiesB. The tubes carry on 
axial thrust of £ a ton. Estimate the load carried by each tube, and the 
amount each tube shortens. Length 3£ in. 

Ana., W B = 766-2 lb., W B = 363-8 !b„ 1-26 X 10'* in. 

7. Two vertical rods are each rigidly fastened at the upper end at a distance 
of 24 in. apart. Each rod is 10 ft. long and £ in. in diameter. A horizontal 
cross-bar connects the lower ends of the rods and on it is placed a load of 
1,0001b. so that the cross-bar remains horizontal. Find the position of the 
load on the cross-bar and estimate the stress in each rod. One rod is of 
wrought iron for which B — 28 x 10° lb./sq. in., and the other of bronze for 
which E = 9 X 10* lb./sq. in. 

Ana.,f wt = 3,866 lb./sq. in. f B = 1,239 lb./sq. in., 6-8 in. from the w.i. bar. 

8. A steel rail is 30 ft. long at a temperature of 16° C. Estimate the elon¬ 

gation when the temperature increases to 86° C. If no allowance is made for 
expansion calculate the streBB in the rail, a = 0-000012 per ° C. E = 30 
X 10* lb./sq. in. Ana., 0-302 in. 26,200 lb./sq. in. 

9. A weight of 20 tons is supported by three short pillars each 1 sq. in. in 
section. The centre pillar is of steel and the two outer ones of copper. The 
pillars arc so adjusted that at a temperature of 16° C each carries one-third 
of the total load. The temperature is then raised to 116° C. Estimate the 
stress in each pillar at 16° C and at 116° C. B, = 30 X 10* lb./sq. in. E c 
= 12 x 10* lb./sq. in. a, = 12 X 10‘* per 0 0. a„ <= 18-6 X 10'* per ° C. 

Ana., 6-66 tons/sq. in. J c = 8-6 tons/sq. in. /, = 2-8 tons/sq. in. 

10. A mild steel bar Jin. diameter and 12 in. long is placed inside a tube 
having an external diameter of 1 in. and an internal diameter of J in. The 
combination iH then subjected to an axial thrust of 6 tons. The modulus of 
elasticity of the metal of the tube is 11,600,000 lb./sq. in., and of the steel 
30,000,000 lb./sq. in. Find : (a) the stress in the tube and in the rod, (6) the 
shortening of the rod, (c) the work done in compression. (Lend. Univ., 1916.) 

Ana.,J f — 8-72 tons/sq. in. f luil = 3-34 tons/sq. in. ; 0-007812 in. ; 

43-76 in. lb. 

11. A steel rod, circular in section, tapers from 1 in. diameter to £ in. 

diameter in a length of 24 in. Find how much this length will increase under 
a pull of 2 tons if Young’s Modulus is 30 x 10* lb./sq. in. (A.M.I.Mech.E., 
1926.) Ana., 0-009126 in. 

12. A bar of copper, 1-6 in. diameter, is completely enclosed in a steel tube, 

2-6 in. external diameter. A pin, 0-76 in. diameter, is fitted transversely to 
the axis of the bar near each end, to secure the bar to the tube. Calculate tho 
intensity of shear stress induced in the pins when the temperature of tho 
whole is raised 100° F. B e = 6-6 X 10 s tons/sq. in., E, = 13 X 10* tons/ 
sq. in. a c = 9-5 x 10-* per ° F, a, = 6-2 x 10'* per ° F. (A.M.I.Mech.E., 
1924.) Ana., 3-48 tons/sq. in. 

13. A bar of steel is 24 in. long, and the two ends are respectively 1 £ in, 
and l£in. in diameter, and each is 6 in, in length, the middle portion being 
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1 in. diameter. Determine the length of the bar when subjected to an axial 
compression load of 11 tons. E = 12,600 tons/sq. in. (A.M.I.Mech.B., 1924.) 

Ana., 23*979 in. 

14. Design a riveted joint for jointing two lengths of flat tie-bar. Double 
cover plates. Find the efficiency of the joint. Load 80 tons. Diameter of 
rivets l£in. Clearance in rivet holes 0*05 in. Tensile stress not to exceed 
6 tons/sq. in. Shearing stress not to exceed 4 tons/sq. in. Bearing stress 
not to exceed 6 tons/sq. in. The width should be about 16 times the thickness. 
(Lond. Univ., 1915.) Ana., 88*8 percent. 

16. Two thick plates made of an aluminium alloy are held together in 
contact by copper bolts. Find the increase in the tensile stress (in tons per 
square inch) in the bolts due to a rise of temperature from 60° F to 80° F, 
neglecting any compressive strain in the aluminium alloy. Modulus of 
direct elasticity for copper =* 18 x 10 B lb. per sq. inch. Co-efficient of 
expansion of copper per ° F = 0*0000093. Co-efficient of expansion of 
aluminium alloy per * F = 0*0000126. (A.M.I.C.E., 1926.) 

Ana., 0*634 tons/sq. in. 

16. If a tension test bar is found to taper uniformly from (D — a) inches 
diameter to [V -f- a) inches, prove that tho error involved in using the mean 

diameter to calculate Young’s modulus is P er cent. (Lond. Univ., 1936.) 

17. An elastic packing piece is bolted between a rigid rectangular plate and 
a rigid foundation by two bolts pitched 10 in. apart and symmetrically placed 
on tho long centre line of the plate which is 15 in. long. The tension in oaoh 
bolt is initially 4,000 lb., the extension of each bolt is 0*0005 in. and the com¬ 
pression of the packing piece is 0*02 in. If one bolt is further tightened to a 
tension of 5,000 lb. defcermino the tension in the other bolt. (Lond. Univ., 1943.) 

A?is., 4140 lb. 

18. A square rigid base-plate 20 in. X 20 in. bears a column which applies 
a central load of 6 tons. The base-plate is held down to a rigid foundation by 
four bolts placed symmetrically at corners of a square of 1G in. side. Between 
the base-plate and the foundation there is a sheet of elastic packing. While 
the load is carried, the bolts are tightened up to a tension of 0*5 ton, the 
extension of the bolts being half the compression of the packing due to the 
load and the tension of the bolts. If the line of action of the 5-ton load shifts 

2 in. in a direction parallel to a side of the baso-plate, find tho now tensions 
in the bolts. Neglect the bolt holes in the packing. (Lond. Univ., 1944.) 

Ans., 0*6867 tons, 0*4133 tons. 
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15. Normal and Shear Stresses on an oblique section of a bar 
subjected to direct loading. In Fig. 9 a bar of cross-sectional 
area A is shown carrying an axial tensile load W. 

Let CD be a section inclined at an angle 0 to the cross-section 
BD. Considering the portion of the bar above CD, it is seen 
that the force W is inclined to the direction of CD, and therefore 
can be resolved into components, a component N perpendicular 
to CD, and a component S parallel to CD. 

The normal component N introduces a tensile stress on the 
section at CD, and the component S introduces a shear stress 
on the section. Let f„ and f, be the stresses due to N and 

W 

S respectively, and let / = —. 

A 

area of section at BD A 

Area of section at CD — -„—-——- = -- 

cos Q cos 9 


also N = W cos 6 
and S — If sin 0 

__ N W cos 9 

n area at CD A 

cos 9 

S W sin 0 

■'* area at CD A 

cos 9 


W 

A 


cos 1 6 


W . 
— sin 


9 cos 9 


( 1 ) 


( 2 ) 


From (1) /„ will be maximum when cos 6 is maximum, i.e. 

W 

0 — 0. The maximum value of /„ is then = — = /. 

A 

w 

From (2) /, = sin 26 


= ^ sin 20 


16 
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/, will therefore be a maximum when sin 2 6 is a maximum, 
i.e. when 26 = 90°, or 6 — 45°, The maximum value of /, is 
f 

then equal to g. 

From this result it is seen that a direct stress introduces a 
shear stress of half its intensity on planes inclined at 45° to the 
plane carrying the direct stress. It follows, therefore, that if 
a material is such that its shear strength is less than half its 
tensile strength, then the material will fail by shear when sub¬ 
jected to a tensile load. Similarly, if the direction of W be 
reversed, it can be shown that if the shear strength 
of a material is less than half its compressive 
strength, then the material will fail by shear 
when subjected to a compressive load. 

This explains the peculiar fracture of mild steol 
when tested, to destruction, in tension, and that 
of cast iron when tested, to destruction, in com¬ 
pression. A further reference to these fractures 
will be found in the chapter dealing with the 
testing of materials, 

Example 1. 

A short cast-iron block of rectangular cross-section is 
subjected to an axial thrust of <5 tons. Estimate tho com¬ 
pressive and shear stresses on a section inclined at (10° to 
the direction of thrust. Neglecting the effects of friction, 
estimate the maximum shear stress in tho block. 



Fio. 9 


Area of cross-section perpendicular to thrust = 1 sq. in. 
The value of 0 (Fig. 9) = 90 — 00 
= 30°. 



= 3-75 tons/sq. in. 


f> = 2A Sin 26 

5 VH 8-68 
2 X 2 — 4 

= 2-105 tons/sq. in. 
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Neglecting friction, the maximum shear stress occurs when 
6 = 45°. Then 

_ 5 

Js (mai) j X * 

= 2-6 tons/sq. in. 

16. Normal and Shear Stresses on an oblique section of a 
bar subjected to Two Perpendicular Direct Loads. 

The bar shown in Fig. 10 carries perpendicular direct “ ten¬ 
sile ” stresses of magnitude f x and /„. CD is an oblique section. 
At G and D draw GE and DB perpendicular to the axis of the 
bar. Then W x is the load acting on the face CB due to the 



Fio. 10 Fig. 10a 

stress f x and W v is the load acting on the face EC due to the 
stress 

If the depth of the bar perpendicular to the plane of the page 
is unity, 

then W x = f x X CB 
and W v = f v x EG 

If N and S are the normal and tangential forces on the 
section at CD and /„ and/, the corresponding stresses. 

N = W v cos 6 + W x sin 8 . . (1) 

S = - W v sin 9 -f- W x cos 6 . . . . (2) 

but N = /„ X GD and S — f, X GD. 
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from (1) 

/„ X CD = /„ cos 8 X EC f x sin 6 X CB 

. , , J?(7 „ . n CB 

fn = /v COS 6 + f x Bin 6 

= /„ cos 8 . cos 6 + f x sin 6 sin 0 
f n — fv cos 2 8 +.f x sin 2 8 . . . (3) 

And from (2) 

/, X CD = - f v sin 8 x EC + ft, X cos 8 X CB 

EG CB 

/, = -fv sin 8 X Qjj + /* x cos 8 ^ 

= - f v sin 8 cos 8 f x X cos 8 sin 0 
f, = (ft-fv)smdoos8 . . . . (4) 

From (4 )f,= ^ sin 20 

hence /, will have its maximum value when 0 = 45°, and the 
maximum value is given by 

f -- f* ~~f* (R\ 

It o • ■ • • • • (5) 


The value of the normal tensile stress /„ corresponding to 
this maximum shear stress is— 

w.*&)- + /.x(£y 

or f,= S JL±l! .(6) 

Let / be t he result ant stress of /„ and f, (3) and (4), 
then / = Vf n z -f/, a 

= ^t/Tcos 2 0 + /, sin 2 0)2 + (/„ -/„) 2 Sin 2 8 cos 5 ! 

= N'fJ cos 4 8 + / s 2 sin 4 0 + 2 fj x sin 2 0 cos 2 0 -j- /„ 2 sin 2 ! 

cos 2 8 + /a 2 sin 2 0 cos 2 0-2 /„/„ sin 2 0 cos 2 8 
= V7 v 2 cos 2 0 (cos 2 8 + sin 2 0) + sin 2 0 (sin 2 0 + cos 2 0) 
= V/ v 2 cos 2 0 + / e 2 sin 2 0.( 7 ) 
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If f is inclined at an angle a to CD 

„ , J’n /, 008* 0 +/. Bin 8 0 

then tan a. — y ~ . -,. ,—;—y, ,, 

./., (/,-/,) HinO cos 0 

In fan 0 -1- f y cot 0 

J X ~~ J V 


or tan a = 


(«) 


Let /? be the angle which the resultant j makes with the 
normal, 

then tan ft — j—r — L (f . - yv, . . . (9) 

' Jx tan 0 + fv °ot o W > 


In order to find the plane which gives the resultant the 
greatest obliquity, or inclination to the normal, the following 
procedure may be adopted. 

ft is a maximum when a is a minimum, that is when tan a is 

, d (tan a) 

a minimum, and this occurs when — -jr ,— = 0 


or 


_-— (-J* -\ = o 

L -fv \ cos2 0 sin - 2 0/ 


tan 2 6 = j 

and tan 6 — 

The positive value of which makes 



d 2 (tan a) 

W 2 


. (10) 

positive and 


hence gives the inclination of the plane which makes a a mini¬ 
mum or ft a maximum. 


Example 2. 

A body is subjected to tensile stresses of 2 tons/sq. in. and 4 tons/sq, in. in 
directions at right angles to one another. Estimate the valuo of the normal, 
tangential and resultant stress aoross a plane inolinod 40° to the direction of 
the 4-ton stress, 

Let f t be the 4-ton stress and /„ the 2-ton stress. 

Then / n = f v cos 2 9 -f /« sin 2 0 

= 2 x (0-766) 2 + 4 X (0-6428) 2 
= 1-18 + 1-66 
= 2-84 tons/sq. in. 
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and/, = s i n 2 6 

4-2 

= —g- X 0-9848 

= 0-9848 tons/sq. in. 

The resultant stress / 

= VfJ+f} 

= V (2-84) 2 + (0-9848) 2 

= 3-00 tons/sq. in. 

Unlike Stresses. If /„, in Tig. 10, acts in the opposite direc¬ 
tion, we then have f a tensile and /„ compressive. The value 
of /„ and f, can he found by using the method just adopted, 
but a quicker result can be arrived at by looking on compressive 
stresses as negative stresses, and making use of the equations 
just obtained. 

If /„ = resultant tensile normal stress on CD 

and /, == resultant shear stress on CD 

/„ = fx sin 2 6 + ( -/„ cos 2 0) = f x sin 2 0 - /„ oos 2 0 

/, = £=•<-/«> Hin 26 = &+/• sin 20 

The maximum value of /, occurs when 9 — 45° and we have 
the maximum value given^by 

f i=s f*±£ . (11) 

Referring to Fig. 10, we see that it is possible to have a load 
W z acting in a plane perpendicular to CB and EC, thus giving 
a stress f z perpendicular to the plane of the paper. 

The greatest shearing stress in the material will be half the 
difference between the greatest and the least stress, due notice 
being taken of the sign of the smallest stress when it differs 
from that of the largest stress. In the majority of cases dealt 
with the value of /, is zero, then, if f x is greater than /„ and of 
the same sign, the greatest shear stress in the material is 



2 —Cr.5464) 


• ( 12 ) 
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When f x and f v are of different signs the greatest shear stress 
in the material is given by (11). 

Example 3. 

A body i 3 subjected to a stress of 3 tons per sq. in. compression, and a 
tensile stress of 5 tons per sq. in. in a direction perpendicular to the 3-ton stress. 
Estimate the magnitude of the maximum shear stress in the body and the value 
and character of the resultant stress across a section inclined at 36° to the 
6-ton stress. 

/„ = 5 tons/sq. in. tension, /„ = 3 tons/sq. in. compression 
6 = 35° 

.'./*=/* sin 2 0 -/„ cos 2 6 = 5 X (0-5736) 2 - 3 X (0-8192) 2 
= 0-3663 tons/sq. in. (compression) 

f s = ^ sin 26 = X 0-9397 

= 3-7588 tons/sq.in. 

The resultant stress \// n 2 -j -f, 2 ~ V (-0-3665) 2 -)- (3-758) 2 
= 3-78 tons/sq. in. (compression). 

The maximum shear stress is given by 

f /■ + /» . 5 + 3 

Jm (.max) 2 2 

= 4 tons/sq. in. 

17. The Ellipse of Stress. In par. 16 let <f> be the inclination 
of / to the direction of W v , then in Fig. 10 fDG sin cf> = W x 
= OB, and fDG cos = W v = f v EC. 

GB 

i sin = /„ = f x sin 6 = a; (Fig. 10 a) . . (1) 

EG 

and / cos <f> = /„ ^ = /„ cos 6 = y . . . . (2) 

x 2 v 2 

fx^f v Z ~ 

which is the equation of an ellipse, whose axes are equal to 
2 f x and 2/ v , and this ellipse is the locus of d. 

Such an ellipse is called an Ellipse, of Stress. 

Thus to obtain / graphically the following construction may 
be used. With centre 0, Fig. 11, draw conoentric circles of 
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radii f x and and set off OX and OY to represent the direction 
of each stress. Draw ss at the required inclination, and through 
0 draw Om perpendicular to ss to cut the circle of radius /„ 



in m, and the circle of radius f x in n. Through m draw mb 
perpendicular to 0 Y, through n draw nd perpendicular to OX 
and through d draw dh perpendicular to On ; then Od represents 

/\ 

/ to the scale of f x and f v , dOb is the inclination of / to the 

/\ 

direction Wy and dOh the obhquity, also oh and dh represent 
the normal and shear stress on ss respectively. 

The above may be seen by reference to Tig. 10 a or in Tig. 11. 

nm ~ fx-fv 
dm = nm sin 6 

= ifx-fv) sin 0 
dh = dm cos 0 

= (fx -fv) sin fj G0S 0 

= sin 2 0 

= / f • 

Oh = Om + mh 


also 


(3) 
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= fy + (/« -/») sin 2 0 
= /,(!- sin 2 6) + U sin2 d 
— f v cos 2 d -f- f x sin 2 0 

= .(4) 

and Od 2 — Oh 2 -f- dh 2 

= fn 2 +fs 2 

Od=f .(6) 

In Fig. 11 the tension axes are represented above the plane 
and the compression axes below the plane. The four possible 
arrangements of a pair of stresses with the accompanying solu¬ 
tions are given. The following rules should be observed in all 
cases— 

(a) The major and minor axes should correspond with the axes of major 
and minor stress respectively. 

(f>) Project the major and minor radii perpendicular to the axes of major 
and minor stress respectively. 

(c) If a stress is compressive then produce the normal below the plane SS, 
and project from where the normal produced cuts the cirole concerned. 

(d) If the resultant and normal stresses fall above SS they are tensile and 
if they fall below SS they are compressive. 

Examples 2 and 3 should also be solved by the Ellipse of 
Stress. 

18. Complementary Shear Stresses Required for Equilibrium. 

In Eig. 12 let OABC be a rectangular block of unit thickness. 

Suppose a shear stress equal in magnitude to 

c :tzfzz b fa on the faces CB and OA, these being 
taken perpendicular to the plane of the paper. 
r The forces caused by these stresses form a 

couple, and for equilibrium of the block, they 
must be balanced by a couple. Let / s2 be the 

o —:—> a magnitude of the intensity of the forces forming 
s ' the balancing couple and acting on the faces 

Fig. 12 00 and AB. Then / s2 have the faces 00 and 

AB in a state of shear. 

Taking moments about 0 for equilibrium of the block we have 
ft 2 X area of face AB x OA = f cl x area of face CB X OC, 
or/ s2 x a X 1 X b = f sl X b x 1 X a 
fs 2 — fa 

Thus it is seen that a shear is automatically accompanied by 
a shear of equal intensity, but opposite turning moment in a 
direction perpendicular to that of the original shear. 
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19. Simple Shear Introducing Normal Direct Stresses. Let 

shear stresses of magnitude f s act on the faces AB and CD of 
the cube ABOD of side x, Fig, 13. By the previous paragraph 
these are accompanied by a shear of equal intensity on the 
faces AD and BO. 

Consider the equilibrium of the portion ABC, Fig. 13a. The 
total force on each of the faces AB and BO 

= f. z 2 

Let f„ = the intensity of the normal force acting in the 
direction of the diagonal DB for equilibrium of the forces on 
the faces AB and BC. 

Total force on face AC = V2 x 2 f n 



Resolving horizontally (or vertically), 

X ~=x 2 f, 

••• U = /« 

and obviously f„ is a compressive stress. If we consider the 
equilibrium of the portion DAB, it can be shown that the 
intensity of the tensile stress on the face DB is also equal in 
magnitude to 

Hence, two shear stresses on planes perpendicular to each 
other are equivalent to tensile and compressive stresses of 
intensity equal to that of the shear stress, on planes inclined 
at 4-5° to the shear stress. 

20. Poisson’s Ratio, When the material of a body is sub¬ 
jected to direct tension or compression a change of length 
occurs in the direction of the applied force. There is also a 
change in dimensions in all directions perpendicular to the 
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applied force and the strains in these directions are spoken of 
as lateral strains 

The lateral strain 1 

The longitudinal strain ~~ 00119 an — m 

The value of m is found experimentally to lie between the 
values 3 and 4 for most metals. 

The reciprocal of m = a is called Poisson's Ratio. 

If f t = longitudinal stress 

and e t = „ strain 


then 


Lateral strain == — 
m 


A 

mE 


21. Relations between E, G, and K. A cube of material 
acted on by a simple shear will be strained as shown in Pig. 14. 

^ The movement x of the corner B of the 
cube is exceedingly small, and the shear 
at _ BE _ /, 

strain - £c - q- 

From B drop BF perpendicular to DE. 
Then DF is approximately equal to DB. 
The diagonal DB is elongated by an 

BE 

amount FE = BE cos 45° = —^ and 

V2 



Fig. 14 


DB is equal to 
strain in the diagonal DB is given by 


BOV 2 . Hence the 


IE 

DB 


= — X 


V2 BGV2 


1 BE 

2 BO 


ill 

2 G 


Thus it is seen that the strain, in the diagonal of a cube sub¬ 
jected to simple shear, is half the amount of the shear strain. 
Now in par. 19 it was shown that /, = /„, hence the strain in 

the diagonal may be written ^ where /„ is the intensity of 

the equal and opposite direct stresses on planes in the direction 
of the diagonals. 

H f„ acted alone, in the direction of the diagonal DB the 
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resultant strain would be 4 , but there is an equal and opposite 

Mj 

direct stress in the direction of the diagonal AC, and by par. 19 

1 f n 

the strain caused by it in the direction DB — — 

J mE 

Therefore the total strain in the direction of the diagonal DB 

= fn , Wfn 

E m\E 


E( * + m 


since the stress in the direction of the diagonal AG tends to 
increase the strain in the direction of the diagonal DB. 

1 f 

But the strain in the direction DB = — 7 ! 

Z (j 

"20 E 

1 - I 

2 C~ E 

20 (‘-'-is)- ■ • ■ <» 



Now consider a cube under an equal compressive load on all 
its faces such that the direct stress is /„. The bulk or volume 
In 

strain = = where K is the bulk or volume modulus. 


The forces acting parallel to an edge of the cube cause it to be 

f 

shortened so that the strain is but the forces acting perpen¬ 
dicularly to the edge considered cause it to be strained by 

the amount-4 + ~4 = -4. 

mE m E mE - 


Thus the total strain along the edge = 


I, 

E 


fn 

E 



±fn 
m E 


Now the volumetric strain of a cube acted on by forces as 
stated was shown in par. 7 ( d ) to be equal to three times the 
linear strain of the edge. 
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Therefore the volumetric strain is given by 





Substituting the value of E found in (1), 

2C ( 1 + i)- 8 z(l-l) 

• I = 3Z ~ 20 

' ‘ to 6 K +'2(7 

ai t m 1 E ~ 2C 

Also from (1) 


or 


m E - 2(7 _ 3 A - 2(7 
'• 2(7 “ 6A + 2(7 


E = 


WK 

3K + 0 


( 2 ) 


(3) 


(4) 


Example 4. 

A cylindrical bar of steal 2 in. diameter and 12 in. long, when subjected to 
an axial tensile load is found to have a modulus of elasticity of 29,600,000 lb./ 
sq. in. and a ratio of longitudinal to lateral Btrain of 3-4 : 1. Calculate its 
modulus of rigidity, and find also the change of volume produced in this bar 
if submitted to a fluid stress of 6 tons/sq. in. (Lond. TTniv., 1923.) 

Lateral strain _ 1 _ 1 
Longitudinal strain to 3-4 
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and E 


E 


E 

1-239 
9CK 
3 K + C 

9 C E 


1-239 


3 E* 


3 E 
1-239 

9 


4 -EC — 

1-239 ^ 1-239 


+ a 


EC 


Volumetrio strain 

.-. Change in volume 
of bar 


„ 2-42 „ 

G ~ fb26 E 

C = 11,450,000 lb./sq. in. 

Sn 5 X 2,240 X 1-239 


K 29,600,000 

5 X 2,240 X 1-239 
~ 29,600,000 

= 0-01800 cub. in. 


X IT X 1 X 12 


22. Principal Stresses and Principal Planes. At any point 

within a body, no matter how complex the state of stress may 
be, it will be found that there exist three mutually perpen¬ 
dicular planes on each of which the resultant stress is a normal 
stress. These mutually perpendicular planes are called Prin¬ 
cipal Planes, and the resultant normal stresses acting on them 
are called Principal Stresses. In the majority of cases met 
with in the study of the strength of materials one of the prin¬ 
cipal stresses is zero. We are then only concerned with a state 
of stress in two dimensions. It will be found that one of the 
principal stresses in this case is the greatest direct stress to 
which the material is subjected, and the other principal stress 
is the least direct stress to which the material is subjected. In 
par. 15 the stress / on the section DB is a principal stress, and 
so also are the stresses /„ and /„ in par. 16. In par. 19 it was 
shown that a simple shear acting on a body introduces two 
principal stresses /„ on planes inclined at 45° to the directions 
of the original shear, and equal in magnitude to the shear. 
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We will now consider a more general case of complex stress 
as represented by Fig. 15, in which ABGD represents a cube of 
side a. The faces at BO and AD are subjected to direct tensile 
stress of magnitude f y and the faces at CD and AB are each 
subjected to direct tensile stress of magnitude J x . Each of the 
above faces is also subjected to a shear stress of magnitude f s . 
On planes parallel to the plane of the paper no stress is assumed 
to act. 

Let one of the principal planes CE make an angle 6 with AD. 
The normal stress / n on CE is then a principal stress, and the 



force due to this stress balances the forces acting on the tri¬ 
angular piece CED. 

Area of face at CD = a? 


JJ 


CE 


a 2 
sin 6 


51 


M 


)) 


ED 


a 2 

tan 6 


Total direct force on face CD 
„ shear „ „ CD 

„ direct „ „ ED 


= f x a 2 =X 
= fA* — S x 

= f - — = Y 
Jv tan 6 


shear 


,, direct 


” ED ~^tan0 ~ Sv 


EC — f — - = N 
Jn sin 6 
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Resolving horizontally, 


fn 


N sin 6 = X + S v 
a 2 sin 0 

= /*“ 2 + U ; 


sin 0 Jx ~" 1 '"tan© 
or/, = (/„ -/*) tan 0 

Resolving vertically, 

N cos 0 — S x + Y 

/n“ ! -^=/ ! « 2 +/v—- 


ein 9 

. f _ /» 

‘'" tan 0 

From (1) and (2) by subtraction, 

f, (cot 9 - tan 6) = /„ - / x 
or 2f, cot 20 =f v - f x 
2 /, 


tan 0 


tan 20 = 


/v “/« 


( 1 ) 


( 2 ) 


(3) 


an equation giving two values of 0, differing by 90°, in terms 
of the original stresses. 

Also from (1) and (2) by multiplication, 

f* = (/„-/„) (/«-/»).( 3 a ) 

or /„ 2 - /„ (/* + /„) + fj v - f, z = 0 

r __ (/» ~l~ /v) rb (fx + /v) 2 ~ ^ (Jjcfy —/, 2 ) 

Jn o 


or /, = i|(/,+/,)± V(/,-A)* + 4/ f *| . . . (4) 

The two values of/„ obtained from this equation give the two 
principal stresses, the maximum principal stress being obtained 
when the plus sign is taken, and the minimum principal stress 
when the minus sign is taken. It is obvious from the equation 
that the sign of the maximum principal stress will be the same 
as f x and /„. To get the sign of the minimum principal stress 
we must note whether (J a + /„) or V(/„ - /„) 2 + 4/„ a is the 
greater. Squaring each, we observe that the first will be the 
greater if fj v is greater than /, 2 . Hence the minimum prin¬ 
cipal stress has the same sign as f x and /„ if f x /„ is greater 
than f, 2 . 
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Vm. 1(5 


In order to find/„ for any modification of.the original stresses 
it is only necessary to reverse the sign of a stress when it is 

compressive, or eliminate 
the stress if it is zero. 

23. Mohr’S Circle. The value 
of the principal stresses, the 
maximum shear stress and 
the normal and tangential 
stress on a given section may 
"*■ be found by a simple graphical 
construction. ABCD is a 
rectangular block of unit 
thickness acted on by the two- 
dimensional stress system 
shown in Fig. 1G. f n and f t 
are the normal and tangential 
stresses, respectively, on the 
section at EE. Consider the 
equilibrium of the portion EFD; then resolving in the directions 
of/,, and/ ( the following equations are obtained— 

f„EE = L sin 0 ■ ED + / s cos 0 . FD + /„ cos 0 .ED 
+ / s sin 6 . ED 

= /x sin 5 8 + f v cos 2 0 + 2f a sin 0 cos 0 
— \Mr + ft) + (,f v -f x ) cos 20} -f,/ sin 20 

LEE --= /, sin 0 . FD - / cos 0 . FD + /„ sin 0 . ED 
— f, cos 0 . ED 

ft = If, —/,) sin 6 cos 6 -f l, (sin 2 0 - cos 2 0) 

— H i n — / s cos 20 . , 


(1) 


• • ■ ( 2 ) 

The directions of/„ and,/ will depend on the relative magni¬ 
tude of f y and f x . h 

'iVben /„ has a maximum or minimum value 0 

dO 
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i.e. 

or 


- (/„ -L) sin 2 6 + 2/. cos 20 = 0 


tan 20 = j 

J V 



(3) 


which gives two values, fi L and 0 2 . 

2 / 

From (2) it follows that when f t = 0 then tan 26 = 

J V J X 

Thus the two values of f n obtained by taking the two values 
of 20, which differ by 180°, are the principal stresses and are 
given by 

fn = M. + /,) ± 4/?} • ' ( 4 ) 

i-e. fni and f n% 


1 c 

When f t has a maximum or minimum value -jjj — 0, i.c. 


(fv ~ fx) cos 26 + 2 /» sin 2 8 = 0 

or tan 26 = .... (5) 

The two values of 20, given 
by tliis equation, differ by 180°, 
and hence there are two values 
of 6 differing by 90°. By setting 
out the angles given by (3) and 
(5) it will be seen that the planes 
of principal stress are inclined 
at 45° to the planes of maxi¬ 
mum shear stress. These pairs 
of planes are shown in Fig. 17. 

From (5) by - substitution 
in (2) the value of the maxi¬ 
mum shear stress is given by— 

ft m„* = ± lV(L - ■ • (C) 

= \ (difference of the principal stresses) 

and each value has the same magnitude, the direction being 
reversed when 0 is increased to (90 -|- 0). 

In Fig. 18 OA 1 and OA 2 are set off equal in length to f y and f x 
respectively. A 1 E 1 and A 2 E 2 are each equal to /„ and are 
perpendicular to 0A V With G as centre and CE X as radius, 
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describe the circle D^E X DJS„. Let the angle E l GD 1 be 2d 1 and 
from GE X set off the angle 20 and obtain the point P. Project 
PA perpendicular to 0D V Then C)J\ and OD z represent the 
maximum and minimum principal stresses respectively. 
OA is the normal stress on the section at EF and PA is the 



tangential stress on the section^ whilst the maximum shear 
stress is given by CP V 

Proof. OA = 00 + C'A = idsli 4 . C P oos (2 0 - 20 x ) 

f I f 

— _5 ~2 ' + C'P{cos 20 cos 20 1 + sin 20 sin 20 J 


fx +/» 
2 


+< 4 -»•§£+*»•- 3 ® 


— _|_ CA 1 cos 20 -f A 1 E l sin 20 

~ ~ "2 ^ cos + fs sin 2 0 

== i{(fx + /„) + (f v ~ fj cos 20 } -f f t sin 20 

— fn see (1). 
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AT = CP sin (20 - 20,) = CP (sin 20 cos 20, — sin 20, cos 20) 
= OP (sin 29^-008 28^*) 

= ^1,67 sin 20 — ff,P, cos 20 
= s i n 2 o - /, cos 20 

= ft see (2) 

G'P, = CEiWCA^ + .4,27, 2 

v , - s 


= W(L -L? + ¥/ 

= /(m« *««(«) 

6>Z), = 067 + 6'D, = 06' + OP, 

= m, + /*) + vU -A) 2 + 4/7) 

= the maximum principal stress = /,„ 

oo 2 = 00 - 0^ 2 

= H(A+A) “ vU -fv) 2 + ¥/} 

= the minimum principal stress — /«2 
On the principal planes of stress /, is zero and from ( 2 ) 

tan 20 = 

/v /a; 

In Fig. IS when f t is zero 20 coincides with 20 , and tan 20 
A-.E, 2f 

= tan 20, = - n ~ A = 7 —. Thus 0, and (90 + 0,) are the 

values of the angles which the principal planes of stress make 
with the direction of f x . 

In drawing, and using, the Mohr diagram, the following rules 
should be observed— 

(a) Stresses which are tensile should be set off to the right- 
hand side of the point 0 , and compressive stresses to the 
left-hand side of 0 . 

( b ) From the points A t and A 2 the shear stresses should be 
set off vertically downwards and vertically upwards respectively. 

(c) The angle 20 should be set off in an anticlockwise direction 
from the line E-fi. 

(cl) The angle 20, should be measured in an anticlockwise 
direction from the line EfJ. 
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The application of these rules is shown in the following 
examples, whose solutions are given by Figs. 19, 20, 21, and 
22 respectively. 
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Fig. 23 


Let e x = tile total strain in direction A to D = 


Let e„ — 


24. Principal Strains. 

The maximum and mini¬ 
mum direct strains in a 
material, subjected to com¬ 
plex stress, are called the 
Principal Strains. These 
strains act in the directions 
of the principal stresses. 
Let ABCD, Pig. 23, be a 
block acted on by dir ect 
stresses f x and /„, and a 
shear stress /. as in par. 22. 

AD E mE 

BB, U 1. 


A to B = 


AB E mE 


.® wln Z 8he ^ r stress acting on the block, its final shape 

will be AB/J,^. The direct strain in the direction A to C is 

(A0 2 - AG) ■— = e d 

In the following argument squares and higher powers of 
strains will be neglected since a strain is exceedingly small. 
AC 2 * = A D./ -f C : D/ = (AD x ~ G\G\) 2 + AB/ 

= \ AD (1 + e x ) — <f, AB (1 -f e v )p -f AB 3 (1 4. e J 2 
- AD * (1 + 2e*) - 2 <j>AB AD + AB* (I + 2e y ) . (1) 


( 2 ) 


AG/= 2ADh x — 2 <f> AB AD + 2 AB\ -f AC*. 
and AC/ = AG 2 (1 -f- 2e d ). 

2 AG 2 e d = 2AD*e x -f 2AB\~ 2AB AD<f> 

„ , (ABV AB AD , 

' Uc) e ’ + (A0j e ’-AC-A0* 

~ e x cos 8 6 - f e„ sin 2 0 — tf> sin 6 cos 0 
or e d = 4- e v + cos 20 {e x - e y ) -■ ^ sin 26} . . v „ ; 

The maximum and minimum values of (3) are given when 

d{e d ) 


(3) 


dd 

tan 29 = 


= 0, i.e. 

4 


c* e* 


(4) 
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cL 

C 


fx _ fv _ fv . /a 

E mE E mE 


fx-fv ‘ c j' 


1 + 


i-V 

my 


Hence tan 20„,, r = 


2 /, 


A /» 


(5) 


Thus the maximum and minimum direct strains occur in 
directions given by (5), and by reference to par. 22 (3), it is 
seen that the directions of the principal stresses are also given 
by (5). Hence the principal strains and principal stresses act 
in the same directions. The two values of principal strain are 
given by e d = %{( e * + e„) ± V(e a -e v )' i -f <£ 2 } . . ( 6 ) 

or from the solution of 

(e d - e x )(e d - e v ) = <f> x z . . . (7) 

and tan 0 = , &v - . . . ( 8 ) where <h x , — £ d> 

Pi 

25. Ellipse of Strain. The rectangular plate DEGB, Fig. 
24, is acted on by stresses such that % and e 2 are the principal 
strains. The rectangle takes up the shape D t E x CyB t and the 

, . . x , . . v KC X KM + MC l 

stram m 00 due to e A and is given by = -- 

CH cos 6 -f- O x H sin 6 _ £ EOe x cos 6 + WBe 2 sin 0 


00 

— e L cos 2 0 -f sin 2 0 


\DC 


OK 


( 1 ) 


The strain in a perpendicular direction is given by ~qq 

OF-KF GHam6-C x H eos6 
~ 00 ~ 00 

\EOe x sin 0 — \0Be t cos 0 
~ \DO 

= Cl n - a sin 20 


( 2 ) 


In Fig. 25 if Oh and lid represent the strains along and 
perpendicular to 00, then Od is the resultant strain. It is 
easily seen that HOa = x = e x cos 0 and ad — y — ^ sin 0, then 


2 *+ 21 = i 

- 9 1 „ 9 A * 


This is the equation of an ellipse of major axis 2 ^ 


and minor axis 2^ and is the locus of d. Such an ellipse is called 
an Ellipse of Strain. Draw two concentric circles of radii e, 
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and e. ; and draw On at an angle 0 to the direction of e v project 
na and mb as shown and join Od. Oh is the strain in the direction 
0 since hy resolving it is found equal to (1), and similarly the 
strain in a perpendicular direction is given by hd since it has 
the value \(e. x — e 2 ) sin 26, Od is therefore the resultant strain. 



Since each diagonal of the plate, Fig. 24, rotates through 
the angle d,6 the shear strain in the material is given by 
OK 

2 dO = 2 -QQ — (<% — e 2 ) sin 26 . . . . (3) 

i.e. twice the magnitude of hd in Fig. 25. 

The maximum■ shear strain is given 
by (ej — e 2 ) and occurs on planes 
making 45° with the directions of 
the principal strains. 

By substituting the values of 
and e 2 as given by (6), par. 24, 
the maximum shear strain is found 
in terms of e x , e„ and <^>, and is 
given by V(e x — e v ) 2 + <j> 2 . 

26. Single Direct Stress to 
Produce Given Maximum Strain. 
In the previous paragraph the 
maximum strain is produced by a complex system of stressing. 
Suppose / to be the magnitude of the single direct stress acting 
in the material and causing a strain of magnitude given by 
(6), par. 24. 

The strain due to / = ~ = e d . 

JL 
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Now e d = (e m + e v ) -f V{e x - e v ) 2 + <f> 2 1 


• lit" k. 

'• E 2 [\E mE^E mEj'^N \E mE~E^mEJ ^ C 1 ) 
or/ « i [(/.+/,) (l -^) + (l + ^) VU -/v ) 2 + 4/ s 2 ' 

27. Assumptions made in Dealing with Complex Stresses. 

It should be observed from the treatment of complex stresses 
that the following important assumptions have been made— 

( 1 ) That the material is isotropic; that is, it possesses the 
same elastio properties in all directions. 

(2) That the principal stresses are linear functions of the 
principal strains. 

28. Important Modification of General Equation for Principal 
Stresses. An important case of the modification ot the general 
equation given by (4), par. 22 , is that where /„ is zero. The 
state of stress then is that existing in a shaft subjected to 
bending and torsion. The direction of f x must be changed, 
however, for the other side of the shaft. 

The principal stresses for one side of the shaft are given by 

L = i\f x ±VI/~+ij?\ .(i) 

The maximum principal stress will have the same sign as J x , 
but the minimum principal stress will be negative, i.e com¬ 
pressive, since VfJ 2 + 4// is greater than f x 

The directions of the principal stresses will be given by 

tan d = y .( 2 ) 

In par. 16 it was shown that the maximum shear stress, due 
to two principal tensile stresses, was equal to half the difference 
of the stresses. Therefore the maximum shear stress in a shaft 
subjected to bending and torsion is given by 

, hi* + VfjTwi - m - Vf? + 4 /*\ 

J s max 2 


_ Vf* 2 + */,» 

2 . 

29. Modified Values of Young’s Modulus. The value of E 

ft f 

was defined in Chap. I, par. 8 , as — or ~, and in each case only 
one principal stress was acting on the material. If, however, 
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more than one principal stress acts, then the resultant strain 
will be altered and hence the value of E will be modified. The 
following example will serve to make the point clear— 

Example 5. 

A solid cylinder is compressed in the direction of its axis, and means are 
employed to reduce lateral expansion to one-third of what it would be if free 
to expand. Find the value of the elastic constant for the material, the stress 
necessary to reduce expansion, and the ratio of the axial strain to that in a 
cylinder free to expand. 

= f*_Jv + /. . 

1 E mE .I 1 ' 

e = h JjLjjJl ,n\ 

e —f* f*+f * ,e\ 

f v will be equal to f z and hence from (1) we get 


&v ~ E 


e « = F 


e =ts . 

x E mE ~ ' 

andfpx,m (2) 


axial strain 


For a cylinder free to expand e v l 
sive strain as positive. 

. fv fx + fv _ -fx 

E mE 3 mE 
3 mf y - 3/. - 3 f v = 


/ = 2 _4_ 

Jv 3 ' to - 1 


-Jjj, reckoning compres- 


or if m = 4 then 


fv q/z 
From (1) E «,=/.- 

-= f JJl 

Jx TO 


= / _ — (- f— 

Jx 3TO \m - 1 


3m 2 - 3 to - 4 
3to {to - 11 



COMPOUND STRESSES AND STRAINS 


45 


/. 

e. 


2m [m - 1) 
3m 2 - 3m - 4 


E 


f 

The elastic constant = —, under the given conditions, is thus 


3m (m- 1) 
3m 2 - 3m - 4 


times that when free expansion is allowed, or 

9 


taking m = 4 the new value of the elastic constant is - times 
the ordinary value. 

Also e* 1 = j;, where = strain when expansion is free. 


e x 3m 2 - 3m - 4 
e^ 1 — 3m (m - 1) 

g 

= - when m = 4 


30. Strain Energy Due to Complex Stress. Let the principal 
stresses, due to a complex system of stress in two dimensions, 
be / nl and / n2 , and the strains in the directions of the principal 
stresses be e dl and e d2 . From the assumptions already made 
with regard to principal stresses and principal strains the strain 
energy per unit volume will be given by 

^ \ fra e <n + ifm e di 


fnl i fnl 

2 (E 


La) 

mE) 


I fnZ ( / m 

+ T\e 


fnl 

mE 


— 225 ;/nl 2 + fri. 


2 /nl fni ) 

m ) 


( 1 ) 


If the stress system is similar to that given in par. 22, then 
substituting the values of f nl and / n2 from (4), 

w = f* 2 + LL . 

2 E ~mE~ t 


ll + m 
but from par. 21 0) (l + ^ = Jc 

• W^LLLlILJjLl i/fl 
2E mE ' 2(7 


( 2 ) 
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if f x and/, are zero then the strain energy due to shear is given 

by" 

l /., 2 


W = -- 
” s 2 0 


(») 


31. Theories o£ Failure Under Compound Stresses. Owing 
to the large number of examples of compound stresses met 
with in engineering practice, the cause of “failure” or per¬ 
manent set, under such conditions, has attracted considerable 
attention. Certain theories, based on the preceding equations, 
have been advanced to explain the cause of failure, and many 
of these theories have received considerable experimental 
investigation. No great uniformity of opinion has been 
reached, however, and there is still room for a great deal of 
further experimental investigation. 

(a) Maximum Principal Stress Theory. This theory is usually 
associated with Rankine, but also received considerable sup¬ 
port from other uniters. According to this theory permanent 
set takes place, under a state of complex stress, when the value 
of the maximum principal stress is equal to that of the elastic 
limit as found in a simple tensile test. 

(i b) Maximum Principal Strain Theory. This theory is 
associated with St. Venant, and according to it permanent set 
takes place when the stress corresponding to the maximum 
principal strain is equal to the elastic limit in simple tension. 

(c) Maximum Shear Stress Theory. According to Guest,* 
the criterion of failure is the greatest shear stress, and hence 
failure will depend on the difference between the greatest and 
least principal stresses reaching a given value. 

(d) Strain Energy Theory. This theory, which has a thermo¬ 
dynamic analogy and a logical basis, is due to Plaigh.f Pie 
contends that if a body can be brought to a particular state by 
various methods then the work done in passing from the initial 
to the final state will be independent of the method employed. 
A relation between the elastic limit of a material as found in a 
simple tension test, and that under compound stresses is thus 
obtained, and Haigh’s theory states that when a material is 
caused to take permanent set (reach the elastic limit) by stresses 
which increase gradually from zero, then the unital strain 

* Phil. May., July, 1900. f B.A. Reports, 1919 and 1921. 
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energy is independent of the nature of the stresses and is 
almost constant in value. 

The theory is comparatively new and much experimental 
verification is required. 


EXAMPLES II 

1. A short cast-iron pillar of 1 sq. in. croBS-section carries an axial com¬ 
pressive load of 10 tons. Calculate the magnitude of the normal and shear 
stress on a plane inclined at 30° to the axis of the pillar. Wliat is the value 
of the maximum shear stress in the material ? Ana., 2-6, 4-33 and 5 toiiB/sq. in. 

2. A steel tie-bar is 30 ft. long, and 4 in. X 1 in. in section. It is subjected 
to an axial pull of 30 tons, and the increase in length is found to be 0• 2 in. 
Find— 

(а) The intensity of stress on a right cross-section. 

(б) The intensities of stress, normal and tangential, on a plane section 
inclined at 60° to the longitudinal axis. 

(c) The modulus of elasticity for the steel. (A.M.I.Mech.E., 1924.) 

Ana., 7-6, 5-63, and 3-25 tons/Bq. in., 13,500 tons/sq. in. 

3. A round bar 3 in. diameter and 18 ft. long carries a load of 28 tons and 
extends fij in. Estimate the maximum shear stress in the bar and the value 
of the modulus of elasticity. Ana., 1-98 tons/sq. in. 13,700 tons/sq. in. 

4. If a body is subjeotod to tensile stresses of intensity p t and p 2 at right 
angles to one another, show how to find the normal and tangential stresses on 
a plane face inclined at an angle 8 to the line of stress p v A steel plate is 
subjected to tensile stresses of 8 and 6 tons/sq. in. at right angleB to one 
another. Determine the normal and tangential stresses on a plane inclined 
at 60° to the 8-ton stress. (Lond. Univ., 1919.) Ana., 7-25, 1 ’299 tons/sq. in. 

5. The principal stresses at a point in a piece of steel are 6 tons per sq. in. 
tensile, 4 tons/sq. in. compressive, and zero, Find the intensity and direction 
of the stress across a plane the normal of which is inclined 30° to the axis of 
the 6-ton principal stress, this plane being also perpendicular to the plane 
of zero stress. (A.M.I.Mech.E., 1926.) 

Ana., resultant stress 5'565 tons/sq. in. tensile inclined to plane at 39°, 

6. Explain what is meant by the “ Ellipse of Stress.” If the principal 
stresses at a point in a material are 8, 4, and 0 tons per sq. in. tensile, find the 
resultant stress in magnitude and direction on a plane inclined 30° to the 
principal plane across which the principal stress is 8 tons/sq. in. and perpendi¬ 
cular to that across which the stress is zero. (A.M.I.Mech.E., 1925.) 

Ana., 7-2 tons/sq. in. inclined at 7C° to plane. 

7. Prove the following relations between the important elastic constants— 

v mE „ mE 
~ 3 (m - 2) ’ 2 ( m -f 1)' 

Show that the coefficient of direct elasticity when lateral contraction is pre- 

vented in one direction is E —z - 

m 2 - 1 

8. Establish the relations of Young’s modulus, the modulus of rigidity, and 
Poisson’B ratio. If the modulus of rigidity for a particular metal is 8 million lb. 
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per sq. in. and the elastic lateral strain (contraction) in tension is 23 per cent 
of the direct tensile strain, calculate the value of Young’s modulus. 
(A.M.I.Mecb.E., 1926.) Ana., 19-68 X 10* lb./sq. in. 

9. Prove that the modulus of rigidity is £ of Young’s modulus of elasticity 
when Poisson’s ratio is 4. (Lond. Univ., 1915.) 

10. Determine the maximum intensities of direct and shear stress in a shaft 

in which there is a shear stress of 3-5 tons/sq. in. and a tensile stress of 4 tons/ 
gq t in. Am., 6-03 and 4-03 tonB/sq. in. 

11. At a point in the section of a beam there is a shear stress of 3 tons/sq. in. 
and a tensile stress of 6 tons/sq. in. Find the principal stresses in magnitude 
and direction at the point. Prove the formula you use. (Lond. Univ., 1914.) 

Ana., 6-4 tensile and 1-4 compressive, tons/sq. in. 6 — 66° and 165“. 

12. The principal stresses at a point in a member subjected to two-dimeri- 
sional stress are 8 and 3 tons/sq. in, tensile respectively. Find the plane on 
which the resultant stress has maximum obliquity. (Lond. Univ., 1921.) 

Ana., 6 = 58'5° to direction of 8-ton strosB. 

13. At a point in the web of a loaded girder the longitudinal tensile BtresB is 
4-8 tons/sq. in. and the shear stress is 2-5 tons/sq. in. Find the magnitude 
and direction of the principal stresses at the point. What is the magnitude 
and direction of the greatest shear stress ? (Lond. Univ., 1922.) 

Ana., 5-86 tensilo and 1-065 compressive tons/sq. in., d = 67° and 157°, 

3-47 tons/sq. in. 

14. Define “ Poisson’s Ratio.” A stoel bar 20 ft. long and 3 in. square is 

elongated by a load of 50,000 lb. If the modulus of elasticity of the material 
is 30,000,000 lb./sq. in. and Poisson’s ratio is £, find the increase in volume of 
the bar. (Lond. Univ., 1918.) Ana., 0-2 cu. in. 

16. Define “ Young’s Modulus ’’ and “ Poisson’s Ratio.” A piece of cast 
iron, 6 in. long by 1 in. square, is in compression under a load of 9 tons. If 
the modulus of elasticity of the material is 7,600 tons/sq. in. and Poisson’s 
ratio is £, find the alteration in length if all lateral strain is prevented by the 
application of uniform lateral external pressure of suitable intensity. (Lond. 
Univ., 1918.) Ana., 0-006 in. 

16. A rectangular block sustains stresses in three directions at right angles 
to each other of 6 tensile, 4 compressive, and 6 tensile tons/sq. in. respectively. 

Assuming the value of Poisson’s ratio for this material is ~, and that the 

3*5 

value of £ is 13,000 tons/sq. in., determine the strain in each of the three 
directions and the values of the volume and torsion moduli. (Lond. Univ., 
1921.) Ana., 0-000341, 0-000648, 0-00044, 10,111 tons/sq. in., 6066-6 tons/sq.in, 

17. Obtain a formula connecting tile moduli of elasticity and rigidity and 
the ratio of longitudinal to lateral strain. A bar of steel IJin. diameter is 
subjected to a tensile load of 10 tons, and the measured extension on an 8 in. 
length is 0-0034 in., and the change in diameter 0-00019 in. What is the 
modulus of rigidity of this steel 1 (Lond. Univ., 1922.) Ana., 6,160 tons/sq. in. 

18. A material is subjected to shearing stress of 5 tons/sq. in., tensile stress 
of 4_tons/sq. in., and compressive Btress, in a direction at right angles to the 
tensile stress, of 3 tons/sq. in. Determine the direction and magnitude of the 
greatest and least stresses in the material. 

Ana., 6-6 tensile and 5-6 compressive tons/sq. in. Q = 62£° and 162J“, 



COMPOUND STRESSES AND STRAINS 49 

19. A bar of elastic material ia subjected to direct stress in a longitudinal 

direction, and ita strains in the two directions at right angles are reduced to 
one-half and one-third respectively of those which normally occur in an 
ordinary tension member. If E = 30 X 10 8 lb./sq- in. and m 4, what is the 
value o£ the elastic constant ? Ana., 33-2 x 10* lb./sq. in. 

20. A cubical block of material of unit side is strained by direct and shearing 
strains as follows: A tensile strain of 7 X 10" 8 , and a compressive strain of 
6 X 10” 8 , on faces perpendicular to those carrying the previous strain. The 
magnitude of the shear strain being 3 X 10 -e . On faces, perpendicular to 
those carrying the above strains, there is no strain acting. Detormine the 
principal strains in magnitude and direction, and calculate the magnitude of 
the single direct stress required to produce the maximum principal strain. 
Assume 23 = 30 X 10 8 lb./Bq, in. 

Ana. r 7-09 X 10 wfl tensile and 6*09 X 10~ 6 compressive, and 212*7 lb./sq. in 

21. Derive the formula for the bulk modulus of a material in terms of 
Young’s modulus and PoisBon’s ratio. In a tensile test on a steel tube of 
external diameter 0*75 in. and bore 0*6 in., an axial load of 0-2 tons produced 
a stretch on a length of 2 in. of 1*2 x 10" 4 in., and a lateral contraction of the 
outer diameter of 1*31 X 10 -5 in. Calculate Young’s modulus, Poisson's ratio, 
and the bulk modulus for the material. (Lond. TJniv., 1933.) 

Ans., 13,600 tons/sq, in.; 0*292; 10,900 tons/sq. in. 

22. Show how to use a circular diagram to represent the intensity of stresB, 
and its direction on any plane at a point in the material subject to two given 
principal stresses, the third one being zero. Draw the diagram for the case 
when one principal stress is 6 tons/sq. in. tensile, and the other 4 tons/sq. in. 
tensile. Indicate on your diagram the stress in magnitude and direction on 
a plane inclined at 30° to that of the greater principal stress. (I.Mech.E., 1936.) 

Ana., 4*68 tons/sq. in. inclined at 79° to plane, 

23. The loads applied to a piece of material cause a shear stress of 4 tons/ 
sq. in. together with a normal tensile stress on a certain plane. Find the value 
of this tensile stress if it makes an angle of 30° with the major principal stress. 
What are the values of the principal stresses? (Lond. ITniv,, 1937.) 

Ans., 4*63 tons/sq. in., 6*93 tons/sq. in. tensile, 2-31 tons/sq. in. compressive. 

24. A piece of material is subjected to two mutually perpendicular stresses 
/ 2 tensile and J. A compressive. Find an expression for the strain energy per 
unit volume. 

If a stress of 8 tons per sq. in. acting alone gives the same value of the 
strain energy per unit volume as the expression already found, find the value 
of / 2 whon/j is 7 tons per sq. in. Poisson’s ratio 0-32. (Lond. ITniv., 1940.) 

Ans., 2*235 tons/sq. in. compressive or 6*72 tons/sq. in. tension. 

25. At a certain point in a steel structural element the directions of the 
principal stresses p x and p v are known. Measurements by strain gauges show 
that there is a tensile strain of 0*00083 in the direction, of p xi and a comprosaive 
strain of 0*00052 in the direction of p v . Find the magnitude of and p y , 
stating whether tensile or compressive, and the value of the maximum shear 
stress, m = 4. (A.M.I.Mech.E., 1940.) 

Ans., 22,400 tension, 10,000 compressive, 16,200 lb./sq. in. 



CHAPTER III 

SIMPLE MECHANICAL PROPERTIES OF METALS 

32. Properties of Metals. Properties associated with metals, 
and of great importance from an engineering standpoint, are 
elasticity, ductility, brittleness, plasticity, and malleability. 

Several of these properties are in opposition, and thus a 
particular metal cannot possess all of them simultaneously. 
Mild steel possesses elasticity, copper ductility, cast iron is 
brittle, whilst lead is plastic, and wrought iron malleable. In 
a simple tensile test on a material, carried to destruction, 
sufficient information is obtained to form an opinion of the 
strength, elasticity and ductility of the material. In design 
these properties are of premier importance, the strength of 
the material must be known in order to calculate the dimen¬ 
sions, and the remaining properties are desirable, since, for 
various reasons, high local stresses sometimes occur, and thus 
it is essential that a certain amount of elastio deformation 
should take place in order to relieve these local stresses. 

33. Behaviour of Metals in Tension. When the ductile 
metals are subjected to a gradually increasing tensile load, the 
tensile stress is proportional to the tensile strain until a certain 
point is reached, after which proportionality no longer holds, 
and slightly before reaching this stage it is found that the 
elasticity of the material has broken down. The elongation so 
far has been exceedingly small, and very delicate measuring 
devices called extensometers are required in order to measure 
the small changes in length. 

If the load be increased a small amount, it will be found that 
the material “ flows or yields ” a large amount, and the elonga¬ 
tion can be measured with a scale and a pair of dividers. The 
material is now in a semi-plastic state, and further applications 
of load cause extensions which increase with time. Each 
application of load causes the strains to increase more and 
more rapidly with the stresses, until, finally, a value of load 
is reached at which the material stretches locally and a “ waist ” 
is formed. At this stage, owing to the decrease in cross-section, 
a smaller load than that at which the waist formed is required 

DO 
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to continue the elongation. With the continuance of elonga¬ 
tion the cross-section becomes smaller and smaller. Hence 
the load necessary will he gradually reduced until fracture 
occurs. 

Fig. 26 represents a stress-strain diagram for a ductile mate¬ 
rial tested, in tension, to destruction. That portion of the 
test up to the point at which yield occurs is shown plotted to a 
larger scale. The stresses are all calculated using the original 
cross-sectional area of the material, and are called Nominal 



Fig. 20 

Stresses, since the actual cross-sectional area does not remain 
constant. If the actual cross-sectional area was calculated for 
each load, then the “actual stress” diagram is that shown 
dotted in Fig. 26. In the nominal stress diagram the stress at 
the breaking point appears muoh less than the maximum 
stress carried, but on examination of the actual stress diagram 
it is found to be the greatest stress. 

34. Important Stages in the Test. All the important stages 
have been marked on the nominal stress-strain ourve shown in 
Fig. 26, and a particular name is usually applied to the stress at 
each stage, as follows— 

At the point A the elasticity has broken down, and the stress 
corresponding to the load at A is called the “ Elastic Limi t.” 

At the point B the proportionality of stress and strain 
has ceased, and the stress at B is called the “ Limit of 
Proportionality.’ ’ 

At the point C the material has yielded a large amount', and 
the corresponding stress is known as the “ Yield Stress,” 
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These three stresses are exceedingly close together, and great 
care and delicate measurements are required to distinguish one 
from the other. 

At the point D local yielding takes place, and the waist 
begins to form. The material is then carrying the maximum 
load, and the corresponding stress is known as the “ Maximum 
Stress.” It should be remembered, however, that this is 
maximum nominal stress. 

At the point E fracture takes place, and the stress at this 
point is known as the “ Breaking Stress.” 

35. Working Stresses. The “ Tenacity ” or “ Ultimate 
Stress ” of a material is the greatest load required to fracture 
the material divided by the area of the original cross-section at 
the point of fracture. It is important that the working stress 
shall be well below the elastic limit, and the ultimate stress is 
usually divided by a number called the Factor of Safety in 
order to obtain the working stress. The factor of safety has 
also been referred to as a factor of ignorance. It would Beem 
more reasonable to use a smaller factor of safety and the elastio 
limit when calculating the working stress. 

Factors of safety depend on how the stress is applied. An 
alternating stress requires a larger factor of safety than a 
constant stress, and a stress caused by shock will require the 
factor of safety to be much larger still. Since the various 
working stresses are calculated from factors of safety based on 
the ultimate stress, it can be readily understood that the 
ultimate stress is the most important stress in a commercial 
test, the elastic limit being only asked for on rare occasions. 

36. The Measurement of Ductility. The elongation on a test 
bar, up to the maximum load, is practically distributed uni¬ 
formly over the bar, after which local yielding occurs and the 
cross-section decreases at the point of yielding. Two methods 
are used to estimate the ductility, one being based on the total 
elongation, and the other on the total reduction in cross- 
sectional area. The former is the more common and from it 
we obtain the “ Percentage Elongation.” If L is the length 
of the test bar at fracture, and l the length before stress is 
applied, i.e. the original length, then 

Percentage elongation = ~—- x 100 

L 

The percentage elongation depends on the length of the bar 
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owing to the local yielding before fracture. If the test bar be 
marked off in inches, then the percentage elongation of the 
inch containing the fracture will be very large. If, however, the 
result is calculated on a 2-inch length containing the fracture, 
the local extension does not play so important a part, and the 
importance of its effect becomes less as the length of the test 
bar increases. It is of the utmost importance, therefore, 
always to state the length of the test bar on which the per¬ 
centage elongation has been calculated. A common length 
of test bar is 8 in. The following table serves to show how the 
percentage elongation varies with the length of the specimen. 
The results are taken from a test on a mild steel bar. 


Original length 
(inches) 

0-5 

1-6 

2-6 

3-6 

4.6 

B'6 

6-5 

8 

Final length 
(inches) 


2-2 

3-48 

1 



7-08 

8'28 

10-1 

Percentage 

elongation 

80 

46-7 

39‘2 

32'8 


28'7 




The percentage elongation is usually calculated without 
taking into account the cross-sectional area of the test bar, 
although the results are not strictly comparable when the 
cross-sectional dimensions differ for a given gauge length. 
Where bars have different cross-sectional areas, Prof. Unwin* 
has shown that comparative results may be obtained if the bars 
are geometrically similar. 

The total extension of a bar is made up of a uniformly 
distributed extension and a local extension, the former being 
proportional to the length of the bar, and the latter almost 
independent of the length. 

Thus if x is the total extension, y the local extension, and l 
the gauge length, then— 

* = y -f- zl 

Now y is nearly proportional to the square root of the cross- 
sectional area of the bar. Hence if A is the cross-sectional area 

y — sVA 

x — sVA -f zl 


* Proc. Intt. O.B., Vol. olv. 
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Thus, if s and z are known, a rough idea can be obtained of 
the elongation of another bar of different dimensions and the 
same material. 

Example 1. 

A bar of wrought iron 0-875 in. diam. and 8 in. gauge length was subjected 
to a static tensile test. The results gave yield load 8'7 tons, maximum load 
13 tons, and load at instant of fracture 11 tons. The total elongation waa 
2-3 in., of which 1-8 in. was elongation up to the point of maximum load. 
The area of reduced soction at fracture was 0-315 sq. in. From the above 
calculate the results of a tensile test on a bar of the same material 1 in. diam. 
and 6 in. gauge length, giving the elongation per cent, and the load at inBtant 
of fracture. (Lond. Univ., 1919.) 

Total extension x = s VZ + zl 

and sVA = 2-3 - 1-8 = 0-5 in. 


0-5 _ 0-5 

Vo-6013 ~ 0-7754 


0-6449 


also zl = 1-8 in. 


z 


1-8 

T 


0-225 


Total extension on 6 in. gauge length and 1 in. diameter 
specimen 

= 0-6449 VO-7854 -f 0-225 X 6 
= 0-5715 + 1-35 
= 1-9215 in. 

r. ! ■ L -K™ 1-9216 

Percentage elongation = —— 100 = —-— X 100 

l 6 

= 32*025 per cent 

yield load on 1 in. specimen = yield stress x area of section 

= 0-6013 X °'’ 7854 


= 11-36 tons 


Up to the maximum load the elongation is uniform along the 
bar, and the area of the cross-section of bar at this load is 
found from 
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Length X area of section = original length X original area 

of section 

.'. Area of section of original bar at max. load 

8 X 0-6013 A 
=-gTg- = 0-491 sq. m. 

Area of section of 1 in. dia. bar at max. load 
6 X 0-7854 
7-35 

Max. load on 1 in. dia. specimen 


= 0-641 sq. in. 


max. stress X area of 
section 


13 

0-491 
16-97 tons 


X 0-641 


Percentage reduction of area of original test bar 

0-6013-0-315 jwAA 

=-Q.-gQ- 13 - X 100 = 47-62 per cent 

Reduction in area of 1 in. dia. specimen 
= 0-4762 x 0-7854 
= 0-3740 sq. in. 

.-. Area at fracture = 0-7854 - 0-3740 
= 0-4114 sq. in. 

Load at instant of fracture on 1 in. dia. specimen 
= breaking stress X area of section 

= 6^5 x °’ 4114 

= 14-35 tons 

The second method of calculating the ductility of a metal 
depends on the change in the cross-sectional dimensions, and 
from it is obtained the “ Percentage Reduction in Area.” 

If A — area of cross-section before applying load 
A l = „ „ „ after fracture, 

A ~ A 1 


then percentage reduction in area 


X 100. 


3—(r.5464) 
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H7. Resilience. The term “ resilience ’ is usually restricted 
to mean the amount of energy stored up in an elastic strained 
body per unit volume, In the case of a body strained, within 
the elastic range, in simple tension we have already seen that 
the load is proportional to the extension. The work done on 
the bar, which is equal to the strain energy, is given by 

load X extension AB X OB 
- 5 -=- 5 - (Fig. 27) 


The term “ proof resilience ” is often adopted to represent 
the greatest strain energy per unit volume which can be stored, 
inside the elastic range, and is represented by the area 



OOP _ OP X OP 
volume of bar ~ 2 volume 

Let A = cross-sectional area of bar 

l = length of bar 

V — volume of bar 

W = load applied 

x — extension due to W 

E ~ Young’s modulus 


/ = tensile stress in bar due to W 


Work done in straining bar 
W X x 
2 


JA X x 
2 


Resilience 


Mfl 

2 E 



f 

= (units of work per unit volume of bar) 
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If f max is the greatest stress that can be applied within the 
elastic range, then 

Proof resilience = ^ 

Z In 

(f ) 2 

The expression - is sometimes called the “ Modulus of 
Resilience.” ' Ai! ‘ 

38. Total Work done up to Fracture. The total work done 
up to fracture is given by the area OCDEF (Fig. 28). The 
portion OCH represents the work 
done during the elastic stage, 
and the remaining portion that 
done during the plastic stage. 

39 Suddenly - applied Loads. 

Let a tensile load W be applied I 
suddenly to a bar and produce 
an extension *. The work done 
will be given by Wx. Suppose 
W x to be a load which increases 
gradually from zero and pro- o fT Extension 
duces the same extension, the Fro 

work done is now given by %W x x 
(Fig. 29). 

Since the bar is strained an equal amount in each case, the 
strain energy is the same in each case, and consequently the 
applied energies will be equal. 




.-. iWp = Wx 
W x = 2W 

That is, the suddenly-applied load required to 
produce a given strain is just half the magni¬ 
tude of that required, for the same strain, when 
gradually applied. This may also be stated in 
the form that the strain, and consequently the 


stress, produced by a given suddenly-applied load is exactly 
twice that produced by the same load when gradually applied. 
This result makes it clear that great danger arises from the 


application of a suddenly applied load to a machine part 
unless the part has been specially designed to withstand this 


type of load. 


If a dead load of magnitude W x be carried by a bar of 
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cross-section A and a suddenly-applied load of magnitude IK. 

W, 4- 2W 

be applied, then the instantaneous stress is given by —-- 21 

the upper sign being taken when the loads act in the same 
direction, and the lower sign when they act in opposite 
directions. 

-to. Stress Due to Shock. Kg. 30 represents a weight W, 
which can fall freely on to a collar or anvil carried at the lower 
extremity of a vertical rod, the upper end of the rod being 
fixed. If the weight is allowed to fall through 
a height h and impinge on the collar, we can 
calculate the maximum stress in the rod when 
the following assumptions are made— 

(1) That the weight W falls freely. 

(2) That the support is rigid. 

(3) That there is no loss of energy by strain¬ 
ing of the striking surfaces. (This assumption 
is not true in practice.) 

The energy possessed by W at the height 
h is therefore expended in straining the rod. 

Let x = the elongation of the rod 


T 


L— r 


'T 
h 




Fio. 30 


/ = the maximum stress induced in the rod 
A = cross-sectional area of rod 
W (h -f x) = if Ax 
Al 


*(»+£)-w* 


«Al Wl 

or f 2E~ f -W- Wh 


0 


f" 




WH* WhAl 


Al 

E 


f W 
or/= 1 - 


J 


1 -I 


ihAE\ 

wr) 


If ^ — 0, that is if the load is suddenly applied, then / = 
a result already obtained in the previous paragraph. 


2 W 
A ’ 
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Example 2. 

Define “ Resilience." A weight of 201b. falls freely through 10 ft. and is 
then suddenly checked by the reaction of a bar of steel £ in. diameter, and 
30 ft. long. Find tho maximum stress and strain induced in the bar. 
E = 30,000,000 lb./sq. in. (Lond. TJniv., 1912.) 

W / / 2 hAE\ 

= A{ 1 + *J 1 + -wr) 

20 / r 2 X 120 X 04418 X 30 X 10 6 

“ 04418 1/ + V 1 + 20 X 360 

= 45-2 X 665-6 
= 30,080 lb./sq in. 

W (& + *)== if Ax 
Wh 

\fA- W 

20 X 120 

~ \ X 30,080 X 04418 - 20 
2,400 _ 2,400 

~ 6^646^20 _ 6,626 
= 0-3621 in. 


Strain = 


n.afiti 

360 

0-001005 


EXAMPLES III 

1. Calculate the extension produced and the work expended in extension 
when a bar of steel 15 in. long and 1| in. diameter is subjected to a pull of 
6 tons. Over what length must the bar be reduced to 1 in. diameter in order 
that the extension produced on the 16-in. length by the 6-ton load shall bB 
increased by 60 per cent ? E = 30,000,000 lb. per sq. in. (Lond. Univ., 1923.) 

Ans., 0-003817 in., 26-66 in. lbs./6-06in. 

2. (a) How are the results of an ordinary tensile test of o sample of mild steel 
affected, as regards ultimate strength and percentage contraction of area of 
section, by the proportions of tho test piece ? You may confine your remarks 
to cylindrical test pieoes. 

(6) Explain how the percentage of ultimate elongation varies with the gauge 
length adopted and the diameter of a cylindrical test piece. What precau¬ 
tions would you adopt if you were obliged to compare the percentage ultimate 
extension of a sample of mild steel, of which only a rather small cylindrical 
specimen was available, with a result obtained from a larger cylindrical test 
piece of a previous sample of material ? (A.M.I.Mcch.E,, 1926.) 
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3. Tension experiments upon a set of wronght-iron bars allowed that per¬ 

manent set began when the stress exceeded 20,000 lb. per sq. in. The average 
extension per 10-in. length under the above stress of 20,000 lb. was 0-006 in. 
Determine the modulus of resilience in ft. lb. per cub. in. for this quality of 
wrought iron. (Lond, Univ., 1916.) A vs., \ ft, lb./cub, in. 

4. A mild steel bar 1 in. diameter was subjected to a tensile test to destruc¬ 
tion. The results were : yield load 17-2 tons, maximum load 22-7 tons, load 
at instant of fracture 19-6 tons. Extension measured on a 6-in. original 
length 2-06 in., and on 8 in. original length 2-6 in. 

Find the work per cub. in. up to maximum load (i.e. just before the local 
contraction of area begins). Find also the extension you would expect from 
a test piece l£in. diameter of the same material measured on a gauge length 
of 8 in. (Lond. Univ., 1921.) Ana., 6-7 in. tons/2-866 in. 

6. Differentiate clearly between the “ limit of elasticity ” of a metal and 
its “ limit of proportionality.” State what is meant by the yield point of a 
piece of mild steel. State what arguments may be adduced against fixing the 
allowable stress on a piece of steel as a proportion of the stress at the limit of 
elasticity. (A.M.I.Moch.E., 1926.) 

6. What do you understand by tho term “ Modulus of Resilience ” of a 
matorial ? A bar 12 in. long is 1-26 in. in diameter for 6 in. of its length, and 
1 in. in diameter for tho remainder. The bar receives a blow in an axial 
direction, which induces in it a maximum stress of 16 tons per sq. in. Calcu¬ 
late the stress that would be induced in a bar of the same material 12 in. 
long and 1 in. in diameter throughout, if subjected to tho same blow. 
(A.M.I.Mech.E., 1924.) Ans., 13-82 tons/sq. in. 


7. Two round bars A and B, of the same material, are each 10 in. long. 
A is 1 sq. in. in section for 4 in. of its length, and the remainder is 1-6 sq. in. 
in section. B is 1 sq. in. in soction from end to end. If B receives an axial 
blow which induces a stress of 6 tons per sq. in., find tho maximum stress 
produced by the same blow on A. Compare the “ proof resilience ” of the 
two bars. (A.M.I.Mech.E., 1924.) , , , . A 8 

Ans., 6-68 tons/sq. m. — = —. 

B 13 


8. Explain how a load, suddenly applied, but without impact, will produce 
an intensity of stress twice as great as the intensity of stross produced by the 
same load applied gradually. A bar, 20 ft, long, is suspended vertically, and 
a collar is fixed to the lower end. A weight of 200 lb. is threaded on the bar, 
and falls a distance of 6 in. before engaging with the collar. Determine the 
diameter of the bar if the intensity of stress induced is not to exceed 12,000 lb. 
per sq. in. E = 30,000,000 lb. per aq. in. (A.M.I.Mech.E., 1918.) 

Ans., 1-64 in. 

9. Find the cross-sectional area of a vertically suspendod steel tie-bar 6 ft. 
long, subjected to a load of 0-6 ton, which is allowed to fall 0-26 in. on to a 
collar at the bottom end of the bar. The ratio of the extension to tho original 

length must not exceed —^ E = 12,000 tons per sq. in. (A.M.I.Mech.E., 

1919.) Ans., 1-09 sq. in. 

10. A sliding weight of 4,000 lb. is dropped down a vertical rod which is 
suspended from the top, and is provided with a collar at the bottom end. The 
length of the rod is 12 ft. and the diameter is 2 in. In order to reduce the 
shock a helical buffer spring is placed on tho collar ; the spring will compress 
l in. per 1,000 lb. dead load, Taking account of the work done in compressing 
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the spring and in stretching the bar, find approximately the height, mea¬ 
sured from the top of the uncompressed spring, from which the weight must 
be dropped in order to produce a momentary stress of 10,000 lb. per sq. in. 
in the bar. Young’s modulus = 30,000,000 lb. per sq. in. (Lond. Univ., 1913). 

Ane., 92 in. 

LX. A bar £ in. diameter and 8 ft. long ia rigidly fixed at one end and is 
used to stop suddenly a weight W falling in the direction of the length of the 
bar. If W falls 2 ft. before coming to rest, find its magnitude if the stress in 
the bar duo to the blow is not to be more than 7 tons per sq. in. E = 13,000 
tons per sq. in. (Lond. Univ., 1916.) Ana., 7*40 lb. 

12. A crane chain whose sectional area is 1 sq. in. carries a load of 2,000 lb., 
which is being lowered at a uniform rate of 120 ft, per min. When the length 
of the chain unwound is 30 ft. the chain suddenly jambs on the pulley. Esti¬ 
mate the stress induced in the chain (neglecting the weight of the chain) due 
to the sudden stoppage. Modulus of direct elasticity — 30 X 10 9 Ib./sq. in. 
g = 32-2 ft./sec./sec. (A.M.I.C.E., 1926.) Ana., 15,800 lb./sq. in. 



CHAPTER IV 

THIN CYLINDERS, SPHERES, AND PIPES 

41. Thin Cylinders. Vessels such as steam boilers and large 
pipes are subjected to an internal fluid pressure which is 
uniformly distributed over the internal surfaces. Such vessels 
have large cross-sectional dimensions in comparison with the 
thickness of their plates. In general there is a principal stress 
acting in the direction tangential to the circumference, called 
the “ hoop stress,” a principal stress acting in the direction of 
the axis, and a principal stress acting in a radial direction. 
The last-mentioned stress can be neglected, however, where 
the thickness of the plates is small compared to the cross- 
sectional dimensions, also the first principal stress which is 
not uniform, over a section from the internal surface to the 
external surface, may be taken as uniform under this condition. 
These assumptions lead to the following easy method of 
attack— 

(a) Hoop Stress. In Fig. 31a let r be the internal radius of 
the cylinder, subjected to a uniform internal fluid pressure of 
intensity p. Consider the equilibrium of a length of the 
cylinder between the parallel sections AA and BB. The radial 
force acting on the small area subtended by the angle 66 
— plrdd, and the component of this force perpendicular to a 
diameter is plr sin 666. 

The total force perpendicular to a diameter 

— j^plr sin Odd 

— 2 plr 

If f v is the intensity of the “ hoop stress,” then the 

Resisting force = 2 F v 

= 2 f v l X t 

Hence for equilibrium of the material, 

2 fyl X t = 2plr 



(i2 


( 1 ) 
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(b) Stress in the Direction of the Axis. If the ends of the 
cylinder are only constrained by the material, there will be a 
stress f x in the shell acting in the direction of the axis, as shown 
in Pig. 31b. The total force on the ends, whether plane or 
dished, acting axially due to the internal fluid pressure will be 
ttt 2 p, and the resisting force = 2w rtf,.. Therefore for equili¬ 
brium of the material 

27 Trtf x =Trr 2 p 



Fig. 31a Fig. 31b 

Thus the intensity of stress, in the shell, acting in the direction 
of the axis is only half the intensity of the hoop stress, and 
these are the principal stresses in the material. 


Ex amble 1. 

A steam boiler, 10 ft. internal diameter, with flat ends (not stayed), plates 
i in. thick, sustains an internal pressure of 200 Ib./sq. in. Calculate (1) the 
stress in the circumferential plates due to the load on the end plates, (2) the 
Btress in the circumferential plates due to resisting tho bursting effect, (3) 
the maximum shear stress due to the combined action of (1) and (2), (Lond. 
Univ., 1919.) 

pr 
21 

200 X 60 X 4 
2X3 


= 8,000 Ib./sq. in. 



= 2 f x 

— 16,000 Ib./sq. in. 


(2) 
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The maximum shear stress is given by 

U ~h 


I = 


16,000 - 8,000 
2 


= 4,000 lb./sq. in. 


42. Modification for Built-up Shell. The foregoing argument 
assumes that the shell and end plates are of jointless uniform 
material. Steam boilers and large pipes are, however, built 
up of plates joined by riveted joints, and hence the preceding 
equations require slight modification for such cases. 

The resisting force of the boiler shell will be reduced by an 
amount depending on the efficiency of the joint, and the new 
resisting force is now equal to the previous value multiplied 
by e where e is the joint efficiency. The equations ( 1 ) and ( 2 ) 
now give 



( 3 ) 




(‘) 


43. Application of Compound Stress Theories, (a) If / is the 

yield stress for the material, then, according to the maximum 
principal stress theory, 

/==/» 

and thus the greatest allowable pressure is given by 

T = ;/.(5) 

(6) According to the maximum principal strain theory, the 
stress corresponding to the maximum principal strain is given 

by Ee dv = /„ = /v (1 - \ l), par- (24) 

— | /„ for a value of m = 4 

_ 7 pr 
~ 8 ~t 



(6) 
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It would appear from this theory, therefore, that the shell is 
strengthened in a circumferential direction by the application 
of the stress acting in the direction of the axis. 

(c) From Haigh’s strain energy theory we have 



= / v s for m = 4. 

• • / = /» 

and p = ~f .(7) 

Thus this theory gives, for a value of m = 1, a value of p, 
similar to that given by the maximum principal stress theory. 

Example 2. 

A marine boiler is 15 ft. in diameter, and is required to carry a working 
pressure of 180 lb./sq, in. The specified tensile Btress in the plates is not 
to exceed 6 tone/sq. in. and the efficiency of tho riveted joints is to be taken 
at80percent, What thickness of plates would be necessary 7 (A.M.I.Meoh.E.. 
1918.) 

The boiler plates must be designed to carry the maximum 
stress /„ = — 

V 

and taking the joint efficiency into account, this becomes 



/. t 


pr 

fy X C 


180 X 16 X 12 x 100 
2 X 5 X 2,240 X 80 


= If in. 
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Example 3. 

A long straight tube, 3 in. internal diameter and in. thick, is subjected 
to an internal pressure of S00 lb./sq. in. Consider it as a thin cylinder and 
find the longitudinal and circumferential stresses. If the tube is then sub- 
jected to a twisting moment of 700 in. lb., find the factors of safety on the 
three recognized theories of elastic breakdown. Assume that Poisson’s 
ratio = 0-3 ; elastic limit stress = 18 tons per sq. in. E = 30 X 10 s lb. 
per sq. in. (Lond. Univ., 1918.) 

Stress acting in a longitudinal direction 

_ pr _ 800 X 3 X 10 

~ 21 ~ 2X2 

= 6,000 lb./sq. in. 

Stress acting in a circumferential direction 
pr 800 X 3 X 10 

~ 7 ~ 2 

= 12,000 lb./sq. in. 

Shear stress due to torsion 
2 TR 

= par - 114 (1) 

_ 2 X 700 X 3-2 X 8 
7T ((3-2)*- 3 4 ) 

= 476 lb./sq. in. 

Maximum principal stress 

- *{(/.+/,) + V(/,-/v) 2 + 4/, 2 l 

= (12,000 + 6,000) + V(67000) 2 + 4(476) 2 \ 

— 18,000 + 6,075 ^ 

*= 12,038 lb./sq. in. 

.'. Factor of safety on maximum principal stress theory 

^ 18 x 2,240 
12,038 


« 3-35 
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The maximum principal strain 


- ^j(/x + A) (i-^) + (l +-)v(/,-/„) 2 + 4/, 2 


= ^ (18,000 X 0-7) + (1-3 X 6,075) 


= 21 X 20 ’ 60 ° = 


10,250 
— ¥~ 


T . , , • . . • 18 X 2,240 

In simple tension the maximum strain = —— ^ - 

,\ Factor of safety on the maximum strain theory 
18 x 2,240 E 
~ E X 10,250 ~ 3,03 

The minimum principal stress is 

= \ } 18,000 - 6,0751 = 5,963 lb./sq. in. 

The principal stresses are thus, 12,038 lb./sq. in., 6,963 
lb./sq. in. and 800 lb./sq. in. Hence, by par. 16 (12), the 
maximum shear stress in the material 

12,838 „ , . 

— —-—- = 6,419 lb./sq. in. 

The maximum shear stress due to a simple tension of 18 tons/ 
sq. in. 

18 X 2,240 
2 

Factor of safety according to the maximum shear theory 
18x2,240 
2 X 6,419 

The factor of safety according to the strain energy theory 
may be found as follows— 

P = A 2 + / 2 2 — — = 12,038* + 5,963* - 2 X 12,038 X 5,963 

171 


/ = 11,722 lb./sq. in. 

. - , 18 X 2,240 n „ 

Factor of safety = —YT 722 ~ = 3 '14 



OS 


STRENGTH OF MATERIALS 


44. Increase in Volume of Cylinder. The strain in the direc¬ 
tion of the axis is given by 

_ fa _ fv 

~~ E mE 



and the strain in the direction of the hoop stress or circumfer¬ 
ential strain, by 



pr_ 

tE 



• (9) 


Now the increase in radius = r X circumferential strain. 
Hence the radius increases in the same proportion as the 
circumference. 

By par. 7 the volume strain is given by 

e v = e x 

= Efj -j-2 

X V 

tE (2 m~ r m 

_ pr (5 2 

tE (2 m ) 

and the increase in volume is therefore 


&V — 




(10) 


where V is the original volume of the cylinder. 


45. Thin Spherical Shell. 

Let r = radius of shell 


t = uniform thickness of the material 
p = internal pressure in shell. 



THIN CYLINDERS, SPHERES, AND PIPES 69 

The shell will tend to fail along a diametral plane such as 
EE, Fig. 32. 

The force acting on a thin ring of internal surface ABCD 
= 2ttt cos 6 r ddp. 

The vertical component of this force 
= 2tt pr 2 sin 8 cos 986 


— tt r z p sin 2838. 



Fia. 32 


The total force tending to cause failure along EE 
= -rrPp sin 2 ddd 
— 

This force is resisted by a force = 2irrlf s where /, is the stress 
in the material. 

2-nrtf, = 7rr 2 p 

a nd/, = ~ - (1) 

Thus the stress in a thin spherical shell is equal to the stress 
in the direction of the axis of a cylindrical shell. The principal 
, , pv pr 

stresses at any point in the shell are —, and a radial prin¬ 

cipal stress which may be neglected. 

46. Modification for Built-up Shell. When the spherical 
shell is built of plates joined by riveted joints the resisting force 
is lessened in proportion to the joint efficiency just as in the 
case of the cylindrical shell. 
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A similar argument gives the modified formula as 

, pr 

2<e ..... 


(2) 


where e is the efficiency of the joint. 

4-7. Application of Compound Stress Theories, (a) Let / 

he the yield stress of the material. According to the maximum 
principal stress theory, 

pr 


/ = /« = 


it 


and the maximum allowable pressure is given by 
t , 

P — 2 ff 


(3) 


(i b) From the maximum principal strain theory the stress 
corresponding to the maximum principal strain is 

Ee, — 

’ m 


=/-K) 


= f /, for a value of to = 4 

■/=?/ = ?£ 

'• 7 4 / * 4 2C 


or p 


3 V 


(4) 


Thus the maximum allowable pressure according to this theory 
is slightly larger than that given by the maximum principal 
stress theory. 

(c) The strain energy theory gives— 


z 

2 E 


9 w. 2E -‘h 


2fl 

TO 


o r/ 2 = /, 2 2 


-i) 

mj 


= ^ A 2 when m — 4 
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and p — 1-635 -/ 


(5) 


This theory therefore proven the maximum allowable pres¬ 
sure to be smaller than that given by either of the previous 
theories. 

48. Increase in Volume of Sphere. The circumferential 
strain is 

« -h A 

a x E mE 



( 6 ) 


and since the radius increases in the same proportion as the 
circumference, 

Volumetric strain = 3e rf , 


2 tE\ mj 


(7) 


and the increase in volume is therefore 



where V is the original volume of the sphere. 


.Example 4. 

A spherical vessel 2 ft. diameter and $ in. thick is filled with a fluid until 
its volume increases by 2 cub. in. What is the pressure exorted by the fluid 
on the vessel ? m = 4, E = 30 x lO'lb./sq. in. 



o 12 X 4 X 3 X lit X 1,728 

_ 2 X 30 X 10 8 X 4 X 3 

p = 152 lb./sq. in. 
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In the previous example, if the yield stress of the material is 
18 tons/sq. in., what would be the maximum pressure before 
yield, accor din g to the following theories : (a) Maximum stress, 
(b) maximum strain, (c) strain-energy ? 


(а) p = 2- r f= X 18 X 2,240 

= 1,680 lb./sq. in. 

( б ) * = 18x 2 ' 240 

= 2,240 lb./sq. in, 

(c) p = 1-636 -f = 1-636 X ~ X 18 X 2,240 

— 1,370 lb./sq. in. 

49. Effect of Hemispherical Ends on Cylindrical Shell. 

Serious bending stresses are introduced at the junction of the 
ends and shell, if the thickness of each is not properly propor¬ 
tioned, due to unequal radial expansion. Such a case occurs, 
as will be shown below, when the ends and shell are of equal 
thickness. It will also be shown, however, that if radial 
expansion is equal for each, then the ends will be weaker than 
the shell, and thus the working pressure is determined by the 
ends according to one of the theories of elastic failure. 

Let p = internal fluid pressure 

r = radius of hemispherical ends and shell 
i, = thickness of hemispherical ends 
t e = „ „ cylindrical shell 

In par. 48 (6) it was shown that the strain in the direction of 
the radius of a sphere was given by 

j when free from restraint. 


pr /m - 1 
t,E \ 2 m 
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Also tlie strain in a similar direction for a cylindrical shell when 
unrestrained is given in par. 44 (9) as 

pr /2m - V 
tjfi \ 2m 

Comparing these expressions, it will be clear that if t, and t c 
are equal, then the expansion of the shell will be greater than 
the expansion of the ends, and thus, 
if they are riveted together, serious 
bending stresses will be introduced. 

To get the ratio between t, and 
in order that the bending stresses 
may be avoided, we have 

pr 12m - _ pr fm - 1 

t c E 2m ) tjfi 2m 

t, rn Fiq. 33 

2m - 1 



which for m = 4 gives t, — f t c ; this, however, unfortunately, 
makes the ends much weaker than the shell, and thus the 
allowable working pressure is reduced. 

50. Cylinders of Oval Section. Thin cylinders of oval section, 
when subjected to internal fluid pressure, tend to assume a 
circular section. The intensity of hoop tension varies along 
the periphery. By a similar method to that employed in 
par. 41, the hoop stress at A,A (Fig. 33) can be shown to be 


p X OA 

T 


and that at B,B, 


p X OB 


where p is the internal 


fluid pressure and f the uniform thickness of the material. Also 
if A is the area of the cross-section of the pipe, and a the area 
of the cross-section of the material of the pipe and f x the stross 
in the direction of the axis of the pipe 


A X a = p X A 




where l is the length of the perimeter ==1*67 (A A -j- BB). 

51. Thin Tubes Subjected to External Pressure. The collaps¬ 
ing pressure of thin tubes under external pressure has been 
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investigated by Southwell and others, and the reader is 
referred to the Phil. Mag., 1913, for a study of Southwell’s 
investigation. He has derived the following formula for pipes 
whose thickness is small compared to the diameter— 


^ = 22 4{f7F^T)(t) 


1 1 
+ o 


(fc 2 - 1) m 2 it y) 
m 2 - 1 \d) ) 


where p = the collapsing pressure 


l = thickness of the tube 


l = the length of the tube 
d — diameter of tube 

S = constant depending on the end fastening 

k = the number of lobes in the collapsed section. 

When l is large in comparison to the diameter the first term is 
negligible and the formula reduces to 

2El (1 (jfe* - 1) m 2 (l\ 2 ) 
p ~ d (3 m a - 1 \d) \ 


- ->> 


m 4 




t 3 


m 2 — 1 / d 3 


E 


Now the smallest number of lobes which can occur is 2, and 
thus 


p = 2 


m* 


t 3 


m a - 1 d 3 


i or if m = 4 


32 < 8 

P 16 d s E 


BXAJVtPLES IV 

1, What thickness of metal would be required for a cast-iron water pipe 

36 in. in diameter under a head of 400 ft ? Assume a limiting tensile stress 
for cast iron of 3,000 Ib./sq. in. (A.M.I.Meoh.B., 1919.) An#., 1 in. 

2. Show that, in the case of a thin cylindrical shell subjected to internal 

fluid pressure, the tendency to buret lengthwise is twice as great as at a 
transverse section. The sholl of a boiler is 6 ft. in diameter, and the plates 
are (J-75 in. thick; the efficiency of the joints to tearing along a longitudinal 
seam being 72 per cent. Calculate the safe working pressure in the boiler, 
assuming that the tensile strength of the plates is 30 tons/sq. in. (take a factor 
of safety of 6). (A.M.I.Mech.E., 1924.) An#,, IQS Ib/sq. in. 
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3. A spherical vessel, built up of thin steel plates, has to -withstand an 

internal pressure of 100 lb./sq, in. The internal diameter is 10 ft. and the 
joint efficiency is 80 per cent. Calculate the thickness of the plates required, 
and the internal diameter when the vessel is under pressure. Working stress 
5 tons/sq. in., in = -1. -4ns., £ in., 120-024 in. 

4. The following data refer to the shell of a boiler of the Scottish type: 
Internal diameter 16 ft., working steam pressure (above atmospheric) 
210 lb./sq. in., thickness of shell plates 1J§ in., diameter of rivet holes If in. 
The longitudinal joint is a treble riveted double strap butt joint, the pitch of 
the rivets in the outer row being 101 in. The circumferential joint is a double 
lap joint, the pitch of the rivets being 41 in. Calculate the maximum stress 
in the boiler plate (a) longitudinally, and ( b ) circumferentially (Lond. Univ., 
1913.) .4w.s., Hoop stress 13,000 lb./sq. in., in direction of axis 10,000 lb./sq.in. 

3. A steel cylinder 6 in. internal diameter, with walls J in. thick, is closed 
by rigid cups at its ends. Tho caps are held together by a steol stay of circular 
section 1 in. diameter passing through the caps. Pressure-tight joints are 
made by tightening nuts on the ends of the stays. Tho materials of the 
cylinder and the stay have substantially equal elaBtio constants and the 
effective length of the stay subjected to stress is 10 per cent greater than the 
lengLh of the cylinder. Find by how much the force on each joint will bo 
reduced if, after the joints are made tight, water at 200 lb./sq. in. pressure 
is introduced into the cylinder. Take Poisson’s ratio as J. (A.M.I.Mech.E., 
11)23.) .4)1.9., 4,1)30 lb. 

6. A cylinder is 10 ft. long, 3 ft, in diameter, and .J- in. thick at atmospheric 
pressure. Calculate its dimensions when subjected to an internal pressure 
of 200 lb./sq. in. What is then tho maximum shear stress in tho shell ? 
E — 30 X 10° lb./sq. in., m = 4. 

-4)is., 120-0072 in., 36-00756 in., 3,600 lb./sq. in. 

7. A thin cylindrical shell 8 ft. in diameter is composed of plates j in. thick 
those being joinod by riveted joints whose efficiency is 84 per cent. The yield 
stress for the material is 20 tons/sq. in. What internal pressure would cause, 
yielding (a) according to the maximum strain theory, ( b ) according to the 
strain energy theory ? 

--1)1S., [a) 448 lb./sq. ill., [1) 31)2 lb./sq. in. 

8. A steol pipe 12 in. diameter aud -J in. thick is subjected to a pressure of 

400 lb./sq. in. Estimate the hoop stress in the pipe under this pressuro and 
also when wound, before stressing, with wire •j'g in. diameter carrying a tension 
of 10,000 lb./sq. in. What is the stress in the wire when the pipe is under 
pressure? Ans., 0,000 lb./sq. in., 4,160 lb./sq. in., 17,300 lb./sq. in. 

9. A thin spherical vessel 3 ft. in diameter and $ in. thick is filled with water. 

More water is pumped in until tho pressure reaches 600 lb./sq. in. How much 
extra water was required to roach this pressure? m— 4, 10 — 30 X 10° 
lb./sq. in. Ans., 11I-8 cub. in. 

10. A cylindrical vessel composed of thin plates J in. thick has a diameter 

of 4 ft., its ends being hemispherical. Estimate tho thickness of tho ends in 
order that the circumferential strain may bo the same in tho ends as the shell, 
and state the stress in the ends when the internal pressure is 130 lb./sq. in. 
in = 4. . In,s 1 ., /'* a in., 11,600 lb,/.sip in. 

11. A pressure gauge is formed of a copper tube of a el Optical section whose 
major axis is £ in. and minor axis £ in. What will ho tho thickness of the 
material in order that tho hoop stress may not exceed 5,000 lb./sq. in, under 
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an internal pressure of 1,000 lb./sq. in. ? What is then approximately the 
stress in an axial direction ? Ans., ^ in., 1,660-6 lb./sq. in. 

12. A steel water pipe 24 in. diameter 1ms to resist, the pressure due to a 
head of 400 ft. of water; what thickness should it be made if the working 
intensity of pressure in the metal is to be 5 tons per square inch after the pipe 
lias losfc^j in. of its thickness, due to corrosion ? (A.M.I.O.E., 1017.) 

Ans., 0-285 in. 


13. A steel tube is plugged at the ends and fitted with an extensomoter to 
measure the axial elongations produced by— 

(n) internal pressure, 

(b) axial pull applied to the plugs. 

When an axial pull of 3,000 lb. is applied to the plugs, the elongation of a 
10 in. gauge length is 0-0033 in. The axial pull is removed and an internal 
pressure ox 1,000 lb./sq. in. is applied. The elongation is then 0-00133 in. 

The tube is 2 in. external diameter and 1*0 in. internal diameter. Deduce 
the value of Poisson's ratio for the material of the tube. {bond. Univ., 1030). 

An*., 0-3125. 


14. Show that, (lie strain energy per unit volume of a material subjected 
lo two principal stresses p and q is given by— 


J 

2 K 


P* + - 



If a drum of 2 ft. internal diameter is to be subjected to an internal pressure 
of 200 lb./sq. in., calculate the thickness necessary to give a factor of safety 
of 2-5, if the criterion of failure is the maximum strain energy. Tho elastic 
limit in pure tension may be taken as lo tons/aq. in. Poisson’s ratio 

= 0-3. (bond. Univ., 1037.) An*., 0-174 in. 


15. A cylindrical steel vessel with hemispherical ends is 24 in. long over all, 
the outside diameter is 4 in. and the thickness 0-22 in. Calculate the change 
of internal volume of the vessel when it is subjected to an internal pressure of 
2,000 lb./sq. in. Young’s modulus = 30 x 10 lb,/sq. in. Poisson’s ratio = 
0*288. (Lond. Univ,, 1030.) An*., 0*218 cub. in. 



CHAPTER V 


CENTRE OF GRAVITY—MOMENT OF INERTIA AND 
ELLIPSE OF INERTIA 

52. Centroids. The Centre of Gravity or Centroid of a body ia 
that point in the body at which all its mass may be assumed 
to be concentrated ; that is, if the body were supported at the 
centroid it would remain in equilibrium. Similarly the cen¬ 
troid of a figure is that point in the figure at which all the area 
may be assumed to be concentrated. 

If a small element of area a be at a perpendicular distance 
r from an axis, then ar is the first moment of the element a 
about the axis. If a figure consists of a number of small 
elements and the first moment of each of the elements be found, 
about a given axis, then the sum of the first moments of the 
elements is called the first moment of the area about the given 
axis and = Ear. 

From the study of statics, we have the theorem that the 
moment of the resultant of a set of coplanar forces about a 
given point in the plane is equal to the sum of the moments 
of the forces about the same point. Suppose an area to be 
composed of small elements a u a 2 , a 3 , etc., then the resultant 
area A = eq + a 2 -f- a 3 , etc. Let the figure have thickness t 
and the weight of unit volume be w. 

Total weight = A X t X w = wt {a 1 + a 2 -f- a s 4- etc.). 

Let h be the distance of the centroid from a given axis, and 
r lt r i> r 3 , etc., the distance of the centroid of each small element 
from the same axis, 

Then from the above theorem, 

AxtXwxh = wt (aqrj + a 2 r 2 + a 3 r 3 + etc.) 

. , <h?i + -f a s r 3 -j- etc. 


_ Ear 
~ 

Thus the distance of the centroid of a figure from a given 
axis is equal to the first moment of the area of the figure about 
the same axis, divided by the area of the figure. In order to 

77 
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determine the centroid of a figure, the distance of the centroid, 
from two perpendicular lines on the figure, has usually to be 
found. 

If the given axis, about which the first moment is taken, 
passes through the centroid, we have Ear = Ah, but h is now 
zero since the axis passes through the centroid, therefore 
Ear — 0, or the first moment of a figure about a line through 
its centroid is zero. 

The figures dealt with in engineering practice can usually 
be split up into smaller figures such as rectangles, triangles, 
, y etc., whose centroids are known, and 

,, thus the calculations involved in finding 
the centroid of the original figure are 
usually of a simple nature. Where such 
is not the case the original figure can 
be divided up into thin strips, each of 
which approximates to a rectangle. 


T 


i 

6 " 


f 

I 

X —-Hh 


f 
2 " 
i_ 


T 


- r x 




'Y 
Fio. 34 


Example 1. 

The section o! a cast-iron beam is shown in 
Fig. 34. Determine the centroid of the section. 

Let XX be an axis parallel to the base 
and passing through the centroid o, and 
let YY be a perpendicular axis also pass¬ 
ing through o. Since the figure is symmetrical about YY the 
centroid will be determined when the distance h of the line XX 
from the base is determined. Each flange and the web form 
rectangles, the centroids of which aTe at the intersection of the 
diagonals. 

Area of upper flange = 4x1= 4 sq. in. 

„ lower „ = 8 x 2 = 16 „ 

„ web „ =6x1=6 „ 

Total area of section = 26 sq. in. 

Distance of centroid of upper flange from base = 8| in. 


lower 
web from base 


= lin. 
= 6 in. 


h = 


Ear 

~T 

(4 X 8j) + (16 X 1) + (6 x 6) 


26 


80 

26 


= 3-07 in. 
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53. Moment of Inertia. If a small element, of area a, has its 
centroid at a distance r from a given axis, then the Moment, of 
Inertia, or Second Moment, of the area about the given axis is 
the product of the element of area and the square of the dis¬ 
tance of the centroid from the axis, 

or I = ar 2 

Let a figure of total area A, such as that shown by Fig. 35, 
be composed of small elements of area a such as that at S. Let 
OA and OB be two mutually perpendicular axes in the plane 
of the figure, and let I ± and Z 2 denote the moment of inertia of 
the figure about the axes OA and OB respectively, then 

I 1 = Ea . SC 2 .(1) 

Z 2 = Ea . SD 3 .(2) 

B\ \Y 



Fiq. 35 


Let Z be a point in the figure such that z l is the distance of 
Z from OA, and z 2 the distance of Z from OB, where z 1 and z 2 
are obtained from 

Az 2 = Iy — Ea . SC 2 .(3) 

Azf = Z* = Ea . SD 2 .(4) 

Then z 1 and z 2 are called the radii of gyration of the figure about 
the lines OA and OB. 

. W 

H-Va.<*> 
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54. Moment of Inertia of Figure about a Parallel Axis 
through the Centroid. Let XX and 77, Fig. 35 , be lines through 
the centroid, and parallel to OA and OB respectively, also let 
j an( i / TT be the moment of inertia of the figure about XX 
and TY. 

I x = Za . SO 2 

= Za (SH + uf = Za {SIP + 2r x ,Stf + r, 2 ) 

= hx + 2rjFa SH -f- r^Za 

— Ixx + 2>i (first moment of area about line 
through centroid) -(- total area 



or h = Ixx + 0 + 

i x — + Arj 2 ' (i) 

and similarly 

/ 2 = 7 iy ~l" d.r ? 2 (2) 

Thus the moment of inertia of a figure about an axis is equal to 
the moment of inertia of the figure about a parallel axis through 
the centroid plus the area of the figure multiplied by the square 
of the distance between the axes. 

55. Moment of Inertia of a Figure about Two Perpendicular 
Lines through the Centroid. Let a figure be oomposed of small 
elements as a x (Fig. 36) and let d v b u and c lt be the distances of 
the centroid of the element from the mutually perpendicular 
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axes GX, GY and GZ, which pass through the centroid of the 
figure, GX and GY being in the plane of the figure. 

Then / xx = Xh/p/.p 
I x y ~ A 2 



1XX ■+■ ^YY — Xrtp/j 2 + 

~ Sa x (t If + bf*) 

= Xr/ 1 c 1 a 

= 4z 

I-i'i — ^xx + Ay • (3) 

or the sum of the moments of inertia of a figure about two per¬ 
pendicular axes, through the centroid of hire figure and in the 
plane of the figure, is equal to the moment of inertia of the 
figure about an axis perpendicular to the plane of the figure, 
and passing through the centroid. It also follows from this 
that the sum of the moments of inertia of a figure about any two 
perpendicular axes through the centroid, and in the 'plane, of the 
figure, is constant. 

Example 2. 

Find the moment of inertia of the rail .suction, shown in Fig. 37, about the 
line XX passing through the centroid of the section and parallel to A A. Width 
of flango 5-25 ins. 

The figure has been divided into parallel strips, each approx¬ 
imately 0-2 in. wide, by lines perpendicular to the axis of 
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symmetry YY. Take AA as an axis, then if x is the width of 
a strip, and y the distance of its centre line from AA, we have 
Area of strip = 0-2x. 

First moment about AA = 0-2 xy. 

Second moment about A A = 0-2a :y t . 

Area of section = E0‘2x. 

First moment of section about A A = E0-2xy. 

Distance of centroid of section from AA 
E0-2xy 
E0-2x 

Second moment of section about AA = E0-2xy 2 . 

The value of x and y have been measured for each strip, and 
the area a calculated, and from these the value of ay and ay 2 
obtained. These are set out in tabular form below. 


Width of Strip 

a ” 

Area of Strip 

V = 

Distance of 
Centre of Strip 
from AA 

01/ « 

First Moment ol 
Strip about AA 

ay- = 

Second Moment of 
Strip about AA 

1-85 

0-370 

2-3 

0-8610 

1-9673 

1-88 

0-376 

2-1 

0-7896 

1-6682 

1-88 

0-376 

1-9 


1-3574 

1-88 

0-376 

1-7 

0-6392 

1-0866 

1-60 

0-320 

1-6 

0-4800 

0-7200 

1-15 

0-230 

1-3 

0-2990 

0-3887 

0-70 

0-140 

1-1 

0-1640 

0-1694 

0-89 

0-138 


0-1242 

0-1118 

0-09 

0-138 

0-7 

0-0966 

0-0676 

0-73 

0-146 

0-6 

0-0730 

0-0365 

5-18 

1-036 

0-3 

0-3108 

0-0032 

5-25 

1-060 

0-1 

0-1060 

0-0106 

Totals 

4-696 
= La 


4-6368 
= Lay 

7-6672 
= Lay- 


Let h = distance of centroid of section from A A 


'Lay _ 4-G368 
La ~ 4-696 


= 0-9852 in. 


I AA = Lay 2 — 7-0572 inch units 
^xx = ^aa - {La,) W = 7-6572 - 4-6960 X 0-9852 a 
= 7-6572-4-5580 


= 3-0992 inch units 
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Rx AMPLE 3. 

Find the moment of inertia of cnnli of the plane figures, shown in. Fig, 38 
ahotit the axes XX and I’f, which, in each case, pass 111 rough the centroid 
of the figure. Find also the moment of inertia about the line -4-4. 

In par. 53, if the element of area a is made infinitely small 
and SC — y and SD = x, 

then I-i = Jy 2 da and I., = f x 2 da 


(a) Rectangle. 



Fiq. 3S 


db 3 

Iyx - 

j aa = lx* + Ar 2 by (1), par. 54 


bd 8 

, bd 3 

12 


bd 3 

/1 \ 

4 

(r+V 

bd 3 
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(b) Circle. Thin problem in perhaps lies! approached hy 
finding first the moment of inertia about an axis ZZ through the 
centroid and perpendicular to the plane of the figure. 


I/.-/. ~~ J u ->'-d.r — 2 ttJ ,rV;r 


= 'It 


TTi 

9 


Now f xs — T yy and I zz — / xx + /w 


2/xx 




■7T?" 1 

ZZ ' = “ 


77 ?” 


-^xx — i 


7 aa — / xx Ar 1 


td a . , 


••• ^ = 


07 r) 4 


(c) Parabola. The law of the curve is given by .r 2 = 4 ay for 
the given position, and its area is § BH. 

I aa = f* 12x (H - ?/) 2 dy 


+r« l T (# 2 - 2 Hy + f~) dy 


*2-**!! + £ 


= Sad H 
04a H"- 


U f 


5^ 


I or. 


and B — 4 a i H i 


■■ '** - w 5 «»• 
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The first moment of the area about AA is given by 
Ah = J" 2x [H ~ y) dy 

= tf 0 " (Hy i - y 1 ) dy 

= 4 a* 


Ry'- y> 

:t " r» 
Y Y 


= 8 at H* 


1 _1 

3 5 


h = 


u BB ' 

n BB ‘ tA* 


\bb 


= ~ H from AA 
o 

and I xx = I.. - Ah 1 


-m EH ' 


Example 4. 

Find the moment of inertia of the section of a cast-iron beam, shown by 
Fig. 34, about XX and FF. 

Moment of inertia of upper flange about the axis XX 

4 v 18 

= ~J2~ + 1 4 < 6 ' 43 ^ 


= 0-33 -f- 118 
= 118-33 inch units 
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Moment of inertia of bottom flange about tbe axis XX 
= -^ S + I 16 X 2-07 2 1 

= 5-33 + 68-5 
= 73-83 inch units 

Moment of inertia of web about the axis XX 

1 v 6 s 

= ~iz~+ I 6 X 1,932 | 

= 18 + 22-4 
= 40-4 inch units 

Total moment of inertia of section about XX 
= 118-33 + 73-83 -f 40-4 

= 232-56 inch units 

Total moment of inertia of section about YY 

2 X 8 s 6 X I s . 1 X 4 3 

• = ^2- 1 -12 1 -12~ 

= 85-33 + 0-6 -f 5-33 

= 91-16 inch units 


56. Moment of Inertia of Symmetrical Beam Sections. When 
the area is equally distributed about XX as in each of the 
sections in Fig. 39, the moment of inertia about XX is given aB 
follows— 

bd* ah 3 

•F° r (l)i (2), and (3) I XI = -jg 


for (4) 7 ix = 


7 rR i 
4 


irA_ 

4 


'YY 


The moment of inertia of (1) about YY may be found by 
dividing the section into three rectangles, and adding together 
the moment of inertia of each rectangle about YY. 

d/b^ Jictfi 

The moment of inertia of (2) about TT = — - —. 
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Sections (1) and (2) are each symmetrical about YY, but since 
(3) is not symmetrical about IT, we proceed as follows— 

db^ I JicF \ 

for (3) / YY = — + dbr^-l— + Mr*) 

where r is the distance of the centroid of the section from the 
centroid of the rectangle whose sides are h and a, and r, that 
from the centroid of the larger rectangle. 


In (5) J xx 


12 + 


Ml 

12 




Fia. 3!) 


where r t is the distance of the centroid of the section from the 
centroid of the rectangle d X and r 2 is the distance of the 
centroid of the figure from the centroid of the rectangle h x 4- 

In («) / X x = j IT + W ( + 

and J YY = -)- d^ 1 £B 1 s j T j'fsT “1“ V w, a 2 1 

•t—C r.g ,n,) 
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where and are the horizontal distances of the centroids of 
rectangles d X t, and h X k from the centroid of the section, 
and y x and ?/ 2 are the corresponding vertical distances. 

In the sections (1), (2), (3), (5), and (6), small fillets are found, 
and the sharp corners of some of the rectangles are slightly 
rounded. No serious error is introduced, however, by treating 
the figures as though the comers were sharp. 

57. Ellipse of Inertia. In a plane figure, if two perpendicular 
axes are taken, lying in the plane of the figure, and passing 



through its centroid, and if x and y are the rectangular co-ordi¬ 
nates of an element of area a, of the figure, with respect to the 
axes ; then the value of Saxy is called the product of inertia, or 
product moment. 

If the axes are so chosen that the product of inertia is zero, 
then the axes are called the principal axes of the figure. From 
the definition of product of inertia it follows, if a figure is 
symmetrical about an axis, then that axis is a principal axis. 

Let XX and TY (Fig. 40) be the principal axes of a plane 
figure, and let z x and z„ be the radii of gyration of the figure 
in the directions X and Y respectively. 

Let a be a small element of area of the figure at S, whose 
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rectangular co-ordinates are SA and SB, equal to y and x 
respectively. 

/, = 2 a SC* = 2 a (PD - CD) Z = 2a ( SD 2 + 

CD 2 - 2PD . CD) 

= 2 ay 1 cos 2 0 + 2 aa: 2 sin 2 0 - 2 2 a.ry sin 0 cos 0 (1) 

P N . T = 2a (PC . OC) = 

2 a (y cos 0 - x sin 0) (x cos 0 + y sin 0) 

= 2a (p 2 sin 0 cos 0 - k 2 sin 0 cos 0 - xy sin 2 0 

+ xy cos 2 0) . . . (2) 

and since X and Y are principal axes. 

2 axy = 0 

7 T = 7 X cos 2 0 + 7 t sin 2 0 . . . (3) 

and P N-T = (7 X - 7 Y ) sin 0 cos 0 .... (4) 

also it may be shown that 

7 B = 7 Y cos 2 0 + 7 X sin 2 0 . . . (6) 


subtracting (6) from (3) and combining with (4) 

Tan 2 0 = .(6) 


by par. 55, 7 X + 7 Y = 7„ + 7 S 

I* — h {(It + 7 H ) + (7 t - 7 k ) sec 2 0} . . (7) 

7y = i {(7 t + 7 h ) — (7 t — 7 n ) sec 2 0} . . (8) 

These equations enable ns to calculate the principal 
moments of inertia when 0 is found from (6) and the moment 
of inertia known about two perpendicular axis ON and OT. 

Equations (3), (4) and (6) should be compared with the 
corresponding equations for stress and strain. 

In Pig. 41 Oh and hd represent 7 T and P NiT . respectively 
then Oa — x — 7 X cos 0 and ad = y = 7 Y sin 0 


x- y- 

— + — = 1 
T 2 I T 2 — 1 
1 X ■* Y 


This is the equation of an ellipse, and is the locus of d. Such an 
ellipse is called an ellipse of inertia. Thus if we draw two 
concentric circles of radii 7 S and 7 T then draw On at angle 0 
to 7 X , project na and mb on the axes of 7 X and I Y respectively, 
then Oh is the moment of inertia 7* about an axis inclined 
at angle 0 to the axis of 7 X and hd is the produot of inertia 
P N . T . about this axis and a perpendicular axis. 

Also if 0 jq is drawn perpendicular to On and drawn 
parallel to the axis of I Y , then Oh ± is equal to 7 N the moment of 
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inertia about an axis inclined at an angle 90 -f- 6 to the axis 
/ x , and d t is the product of inertia P N T . about the two 
perpendicular axes. 


From triangle dim 



- tan 0 


( 9 ) 


and from triangle d 1 h 1 n } 


I*-I* 


• ( 10 ) 


(Iz - It) (Iz ~ I n) — -^N.T . 2 


■ ( 11 ) 



Fig. 41 


The principal moments of inertia and their inclination to 
OT and ON may also be calculated from (9) and (11) 

From (3) z t 2 = z„ 2 cos 2 0 z x 2 sin 2 0 . . . (12) 

Draw an ellipse with major and minor axes z v and z x respec¬ 
tively (Fig. 40), erect ON perpendicular to TT and draw a tangent 
to the ellipse parallel to TT, then by a property of the ellipse, 

ON 2 — OY 2 cos 2 0 + OX 2 sin 2 0 
= z v 2 cos 2 d -j- z 2 sin 2 0 
ON = z t = radius of gyration about TT 

This ellipse is called the momental ellipse, and is useful in 
the solution of problem on unsymmetrical bending. 
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Example 5. 

A standard unequal angle bar lias a section 5 in. X 4 in. X £ in. Find the 
greatest and least radius of gyration of the section and the inclination of the 
principal axes to the sides of the angle. 



Assuming all corners of the section to be square as in 
Pig. 42, 

(3-5 x 0-5 X 0-25) + (5 X 0-5 X 2-5) 

71 ~ (3-5 X 0~5) -f (5 X 0 5) 

6-6875 
“ 4-25 
= 1-57 in. 

t (5 X 0-5 X 0-25) + (3-5 X 0-5 X 2-25) 

(3-6 X 0-5) + (5 x 0-5) 

4-565 
= 725 " 


4 


4 


1-07 in. 

0-6 v 

-j2-f (0-5 X 3-5 X 118=1) + 

+ (5 X 0-5 X 0-82*) 

5-9 inch units 

v 0*^3 

-Tg- + (3-6 X 0-5 x 1-32=) -f 


6 X 0-5 s 
12 


0-5 x 5 3 


+ 0-5 X 5 X 0-93=) 
= 10-4 inch units 


12 
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Product of inertia for ON and OT 

= (2-93 X 0-5 X 1-465 X 1-32) 

+ 1-07 X 0-5 X 1-32 X (-0-535) 

+ 1-07 X 0-5 X 0-535 X (- 0-82) 

+ 3-43 X 0-5 X (- 1-715) X (- 0-82) 
= 2-83 - 0-377 - 0-234 + 2-41 
= 4-629 

2 product of inertia for ON and OT 
tan 20 —- jj - 

2 X 4-629 9-258 

= 10-4 - 5-9 ~ ~4aT 
= 2-055 
2 d = 64° 

9 = 32° 


The greatest and least moments of inertia are found from— 

I? = [I? 1$) — (f® _ fu) sec 201 


-= £ j 16-3 - 10-3} =3 inch units 

lx = £ j (/• + h) 4" C^x - In) sec 201 

= 16-3 + 10-31 = 13-3 inch units 

Greatest radius of gyration = 

Least radius of gyration 




1-77 in. 
0-84 in. 


The values of 7 X I Y and 0 should also be found from (9) and 
(11), par. 57. 


EXAMPLES V 

1. An H-seotion beam lias an overall depth of 10 in. tuul each. flange is 
(i in. x 0-85 in., the web being 0-55 in. thick. Find the moment of inertia 
of the section about an axis through the centroid and parallel to the flanges, 
and also about a perpondicular axis through the centroid. 

Ans., 725-9 and 31 in. units. 



ELLIPSE OF INERTIA 


93 


2. A steel channel has a web J in. thick, each flange being 0-6 in. thick, and 

its outer dimensions being II in. 4 in. Find the moment of inertia about 
a pair of axes as in Q. I. Ans., 170-4 and 12-8 in. units. 

3. A east-iron beam section has tlio dimensions shown by Fig. 43. Find the 

value of I xx , J Y r> and Iju, where XX and YY pass through the centroid of 
the section. Am., 591-53 and 162-83 in. units, and 1,245 in. units. 

4. A stanchion is composed of two H-section beams as shown by Fig. 44, 
each beam having the dimensions given in Q. 1. Find the radius of gyration 
of tho section of the stanchion about XX and YY: Web centres 12 in. apart. 

Ans., 6-31 in. and 6-12 in. 

5. The section of a stancliion is of the form given in Q. 4. Each beam has 
an overall measurement of 8 in. x 6 in., web 0-44 in. thick, and flanges 
0-56 in. thick. Determine the distance between the centres of the webs in 
order that the greatest and least radius of gyration may be equal. 

Am.i 6 in. 

G. A plate girder has each flange composed of two plates, one plate being 
16 in. x 3 in., and the other 16 in. X ' in., and the web composed of a plato 



Fig. 43 Fig, 44 


48 in. X jj in. The web is secured to the flanges, at top and bottom, by two 
angle bars each 3£ in. X 3£ in. x J in. Find the moment of inortia of the 
section of the girder about an axis through the centroid and parallel to the 
flanges. Ans., 29,100 in. units. 

7. A standard unequal angle bar has a section Gin. x 4 in. x l in. Find 

its greatest and least, radius of gyration, and the inclination of the principal 
axes to the sides of tho angle. Ans., 2-03 in., 0-86 in., 23| n . 

8. A rolled T-bar 6 in. x 4 in. x -jj in. is to be used as a strut. Find tho 
moment of inertia and radius of gyration of the cross-section about a neutral 
axis (i.e. axis through centroid) parallel to the top table. (Lond. Univ., 1914.) 

-4j?.s., 7-35 in. units, 1-12 in. 

9. An angle iron 8 in, X 8 in. x 0-55 in. is used as a strut. Determine the 
principal axes of the section, and the radii of gyration about the principal 
axes. Draw the ellipse of inertia of the section. (Lond. Univ., 1912.) 

Ans., 3-12 in. and 1-58 in. 



CHAPTER VI 

BENDING MOMENTS AND SHEARING FORCES 

58. Definitions. Consider the horizontal beam, Pig. 45, which 
is in equilibrium under the forces 12, and R t acting vertically 
upwards, and the vertical downward forces If,, If 2 , and If,. 
The forces keeping the portion, to the right-hand side of a 
section at A, in equilibrium are J? 2 - Jf 3 , and the forces exerted 
by the left-hand portion of the beam across the section at A 
on the right-hand portion. 

Thus force exerted by right-hand portion of beam on left- 
hand portion = i2 a - iF a , and similarly the force exerted by the 



Fiq 45 


left-hand portion of beam on right-hand portion = W , -f If, 

- 12 ,. 

A thin longitudinal slice of the beam as at A containing the 
point A is thus kept in equilibrium by two opposite parallel 
forces, and since there are no other forces acting on the slice 
(neglecting its weight), the parallel forces must be equal in 
magnitude. Thus the slice is in a state of shear. 

The shearing force at any point along a loaded beam is the 
algebraic sum of all the vertical forces acting to one side of the 
point. 

The forces R 2 and W s have a resultant moment acting on 
the thin slice in an anti-clockwise direction, and the forces 
If,, If,, and R 1 have a resultant moment acting on the slice 
in a clockwise direction. Since the slice in the beam has no 
rotary motion, the two resultant moments must be equal in 
magnitude. 

The bending moment at any point along a loaded beam is the 
algebraic sum of the moments of all the vertical forces acting 
to one side of the point about the point. 

04 
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59. Bending Moment and Shearing Force Diagrams. In 

order to design a beam to carry a given load system it is neces¬ 
sary to know the value of the bending moment and shearing 
force at any point- along the span. These are usually calcu¬ 
lated for various points., and diagrams are then plotted showing 
the bendi n g moment and shearing force as ordinates, and the 
span as abscissae. Some typical eases will now be considered. 

(a) Cantilever with concentrated load at free end (Fig. 46), 
The bending moment at a point A distant x from the free 
end is given by 

J/ A = TF® 

thus the bending moment increases gradually from zero at the 
free end where x = 0 to a maximum at the fixed end where 
x = L. The bending moment diagram is therefore a triangle. 


W 


1 


U—X--+ 

[ 

1 


A 

L —i--H 



Wx 

M. Diagram 


W I S. Diagram $ 


Fio. 46 


The shearing force at A — IF, hence the shearing force is 
uniform from end to end of the beam, and the diagram is 
therefore rectangular. 

(i b) Cantilever with several concentrated loads (Fig. 47). The 
bending moment and shearing force diagram can be drawn 
separately for TF^, W 2 , and IF 3 ; then add together the ordinates 
of each bending moment diagram to get the bending moment 
diagram for the combined system, and similarly add together 
the ordinates of the shearing force diagrams in order to get the 
shearing force diagram for the .system. This follows directly 
from the definition of bending moment and shearing force. 
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(c) Cantilever with uniform load w per unit run (Fig. 48). 
The load on the small piece of span of length x, measured 
from the free end of the cantilever, is wx, and the distance of 

x 

its centre of gravity from A = -. 



S. Diagram for Beam 
Fig. 47 


Plotting bending moment against x, we obtain a parabola, 
and the maximum value of M is obtained when x = L, and 
is given by 

wL 2 _ WL 

max ~ 2 2 

Considering forces to the right-hand side of A , the shearing 
force at A is wx. The shearing force diagram is therefore 
triangular, and S^x = = IF, and occurs at the constraint. 
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(cl) Cantilever with uniform load, w per unit run and several 
concentrated- loads (Fig. 49). 


1 

jiMae? rmqoosm <u> tstftaw ooq o o; 


,4 , 1 

) 

WL ,iul? 


Z 2 

i 

—__i 

W=vjI 

S. Diagram 


Pig. 48 



M. Diagram for Uniform Load 

i ' i 


'.VUW 2 L 2 M 


^d + 







3 5. Diagram for System 
Fig. 40 


The bending moment diagrams for the uniform, load, and 
for the concentrated loads, are obtained as in 47 and 48, the 
ordinates of the diagrams added together give the bending 
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moment diagram for the load system. Similarly, the shearing 
force diagrams for the uniform load, and the concentrated 
loads, are drawn, and the ordinates of these diagrams added 
together give the shearing force diagram for the system. 

Example 1. 

A cantilever 20 ft. long carries loads of 5, 2, and 3 tons at distances of 5, 
15, and 20 ft. from its fixed end respectively. Estimate the maximum 
bending moment and shearing force on the cantilever, and the intensity of 
a uniformly distributed load which would cause the same bending moment. 



M. Diagram 



S. Diagram 

Fig. 50 

The maximum bending moment and shearing force occur at 
the fixed end. 

-M max = (5 X 5) + (2 X 15) + (3 X 20) = 25 + 30 + 60 
= 115 ton ft. 

Smax =5 + 2+3 
= 10 tons 

Let w be the intensity of the uniformly distributed load, 
which gives the same maximum bending moment, 

, ,, wL 2 w 

then M max = ^ X 20* 

w 

yX 400 = 115 

_ 230 
w ~ 400 

= 0-575 ton/ft. run 
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(a) Freely supported horizontal beam with concentrated load 
at mid-span (Fig. 50). 

W 

From symmetry the reaction at each support is -5-. 

Considering the right-hand half of the span, the bending 
moment at A, a distance x from the right-hand support is 
given by 



Fio. 51 


The bending moment, therefore, gradually increases from zero 

, ,, 4. v. • . W L WL . L 

at the support, where x is zero, to — — = —— where x is -. 

a a 4 2 

If we consider the left-hand half of the span, it is found that 

the bending moment at the left-hand support is zero and 

L 

mcreases gradually to —— at mid-span. Hence the maximum 
bending moment occurs at mid-span, and is given by 
,, WL 

max ^ 

w 

The shearing force at % is -y and is uniform over the right- 


hand half of the span. After passing mid-span the shearing force 
changes sign, but is still uniform over the left-hand half of the 

W W 

span and equal to -- - W =-. 

^ 2 
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(/) Freely supported beam with concentrated load not at mid- 
span (Fig. 51). 

Let the load divide the span into two portions a and b. Sinoe 
the load is not at mid-span, the reaction at each end will be 
different. Taking moments about B, we have 
R X L = Wb 

. * _Wb 
..R 1 - L 

and R { R 2 = W 

R i = W - R x 

** = w-^-= w{~\ 


Considering the right-hand portion of the span, the bending 
moment at A is given by 

M k = R y x = x 


Thus the bending moment diagram for the right-hand half of 
the span will he triangular, increasing from zero at x = 0 to 
Wb , 

-j~ a where x — a. 

The bending moment at D, a distance x 1 to the left of W, is 
given by 

M d = R x (a -f xf) - Wx x 
Wb 

= -fff i a + *i)- Wx x 
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This gives a triangular bending moment diagram for the 
left-hand portion of the span, the bending moment decreasing 
- Wab . 

from —p— where x l is zero to 

1J 



where x 1 — b. 

by 


Tlie maximum bending moment is thus given 


M 


max 


Wab 

L 


The shearing force over the right-hand portion of the span 

Wb 

is uniform and equal to R 1 = —. After passing W the 

shearmg force becomes - IF = - , and is uniform over 

the left-hand portion of the span. 


(g) Horizontal freely supported beam with concentrated loads 
and overhanging end. 

The dimensions and load distribution are given by Tig. 52. 
20-R 2 + 20 = 6 + 60 + 54 = 120 


„ 100 

R 2 - -gQ- = 5 tons 


J R J +.E, ! = 3+ 5+ 2+ 4 = 14 
1?! = 14 — 5 = 9 tons 

M t — 0 

M s = 4 x 5 = 20 ton ft. 

Mr, = (4 X 8) - (9 X 3) = 32 - 27 = 5 ton ft. 

M c = (4 X 17) - (9 X 12) + (2 X 9) = 68 - 108 + 18 
= 86 - 108 = - 22 ton ft. 

M* = (4 X 23) - (9 X 18) + (2 X 15) + (5 X 6) = 92 
- 162 + 30 + 30 = 152 - 162 = - 10 ton ft. 

M k = 0 

■S r F _ K = 4 tons 
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£ k _ d = 4 - 9 = - 5 tons 
S D _ 0 = 4- 9+-2==-3 tons 
S C _ B = 4 — 9+-2-f-5 = 2 tons 

= 4 - 9 + 2 + 5-f3=5 tons 



The bending moment and shearing force diagrams are shown 
in Fig. 52. 

The point G on the beam where the bending moment is zero, 
and, as shall be found later where the curvature changes sign, 
is called a point of inflection or point of contmflexure. 
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(h) Horizontally supported beam with equal overhanging ends 
at which isolated loach act. 


IN f 

1 1 

I 

1 

1 

CD —5- 

1 

1 

V V 

RfW 

<r - L -■> 

W-w I' 

<- CL — 

i 

l 

j Vi iVa M. Diagram 

1 | 

1 1 

l 

W7P'W77?m, 

\ 1 * 
'//r/ !/"/////, 

\ 1 
v 

/////* /////>// 

5. Diagram 


Fia. 5^ 


r- t -n 

Vc-OC,-** J 



Fio. 54 


An important example of this case is a wagon axle. The 
supports or wheels are R 1 and R 2 , and the load at each bearing 
is W. 







104 


STRENGTH OF MATERIALS 


The diagrams are shown by Fig. f> 3, the bending moment 
being uniform between the supports or wheels, and the shearing 
force being zero between the same points. 

= Wa 

S = W 

^maa Tf 


( i ) Horizontally swjiported beam with uniform load to per unit 
run (Fig. 54). 

The total load on the beam is wL = W, and from symmetry 

. IF 

the reaction at each end is —. 


W 


W 


M.= — x-wx~ = — x- 


W X* 


Thus the bending moment 


diagram is parabolic in form, increasing from zero where x = 0 
, WL wL 2 WL WL WL L 

to a value y j - ~F = ~4-F = T * = 2' 


M ' = j (§ + * 




L V mi . 

+ ) . This expression also 


gives a parabolic bending moment diagram for the left-hand 

WL 

side of the diagram, decreasing from where x l is zero, to 

L ° 

zero where x 1 has the value —. 


M = 

max 


WL 

8 


and occurs at mid-span. 


w 


Sl = — - ivx. The shearing force diagram is thus trian- 


W 


gular for the right-hand side of the span, decreasing from 

L u 

where x = 0 to zero at mid-span where x — —. 

a W ( L \ . 

S Q ~ ~ - w I — + x 1 1. This gives a triangular diagram 

for the left-hand side of the diagram, the shearing force inoreas- 

W L 

ing from zero where = 0 to - — where x ± = -. 

u 2 

W 


^maz — a t each end of the span. 
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(j) Horizontally supported beam with equal overhanging ends , 
and a uniform loud w per unit- run , over the beam. 

Each overhanging end acts as a cantilever, and the maximum 

tOCL^ 

bending moment at the supports is ——. If the load was 
removed from b the bending moment diagram would be PQRT. 



Fta. 55 


The diagram for the portion of span b is a parabola whose 

maximum ordinate is . This bending moment, due to the 

load on 6, is of opposite sign to that due to the two end loads; 
hence, as the diagram due to b is drawn on TR as base, we 
obtain the resultant diagram shown by Pig. 55. 


The value of M B 


wb 2 wa 2 
~8 2 ~ 


J i 
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When a increases, M x increases and M u decreases. Thus when 
the bending moment at mid-span, is zero, the bending moment 

wb 2 

at each support has the value -g-; the point V would then just 
touch the line PQ. 

The least bending moment on the beam is obtained when 
M L is equal to M B , 



Fro. 00 



id) 1 
~ 8 ~ ' 
b 

2V2 


wa 2 
~2 


oro = 0-3546 


Example 2. 

A beam 4U ft. long, rest¬ 
ing on two supports 24 ft. 
apart, centre to centre, 
projects to the extent of 
6 ft. and 10 ft. beyond the 
supports at either end, 
and it is loaded uniformly 
with 0-5 ton per foot. Find 
the position and magni¬ 
tude of the greatest bend¬ 
ing moment on tlio beam 
ancl the points of contra- 
flexure. Make a dimen¬ 
sioned sketch bending 
moment diagram for the 
beam. (A.M.I.Mech.E., 
11124.) 


Let jR, and R 2 be tbe reactions of the supports (Pig. 56). 
Then iJj X 24 = 40 X 0-5 X 10 

= 4 ~ ££ - 5 = 8 i tons 

The bending moment at. A = - 6 X 0-6 X 3 = - 9 ton ft. 

„ „ ,, B distant x from A 

, , /6 + a;\ 

= i (36 + 12a: + x 1 ) 

= - \x 2 + 5^a: - 9 
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For maximum bending moment between supports = 0 

- i* + 5* = 0 

or x = 10f ft. 

M max = 19*4 ton ft. 


w, W z W 3 W 4 



Fw. 57 


At points of oontra flexure M = 0, 
/. {x 2 - x+ 9 = 0 

= 1-84 and 19-48 ft. 


(5| ± 4-41)2 


M q = 10 X 0-5 X 5 

= 25 ton ft. and is greatest on the beam. 

60. Bending Moments, by Graphical Methods. A beam freely 
supported at each end and carrying concentrated loads is shown 
by Fig. 57. The spaces between the loads are lettered 
A, B, O, D, and E, that between the two reactions JR U and 1I 2 
being F. Choose a load scale and set down ab = W x , be = ]¥%, 
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cd = W a , and de = W 4 . Take a pole o in any position, and 
join oa, ob, oc, od, and oe. Draw vertical projectors through 
the line of action of the reactions and loads. Take a point a, 
on the projector through R 1 and draw a line parallel to oa to 
cut the projector through IF, in draw 6 , 0 , parallel to ob, 
cA parallel to oc, d,e, parallel to od, and e-J 4 parallel to oe. Join 
a 1 f 1 and through o draw of parallel to a,/,, af on the load 
scale is equal to i2, and fe to R 2 . A horizontal line through / 
can now be used as a base line, and the shearing force diagram 
is obtained, to the same scale as the load scale, by horizontal 
projection from a, b, c, d, and e. 

The diagram afbfadJi is the bending moment diagram for 
the beam, a vertical ordinate at any point representing the 
bending moment, at the point, to scale. 

Proof. The triangles /^e, and ofe are similar. 


. gi<h _ fe _ 

• • Ag, of of 


Fi«i 


p Agi p 


4 . 5 

r 


r 


Through e, draw e,j, parallel to raj - ,. 

The triangles eJA and ofd are similar. 

. dA = fd 
' ‘ of 

jxd 1 = fd^ = (R 2 -W t )~ 
and /qdi = 3 A + h iji 

= (R 2 - IF,) ~ 4 + A, -- 6 
_ 2*. (3.4 + 4.5) - W 4 . 3.4 


_ ii, . (8 . 6) - TFj . (3.4) 


r 

Similarly it may be proved that bp , = and l 1 b 1 = ilf r 
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If the beam is set out to a scale of 1 in. = Y feet (say) and 
the load scale is 1 in. —- Z tons, and the horizontal distance of 
0 from the load scale = r inches, then on the bending moment 
diagram 1 in. vertically = Y . Z . r ton ft. 

Obviously for ease in calculation r should be an integer. If 
some of the loading is uniformly distributed over the span, a 



fair approximation is obtained to the bending moment diagram 
by dividing the uniform load into small pieces, and treating 
each piece as a concentrated load acting at its centre of 
gravity. 

61. Freely Supported Beam with Gradually Increasing Load. 

The beam AB carries a load of gradually increasing intensity 
as represented by the triangular diagram ABD (Fig. 68). If j 
is the intensity per unit run at unit distance from A then the 
intensity at c is fx, and that at B, fL. 
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The total load on AB = average intensity X span 

= §X‘ 

= /£ 2 

2 

The centroid of this load is at a horizontal distance ~ from 

O 

DB, hence, taking moments about B, we have 
fL 2 L 

RlL ~ 2 X 3 

fL 2 W 

R { — — = — where W = total load 

U O 


and R , = ^ IT 


fx^“ 

The shearing force at C — S e = R t - 

6 2 * 

and hence the shearmg force diagram is parabolic in form. 


( 1 ) 


Since (1) decreases as x increases, the shearing force will be 
zero when 

_ 

6 2 


L 

or X — y= — 0-677 L .(2) 

The bending moment at C is obtained from 


6 6 


( 3 ) 


and, therefore, the bending moment diagram is also of para¬ 
bolic form, being zero when x is zero, and also being zero when 
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x = L. The bending moment will be maximum when the 
slope of the diagram is zero, i.e. when 

d EJRJ^- a 

dx 6 2 

L 


or x = — 7 = 


V 3 


(4) 


Thus the bending moment is maximum when the shearing 
force is zero. It will be seen in a later paragraph that this is 
true generally. 


M 


max 


6 X Vs 


fL* 

3V3 X 6 


fL 3 
6 V3 
fL » 

9V3 

2WL 

9V3 

0-1281FI/ 


1 

X -3 


( 6 ) 


This problem is of importance in the design of ships’ bulk¬ 
heads, and other structures which have to resist the horizontal 
thrust exerted by water. 


Example 3. 


A beam freely supported in a horizontal position has a span of 10 ft., and 
carries a total load of 2 tons. Find tha maximum bending moment and 
shearing force on the beam (a) if the load is concentrated at mid-span, (6) if 
the load is uniformly distributed over the span, (c) if the intensity of loading 
increases gradually from zero at one end of the span. 


(a) M max - 


$max 


WL 2 X 10 
4 ~ 4 

W 1 . 

-g- — 1 ton 


= 5 ton ft. 


ar WL 2 X 10 
(■ b ) M max = — = —-— 

W 

Smax = ~2 = 1 t0n 


2 | ton ft. 
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(«) M max = 0-128 WL 

= 0-128 X 2 X 10 
= 2-56 ton ft. 


S' 


I w 

2X2 


1£ tons 



62. Freely Supported Beam with Inclined Loads. The beam 
AE in Fig. 59 lias the inclined loads W u W s , and W 3 . It is 
supported at E and A. The loads can each be resolved into 
components F perpendicular to the beam, and thrust T parallel 
to the beam. In order to prevent lateral motion a constraint 
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must be applied, as shown at A. The reaction at A is R v and 
it can also be resolved into P x perpendicular to the beam, and 
Q 1 parallel to the beam. P x can be found by taking moments 
about E of the forces F x , F z and F z . The forces F ly F 2 and I<\ 
cause shear and bending, and the forces T lt T a and T z cause 
thrust. Diagrams of bending moment, shearing force and 
thrust are shown. 

63. Shearing Force at Concentrated Loads. It will be noticed 
in each of the shearing force diagrams that, where a concen¬ 
trated load occurs, the diagram changes abruptly, the change 


vQQ0QQ000 p 9Q0QQQQ0. 

F+SF 
. 000000 

F 

J2JUIMOOQQQOOOOQOOO 

c 

M+SM 


) ( 
W-6MM 
A 


l 

F+SF 

! , i F 

Pig. 60 

1 

1 

U - x - 


in shear being denoted by a vertical line and the corner of the 
diagram being right-angled. In practice it is not possible to 
make the load act at a point on the beam. It is usually spread 
over a small piece of the span. The diagram, therefore, striotly 
speaking, should not change so abruptly; the line denoting 
the change should be slightly inclined to the perpendicular and 
the corners of the diagram should possess slight rounding. 

64. Relation between M, S, and w. The beam in Fig. 60 
of span L carries a load such that w is the average load intensity 
over the small length of the span dx at a distance x from one 
end of the beam. 

Let the bending moment at x be M, and the bending moment 
at x dx be M + <5JI. The shearing force at x is F and that 
at x + dx is F dF. Considering the small piece of the beam 
of length dx, for equilibrium the bending moments acting on it 
must be M and M -f- 6M and the shearing forces F and F -)- 8F. 

Since all the vertical forces are together zero 

(F + 8F) - wdx - F = 0 
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Integrating between o and x we have that the change in 
shearing force is given by— 

F x = [ X dF = [*iv dx . . . . (2) 

Jo Jo 

but J*wdx is the area of the load diagram over the span x, 

and hence the change in shearing force between two points on 
the span is equal to the area of the load distribution diagram 
for that piece of the span. 

Taking moments about A, we have for equilibrium of the 
piece of length dx that 

dx 

(M + dM) - (F -f- 8F) dx -f- wdx . - M = 0 

or dM - Fdx = 0 


if we neglect the product of small quantities. 


or 




(3) 


Integrating between the limits o and x, we have that the 
change in bending moment between these two points is given 

by 

_ .< 4 > 

but Fdx is the area of the shearing force diagram between 

the limits o and x. Hence the change in bending moment 
between two points on the span is equal to the area of the 
shearing force diagram over that portion of the span. 

From (3) it is evident that the ordinates of the F diagram 
are proportional to the slope of the M diagram. Hence, when 
the slope of the M diagram is zero, i.e. the value of M is a 
mathematical maximum or minimum, the value of F is zero. 
This enables us to solve many difficult problems on beams. 
See also par. 61. 

The two rules given above may be stated concisely as 
follows— 

(1) The shearing force curve is the sum curve of the load 
intensity curve. 

( 2 ) The bending moment curve is the sum curve of the 
shearing force curve. 
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65. Application of the Sum Curve Rule to Ships. If a body, 
such as a beam of wood of constant cross-section, floats in 
water, the upward thrust of the water will, for all portions of 
the length, equal the downward thrust due to the weight, and 
consequently there will be no shearing force or bending moment 
on the body. In the case of a ship the load intensity is not 
constant, and hence the buoyancy is not constant and equal 
to the load for all portions of the ship. The difference between 
the two quantities gives a force which acts sometimes upwards 



and sometimes downwards, depending on which is the greater ; 
giving a shear and bending action on the portion under con¬ 
sideration. 

The ship is divided along its length into equal parts, and the 
weight of each part calculated; the average intensity of 
weight for each part is plotted against length, and the curve of 
weights is obtained (Fig. 61). The volume of water displaced 
by each section, in smooth water, is then estimated, and from 
this the upward thrust of the water per unit run calculated. 
The intensity of upward thrust is plotted against length, and 
the curve of buoyancy for smooth water obtained. 
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The area of the curve of weights is then equal to the area of 
the curve of buoyancy, since the total weight of the ship is 
equal to the total upward thrust. The difference between the 
ordinates of the curves gives the amount the weight exceeds 
the buoyancy, or vice versa. The difference between the 
ordinates, plotted to a base of length gives the load intensity 
curve for the ship in smooth water. The points where the 
two ordinates are equal, or the load intensity curve is zero, 
are called “ water-borne ” sections. 

The shearing force and bending moment diagrams are then 
plotted by the sum curve rule. 

The problem is also complicated by the fact that during 
rough weather the ship may be resting on the crest of a wave, 
or be supported on the crests of two waves. The former 
causes “hogging strains” and the latter “sagging strains.” 
For a complete investigation of the problem the reader is 
referred to works on naval architecture. 

EXAMPLES VI 

X. The teeth on a spur wheel are 2 in. high and tho greatest load acting at 
the point of the tooth is 300 lb. "What iB the maximum bending moment 
which the tooth haa to resist 7 Ana., 600 lb. in. 

2. A solid steel propeller shaft is 12 in. diameter, and is supported at two 
points 10 ft. apart. Find the maximum bending moment on the shaft due 
to its own weight. 1 oub. in. of steel weighs 0-29 lb. Ana., 50,007 lb. in. 

3. A beam of 12 ft. span carries a load of | ton per foot run. What load 
concentrated at mid-span would give the same bending moment 7 

Ana,, 3 tons, 

4. A beam supported at each end has a span of 30 ft., and carries loads of 

2, 3, 1, and 6 tons at distances of 5, 10, 20, ond 25 ft. from the left-hand 
support. Calculate the maximum bending moment and shearing force on 
the beam. Arts., M = 40 ton ft., S = 7 tone. 

5. In the previous example find the maximum bending moment and shearing 
force if the beam is increased in length, so that there is an overhang of 6 ft. 
at each support, and a load of 2 tons at the end of the left-hand overhang, 
and a load of J ton per foot run spread over the right-hand overhang. 

Ana., M = 32-6 ton ft., S = 6-875 tons. 

6. A wheel weighing 60 lb. rotates at a uniform speed of 300 r.p.m., and is 

keyed to a shaft which projects 6 in. beyond a bearing. If the centre of 
gravity of the wheel is } in. from the axis of rotation, find the greatest bending 
moment on the shaft. Ana., 694 lb. in. 

7. A vertical beam is used to stiffen a bulkhead 30 ft. deep ; the width of 

plate supported by the beam being 30 in. If water reaches to the top of the 
bulkhead, calculate the greatest shearing force and bending moment on the 
Stiffener. Ana., 20-86 tons, 120-8 ton ft. 
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8. The intensity of loading on a beam of 18 ft. span increases gradually 
from 500 lb./ft. run at one end, to 1,000 lb./ft. run at the other end. Find 
the point of maximum bending moment and the magnitude of thiB moment. 

Ana., 9-48 It. from L.H. Bupport, 30,8801b. ft. 



9. A beam oarries load as shown by Fig. 62. Estimate the maximum 
bending moment, shearing force, and thrust on the beam. 

Ana., M = 2,882 lb. ft., 8 = 716 lb., T = 473 lb. 



10. A vessel 200 ft. in length has a buoyancy curve which iB a straight line 
and having a constant ordinate of 7 ton/ft. run. ThB weight curve is shown 
in Fig. 63. Draw the bending moment and shearing force curves for the 
vessel. 

11. A beam covers a clear span of 12 ft., and is freely supported at the ends. 
The beam carries a load of 1$ tons, uniformly distributed on half the span, 
in addition to a load of J ton concentrated at the centre of the span. Calculate 
the bending moment at the centra of the span, and also the position and value 
of the maximum bending moment. Draw the shearing force and bending 
moment diagrams. (Lond. Univ., 1916.) 

Ana., 3-76 ton ft., i ft. from mid-span, in distributed load ; 3-78 ton ft. 

12. A boam carrying a uniformly distributed load rests on two supports 
6 ft. apart, with an equal overhang o ft. at each end. Determine the ratio 
bja for zero bending moment at mid-span, also the ratio if the maximum 
bending moment is as small as possible. What is the most economical length 
for a railway sleeper if the rail centres btb 63 in. apart? Ana., 2, 2Vz, 9 ft. 





CHAPTER VII 
STRESSES IN BEAMS 

fifi. Neutral Axis. The bending moment and shearing force, 
at various points along a loaded beam, introduce stresses in 
the beam, and, with certain assumptions, the connection 
between the stresses, the bending moment, the curvature of 



8 

(b) 


Fia. 64 

the beam, the dimensions of the beam and the elasticity of the 
beam can be obtained. The nature of these stresses may be 
studied by reference to Fig. 64. A beam of uniform section 
is shown resting, in the unloaded state, at (a). When under a 
given load system the shape of the beam, greatly exaggerated, 
is given by (6). If we suppose the beam to be of wood, and 
attempt to make a saw-cut in the direction A to B, it is a 
matter of common experience that the beam will eventually 
close in on the saw, thus showing that a state of compression 
exists at one side of the beam. If the saw-cut is made in the 
direction B to A, it is also well known that the cut opens out 
rapidly, thus showing that the other side of the beam is in a 
state of tension. The fibres at one side of the beam will he 
shortened, as shown by (6), owing to the state of compression 
existing, and those at the other side will be lengthened owing 
to the state of tension existing. At a point between the top 
and bottom of the beam a layer of fibres will be found which 
suffer no stress, and consequently remain their original length, 

ns 
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This layer of fibres forms what is known as the neutral surface , 
and the trace of this surface on a cross-section (N.A.) is called 
the neutral axis. 

67. Assumptions in the Simple Bending Theory. When a 

beam is bent, due to the application of a constant bending 
moment, i.e. by couples applied to its ends, without being 
subjected to shear, it is said to be in a state of simple bending. 
In this case the relationship existing between the stresses, etc., 



mentioned in par. 66, are obtained readily with the aid of the 
following assumptions— 

(1) That Young’s modulus has the same value, for the 
material of the beam, in tension as in compression, and that 
the stress is proportonal to the strain. 

(2) That a transverse section of the beam, which is a plane 
before bending, will remain a plane after bending. 

(3) That the radius of curvature of the beam, before bending, 
is very large in comparison to the transverse dimensions of the 
beam. 

(4) That the resultant pull or thrust across a transverse 
section of the beam is zero. 

(6) That the transverse section of the beam is sy mm etrical 
about an axis, passing through the centroid of the section, and 
parallel to the plane of bending. 

In Fig. 65 a portion of a uniform beam, subjected to simple 

5—‘(T.5464) 
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bending, is shown. In the unstrained state let HJ be a portion 
of a fibre at the distance y from the neutral surface ; its length 
being determined by the two parallel planes CD and EF. 
After bending, the planes assume the position shown, being 
inclined at the angle 6 and intersecting at the point 0. Let 
R be the radius of the neutral surface, the radius of the curved 
fibre is ( R + y)- Since the fibre is not at the neutral surface, 
its length is altered to H 1 J 1 . 


Now 


HA 

KM 


{R + y)6 __ R + y 
R6 R 


Also the strain in the fibre is given by 


HA - HJ HA ~ KM HA 
HJ ~ KM ~ KM 


V 

R 


Iff is the intensity of the stress in the fibre then 



y 

R 


or 


f_ = E 

y R 


(i) 


this may also be expressed in the form / = -^y, and for a 

given beam under a given load system we may write / = ky> 
or, the stress in the fibres of a beam, at a distance y from the 
neutral surface, is directly proportional to the distance of the 
fibre from the neutral surface. 

Since the material in proximity to the neutral surface carried 
no stress, and, therefore, lends no assistance to resist the applied 
couple, a beam should be such that the greatest possible amount 
of its area is as far away from the neutral surface as possible. 
We see this exemplified in the well-known sections adopted in 
engineering practice, such as H, T, and channel sections, etc. 

From (1) it will be observed that, since the beam is of uniform 
section, R is constant and hence NL will form an arc of a 
circle. 
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118. Position of the Neutral Axis. Consider an element of 
area a at the distance y from the neutral axis. We have that 
the total force on the element = / X a 


but 


/ = A 

V Vi 


Total force on element 


= a — y = — ay 
Vi Vi 


and total force on transverse section below N.A. 



ay 


= £ Say 
Vi 

Similarly, it may be shown that if a and y he chosen on the 
upper side of N.A., the total force on the transverse section 

above N.A. = — Bay. 

Vi 

From assumptions (1) and (2), par. 67, we have that 


A 


A _ A 

Vi 2/a 


Also — Bay for the area below N.A. is the total tension on 
Vi f 

the section, and — Bay for the area above N.A. is the total 
2/2 

compression on the section. By assumption (4), par. 67, the 
resultant of these is zero. Bay for the area below N.A. 
= Bay for the area above N.A. and the signs are different, 
hence the value of Bay for the whole section (or the first 
moment of the section) about N.A. is zero. From par. 52 we 
see that for this to occur, N.A. must pass through the centroid 
of the section. We have, therefore, the important rule that, 
in cases of simple bending, the neutral axis passes through the 
centroid of the section. 

69. Moment of Resistance. The moment of the force, on the 
small element a, about N.A. 

t/l a 
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and the total moment of all the forces, acting on the various 
small elements composing the cross-section, forms a couple 
which is equal to the bending moment. This total moment is 
called the Moment of Resistance = M. 

M =*= — Hay 2 
Vi 

but Lay 2 is equal to the second moment or moment of inertia, I, 
of the section about N.A. 

M = — I 

2/i 


or 


or 


— = Il = f± 
i Vi y 

M = f 1 

I 2/2 


( 2 ) 

( 3 ) 


this may also be put in the form 
M =/j-=/ 2 i 

J yi J y* 

— and — are called the tension and compression section 

2/i 2/2 

moduli respectively, and are denoted by Z x and Z 2 


M — f 1 Z 1 — f 2 Z t 


( 4 ) 


It is usual to combine equations (1) and (2) into what is 
called the bending equation, which gives 

M E f 

. I ~ R y . 


( 5 ) 


Too much stress cannot be laid on the importance of this 
equation, and the student is strongly advised to make himself 
perfectly familiar with it. The units of the various quantities 
are as follows— 

M = bending moment lb. in. (or ton in.). 

1 = moment of inertia of section about the neutral axis in 
inch units. 

E = Young’s modulus in lb./sq. in. (or tons/sq. in.) 

R — radius of curvature of neutral line in inches. 

/ == stress in lb./sq. in. (or tons/sq. in.) due to bending at a 
distance y from the neutral axis. 
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70. Application of the Bending Equation to Practical Cases. 

In practice it is usually found that the bending moment on a 
beam varies from point to point along the span, and that the 
bending moment is accompanied by a shearing force. Thus it 
would appear that the bending equation, which deals with a 
constant bending moment unaccompanied by a shearing force, 
is not strictly applicable to such a case. 

It will be found, however, that in a great number of practical 
cases, the bending moment is maximum when the shearing 
force is zero, and that when the shearing force is maximum the 
bending moment is almost negligible. Thus the conditions of 
simple bending are approximated to at the point of maximum 
bending moment, and hence it seems justifiable to apply the 
bending equation at this point. The stresses due to the 
maximum bending moment are usually the most important 
stresses in a beam, and, therefore, if a beam is designed by the 
aid of the bending equation to resist the maximum bending 
moment, its strength will more than suffice at other points 
along the span where different conditions hold. 

Example 1. 

A rolled joist of I-section has the following dimensions : Flanges 6 in. wide, 
0-675 in. thick, web 0-376 in. thick, depth overall 8 in. It is used as a beam 
freely supported at each end, and covering a clear span of 12 ft. It carries 
a load of 9 tons uniformly distributed over the span. Calculate the maximum 
stress produced in the material of the girder due to bending. (Lond. Univ., 
1919.) 

T 5 X 8 s 4-625 X 6-8,5 3 
11 ” 12 12 
= 89-33 in. units 

PF£ _ 9 X 12 X 12 
M ~ 8 8 
= 162 ton inches 


M f 
i y 



162 

y 4 

89-33 

= 7-25 tons/sq. in. 
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71. Principal Stresses in Beams. Shearing stresses exist in 
beams due to the shearing forces, as well as the direct stresses 
due to the bending moment. At any point in the beam the 
direct stress and the shearing stress have a resultant which 
is the principal stress at the point, and may be found as in 
par. 22. Curves of principal stress may be obtained by finding 
the direction of the principal stress at various points in several 
cross-sections of the beam, and joining up the directions of the 
principal stresses. Such curves are shown by Fig. 66, drawn 
on a longitudinal section of a beam. 

Example 2. 

A steal channel 12 in. x 3£ in. has a web $• in. thick and flanges J in. thick. 
It is used as a beam with the web vertical. At one section of the channel 
there is a bending moment of 160 in. tons, and a shearing force of 8 tons. 



Find the maximum principal stress at a point 6 in. from the centre of the web. 
Assume the shear stress to be uniformly distributed over the section of the 
web. (Lond. Ifniv., 1916.) 


I xx for section = 


3| X 12 3 
12 


H x li 8 ^ 

12 


157 inch units. 


Direct stress at point 5 in. from web centre 
My 150 X 5 
~ Ixx ~ 157 

Shear stress on section 


= 4-78 tons/sq. in. 


= rx-~ = 1-94 tons/sq. in. 

11 X f 

/« = Hf, ± V/, 3 + 4f. 2 ] ■ (par. 22) 

= 4-78 ± V22-9 -1- 16*1 \ 

= |j4-78 ± 6-16J 

Maximum principal stress = 5-47 tons/sq. in. 

72. Unsymmetrical Bending. Assumption (5), par. 67, states 
that for simple bending, the transverse section of the beam 
must be symmetrical about an axis, passing through the cen¬ 
troid of the section, and parallel to the plane of bending. When 
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this condition is not fulfilled we may proceed to find the stress 
at any point in a section, as follows : Let ABO, Fig. 67, be the 
section of a beam whose centroid is 0, and principal axes OX r 
and 07 v Let OY he the trace of the plane of the applied 



Fig. <)7 


bending moment M. This bending moment may be resolved 
into components about the principal axes, namely, M cos 6 
about 0X 1 and M sin 8 about 0 Y v 
At a point P in the section the stress due to the bending 


moment M cos 8 is given by 


M cos 6 y ! 


, where y r is the distanoe 


of P from OX x and J s is the moment of inertia of the figure 
about OX v Similarly the stress at P due to M sin 8 is given 
M sin 0. Xi . 

by- j -, taking compression as negative. 

The total stress at P 

_ M cos 8 . y 1 M sin 8 . x 1 

I*, It. 


( 1 ) 
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The position of the principal axes may be found as explained 
in par. 57. 

An alternative method depends on the fact that the neutral 
axis and the plane of the external bending moment, 0 F, are con¬ 
jugate diameters of an ellipse. 

When the point P is on the neutral axis then the stress due 
to bending is zero, and (1) gives 

M cos 6. y 1 M sin 6. x x v,, 

---= ---and — becomes tan B 


t/i ^ 

or sa -3 tan 6 

k a 

.•. tan /? = -j— tan 8 . . . . . . (2) 

= the equation of the neutral axis 

where k x and k v are the semi-principal axes of the momental 
ellipse. The condition (2) is satisfied by conjugate diameters 
of the momental ellipse, and since it was obtained by reference 
to the lines 0 Y and OZ, the trace of the plane of the bending 
moment M, and the neutral axis respectively, then OY and OZ 
are conjugate diameters of the momental ellipse. The plane 
of bending will be perpendicular to OZ. 

If EE is drawn a tangent to the ellipse and parallel to OZ, 
then the moment of inertia I z about OZ is Ah 2 , where h is the 
perpendicular distance between OZ and EE and A is the area 
of the section. The bending moment about OZ is M sin f 
where <f> is the angle between OZ and 0 Y, and hence the stress 
at P is given by 

M sin <t>. z 


% being the perpendicular distance from P to OZ. 

This method has the advantage that when the neutral axis 
is drawn, the point in the section at the greatest distance from 
the neutral axis, and hence the point of maximum stress, is 
easily seen. On this account, the author recommends the 
method as being of most general use to students. 
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Example 3. 

A 6 in. x 4 in. X i in. unequal angle-bar is placed with the long leg vertical 
and used as a beam supported at each end, the span being 10 ft. What 
central load can be placed on the angle-bar in order that the maximum stress 
due to bending may not exceed 7 tons/sq. in. ? (Fig. 68.) 

By constructing tlie momental ellipse we find that the inch- 
nation of OYi to the longer leg of the angle is 23£°, and that 
the neutral axis is inclined at 47° to the longer leg, as found 
by drawing this axis parallel to the tangent where the plane 
of loading cuts the ellipse, or solving for /? in (2). 



Fig. 68 

Drawing a tangent to the momental ellipse parallel to the 
neutral axis we find that the radius of gyration about the 
neutral axis is 1-1 in. The area of the section is 4-76 sq. in. 
h.,. = 4-75 X M 2 
= 5’7 5 inch units 

Also the perpendicular distance z from the neutral axis to 
the farthest point on the section is 2-45 in., and if if is the 
applied moment in the plane of loading then <j> = 47®. 

M sin 47 X 2-45 


5-75 
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•' 2-45 x 0-7314 

= 22-4 ton inches 

W X 120 
~ 4 

. = 4 >i 22 - 4 

120 

a=s 0-74 tons 

The momental ellipse is drawn to a scale twice as large as that 
used to construct the angle-bar. 

73. Reinforced Concrete Beams. Concrete is a material 
which is strong in compression, but comparatively weak in 



tension. A beam of such material, therefore, would fail under 
fairly light loads owing to the tensile stresses due to bending. 
Additional strength is given to such a beam by embedding in 
it iron or steel bars in such a position that the bars take the 
tensile forces. Several theories have been developed to cover 
the bending of reinforced concrete beams, but the following, 
called the “ no tension theory is most generally accepted. 

The following additional assumptions to the simple bending 
theory are made— 

(1) That there is perfect adhesion between the concrete and 
the reinforcement. 

(2) That all the tensile stress is carried by the reinforcement. 

(3) That, in the concrete, the stress is proportional to the 
strain. 

(4) The area of reinforcement is so small that the stress may 
be assumed constant over it. 
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A reinforced beam of rectangular section is shown by Fig. 69, 
with the strain and stress diagrams. The neutral axis of such 
a beam does not pass through the centroid. Let h be the 
distance of N.A. from the top of the beam, E c the value of 
Young’s modulus for concrete, and E, the value for steel. The 
E 

ratio jr is usually denoted by m. 

Since a plane before bending remains a plane after bending, 
ED will take up the position D 1 D V and hence the strain is 
proportional to the distance from the neutral axis. 

strain in concrete at top of beam h 
strain in the steel d - h 


also if f c denotes the stress in the concrete at top of beam, 
and if/, „ ,, ,, steel, we have 


strain in concrete at top of beam = 


strain in steel 

By substitution in (1) 


k 

E c 

k 

E s 


h 


fc „ E s f c 


or 


d-h~E e X f, ~ m J 
hf, = mf c d - mf e h 
mf c d 


h = 


f. + mf e 


( 2 ) 

( 3 ) 


An expression which enables us to find the distance h if /, and 
f c are known. 

Let A s be the area of the reinforcement, the total pull P 
exerted by it is f s A s . Since the concrete carries no tension, 
the stress diagram is triangular and the thrust T exerted by 
the concrete is given by 

T = ^bh 


Since the conditions of simple bending are assumed to hold, 
then P = T 


and 


f.A,= f ^bh 


■ ( 4 ) 
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and substituting the value of j as found from (2), we have 

/ « 

A ‘ = m(d-h)2 X bh 


or bh 2 + 2mA Ji - 2 mdA 3 ~ 0 . . . . (4a) 

a quadratic equation which fixes the value of h, and depends 
only on known quantities. 

h 

The thrust T acts at a distance ^ from the top of the beam, 
and hence the resisting moment of the beam is given by 

.<«> 

or M — P ^d 

= f.A,(d-^j .(6) 

or M — T(%h) + P(d-h) . . . . (7) 

These reinforced beams are often made of T section, and it 
is very common practice to design the beam so that the neutral 
axis coincides with the bottom line of the flange of the section. 
If the neutral axis is lower than this line, we use a similar 
method of attack to that just used. 


Example 4. 

A concrete beam 16 ft. long X 12 in, broad X 16 in. deep, is reinforced 
by aix £■ in. round steel bars, having their centres 2 in. from the bottom of the 
beam. Assuming that all the compression is carried by the concrete and all 
the tension by the steel, determine the uniform loading that may be applied 
without the stress in the concrete exceeding 000 Ib./sq. in., and ascertain the 
resulting stress in the steel. Take the steel-concrete modular ratio as 16 
and the concrete stress strain curve as straight. (Lond. Univ., 1918.) 

Area of reinforcement = —X ~X 6 

4 4 4 

= 2-6488 sq. in. 
bh 2 -j- 2mA - 2mdA a = 0 
m 2 -f 79-47 h - 1,033-11 == 0 
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- 79-47 ± v / (79-47) 2 + 48 X 1,033-11 

h =-"24 

or h = 6-55 in. 

_ 600 X 12 X_6-55 ( 13 . 5 | 5 ) _ 3,000 X 6-00 X 10-8 
= 255,000 lb. in. 

but M = where W = total load uniformly distributed 

O 

IF X 15 X 12 

“ 8 

jyj 255,000 X 8 lL 
W = ' 15 X T2 ' 1L 

= 5-05 tonB 

LA a = J ph 

600 12 X 6-55 

■'* ~ T X 2-649 

== 8,900 lb./sq. in 

74. Bending Combined with Direct Stress. Numerous cases 
occur in which, the applied load causes not only stress due to 
bending, but also exerts a pull or thrust on the section. The 
resultant stress at any point in the section may be found by 
calculating the stress due to bending, and superimposing on it 
the stress due to the direct force ; due regard being given to 
the sign of each stress. 

If M = bending moment 
A = area of the section 
P = pull or thrust on the section 
Z = the section modulus 
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The resultant stress at any point in the section is given by 



( 1 ) 


the plus sign being used when the bending stress is similar to 

P P 

—■ and the negative sign when it differs from —t. Also, if the 
A A 

section is not symmetrical about a line through the centroid 
and parallel to the neutral axis, then Z will have the two values 
Zi and Z 2 (par. 69). A diagram of combined stress is shown 
by Fig. 70 (a). The centroid of the section is at G, and, if the 




bending stress acted alone, the neutral axis would pass through 
G, but, owing to the presence of the direct stress, the point of 
no stress, and hence the neutral axis, passes through 0. 

The diagram has been drawn for a case where P is tensile 
and it may have three possible forms depending on the magni¬ 
tude of M , Z, P and A. 

, M , P 

When is greater than — the resultant diagram is given by (a) 
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The neutral axis, distant y n from (?, is found as follows— 
The stress at 0 due to bending = ^ where I is the moment 


of inertia of the section about an axis through G, or if k is the 
radius of gyration of the section about this axis then the 
bending stress at 0 

_ My n 
~ Ak 2 


At 0 the bending stress is equal to the direct stress, 


and 


My n _P 
Ak 2 A 

P Ak 2 
Vn ~ A ‘ M 


or y n 


Pk 2 
M • 


P . I. 
A.M. 


( 2 ) 

(3) 


Example 6. 


A rolled steel joist, 10 in. x 6 in. section, is used as a pillar, and carries 
an axial load of 25 tons. The maximum moment of inertia of the section is 
211-6 in inch units, and the area is 12-36 sq. in. A bracket ib bolted to a 
flange of the pillar and supports a vertical load of 6 tons, which acts in the 
plane of the major axis of the section, and at a distance of 3 in. from the face 
of the flange. Calculate the maximum and minimum intensity of stress in 
a section of the pillar. (A.M.I.Mech.E., 1924.) 

The bending moment due to eccentric loading is given by 
M — 6 X 8 = 48 ton inches 


The section modulus Z — - 


y 

211-6 


5 


42-3 


Then assuming compressive stress 

stress is „ 

P M 

f ~A ± ~Z 


rt 


31 

12-36 
= 2-608 ± 


as positive, the resultant 


48 

42-3 

1-134 


Maximum stress = 3-642 tons/sq. in. compression 

Minimum „ = 1-374 
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Example 6. 

A cylindrical masonry column is 6 ft. in diameter and the maximum wind 
pressure upon it may be assumed to be equivalent to 20 lb. per square foot 
of diametrical longitudinal section. If the masonry weighs 140 lb. per cubic 
foot, to what height can the column be built without causing tension in the 
oroea-section at the base 7 (Lond. Univ., 1916.) 

Let h ft. be the limiting height of the column. 

Weight of column = ~ X 36 X h X 140 
= 3,960A lb. 

Total pressure due to wind = 6 X h X 20 

= 120/i lb. 

The column may be looked on as a cantilever carrying a 
direct thrust and a uniformly distributed load, the latter being 
due to the wind pressure. 

Bending moment due to wind pressure 

h 

= 120 h X -jj 
= 60 h* lb. ft. 

„ , , 3,960 h 60 h* x 3 

Resultant tensile stress = - -— = 0 

3,960 X 63-7 
h = 180 X 28-3 
= 49-6 ft. 

75. Masonry Structures. The point of application of the 
resultant load on the section of a masonry structure is often 
such that bending and direct stresses are introduced. It is 
not general practice to assume that masonry can take a tensile 
load, although anyone who may have observed the destruction 
of old buildings will often have seen a high wall sway to and 
fro before collapsing, and an appreciable bend is often to be 
observed before cracking begins. 

The general rules applicable to masonry structures are— 

(а) That there shall be no tensile stress at any point in the 
cross-section. 

(б) That the greatest compression stress is not greater than 
the safe stress for the masonry. 
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(c) That the shearing force must not be greater than the 
frictional force between the masonry. 

We shall only concern ourselves with (a), because, when this 
is fulfilled, the conditions (b) and (c) are usually fulfilled also. 

AB (Fig. 71) represents the cross-section of a masonry 
structure on which a thrust T, inclined at an angle 8, acts, 
being distant y from the centroid of the 
section 0. T can be resolved into com- R 

ponents P = T sin 6 perpendicular to ( P 

AB, and B = T cos 6 along AB, thus _Jl v ~ 

giving a shear at the section. A ^ 6 1 

If A is the area of the section and I its ^ 
moment of inertia about G, we have 


Direct stress due to P = — 


Fig, 71 


Bending stress due to P = —j- where y 3 represents any 
distance from G measured along AB. 

But M = Py. 


Bending stress 


Py x y. 


,, . . P Py 

Maximum compressive stress = y% 

and 

Py P 

Maximum resultant tensile stress = -j- - j 

Condition a states that this must be zero. 


1 Vx ~ A 



This gives the greatest distance that the thrust T may act 
at from G in order that there may be no tensile stress on the 
section. 

Two well-known sections will now be considered. 
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(a) Rectangular section where .-I R is equal to h and the. other 
side equal to a. 

From (3) 

AiJi 

ab s 1 b 

= 12 X ~ b = 6 

fliX 2 

b 

i.e. T may be applied at a distance g on either side of the 

centroid without causing tension on the section or T must lie 
within the Middle Third of the section. This is known as the 
Law of the Middle Third. 

(Ij) Solid circular section where AB — 2r. 


1 



_ irr* 1 r 
4 X 7 rr 2 X r 4 

i.e. T must lie within the middle quarter of the section 
Other sections may be worked in a similar manner. 

76. Strain Energy Due to Bending, From par. 35 the strain 

P 

energy per unit of volume - 

Consider the small length dx of a beam between two trans¬ 
verse sections, and let dA be a small transverse area over which 
the direct stress is/. If I is the moment of inertia of the whole 
section about the neutral axis, then 

Strain energy in small piece of length dx and area 3A 

P 

= X <3 x x SA 
2 

— 2 PE Sx ' dA 

where y is the distance of 5A from the neutral axis, 
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Strain energy in piece of beam between transverse sections 

A A A 

= tWE - dz - 3A 

M*dx 

= WE- £6Ay ■■■■-(!. 
and E6Ay 2 = I (par. 53). 

M*bx 

(1) becomes 

which when dx is reduced indefinitely becomes 


Total strain, energy of beam 


-w 


. ( 2 ) 


L being the span of the beam, and section assumed constant. 

(a) For a freely supported beam with a central load W. 

M W 

M = Y X 


and (2) becomes 


_ _2_ r*wf 
2IEJ 0 4 


2IE X 48 
W 2 N 

96 . I. E . (3) 

° r = 6' y*E ' f* ' 1 ' ‘ - ( 4 ) 

( b) For a uniformly loaded cantilever ivliose load is w per unit 

run. „ 

,, vox 1 
M = -— 

2 
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(2) becomes 



1 w 2 L & 
2LE ~2Cf 

40 IE 


TPL 3 


40 IE 

— — f 2 

10 ' y 2 E' J 


(r) If M is constant (2) becomes 
M 2 f L 

~ ME Jo 


dx 


M 2 L 
2 IE 


( 6 ) 

( 6 ) 


( 7 ) 


Example 7. 

A flat ribbon of spring steel, 0-125 in. wide and 0*02 in. thick, is wound 
round a cylinder 20 in. in diameter. Find the maximum stress in the steel 
and the energy stored per foot length of the ribbon. The modulus of elasticity 
bJ — 30,000,0001b. per square inch. (Lond. Univ., 1919.) 

f = E 
y R 

, E 30 X 10 6 X 0-01 
■'■ f== R v = -To- 

= 30,000 lb./sq. in. 

Total strain energy 
_ M 2 L 
~ 2 IE 

(EIV L 
~\RJ X 2 IE 
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EIL 
~ 2 R 2 

30 X 10 6 X 0-125 X (0-02) 3 X it X 20 
_ 12 X 2 X 10 X 10 

= 0-7854 inch lb. 

Strain energy stored per foot length 
0-7854 X 12 
w X 20 

= 0-16 inch lb. 


77. Shear Stress on Beam Section. The vertical shearing 
force on a beam tends to cause sliding on a vertical section, and 
the shearing stress resulting from this is accompanied at any 
point in the section by a shearing stress on a horizontal section. 



Fig. 72 


The two shears cause tensile and compressive forces (par. 18). 
The compressive force is of importance in a deep built-up girder 
the web of which is usually thin and thus requires stiffening to 
prevent failure by buckling. The intensity of shear stress on 
the section of a beam is not constant from top to bottom of 
the section, nor is it exactly constant across the width of the 
section, but, for all practical purposes, we may assume it 
constant. 

The variation in intensity of the vertical shearing force may 
be found as follows : A beam of uniform section (Fig. 72) has 
a bending moment M at the section DF, and a bending moment 
M -(- 6M at the section GE ; the two sections being bx apart. 
Let / be the stress (assumed uniform) at B due to M on a small 
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area of width b and thickness dz , and f x the stress at A on a cor¬ 
responding area of the cross-section. 

- M 

/= T z . (*) 

, M + 8M 

A=—J— z .(2) 

Pull on small piece of cross-section due to M 
= fbdz 
M , . 

= y 6^3.(3) 

Pull on corresponding element of section due tolf 
= fibdz 

M -f dM . 

=- j - bz . dz . . . (4) 

The resultant pull on a small slice of length dx, width b, and 
thickness dz, is found by subtracting (3) from (4) 


<5 M. . 

~ y bz . dz 


( 6 ) 


and the total resultant pull on the piece of length dx and area 
as shown shaded 


f 


dM 


bz , dz 


- 


(6) 


This resultant pull is resisted by the shearing force on the 
longitudinal section at AB whose area is dx . b. Let q be the 
intensity of the stress on this area (assumed uniform), then 

,. 6M r\ , 
qbdx = —j- J bz . dz 


9 = 


dx lb, 


bz . Sz 


dM 1 n 
= -fo-TbJ z bz ‘ dz 
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But -=— = F and 
ax 



. dz = sum of the moments of the 


areas of all the small strips comprising the shaded area, about 
the neutral axis. If A is the shaded area, and y the distance 


of its centroid from N.A. then £ bz . dz = Ay 



(7) 


F being the shearing force at the section. 

Since a shear is accompanied by a shear of equal intensity 
on planes perpendicular to its plane, the intensity of shear on 
the cross-section at a distance z from the neutral axis is given 
by q. 

(a) Rectangular section. Shear at a distance y from the 
neutral axis. 



which gives a parabola when q and y are plotted (Pig. 73). 

At the neutral axis where y — 0, the shear is maximum, and 
_ 3 F 

9W ~ 2 bd .( 9 ) 


Umax _ 3 

.( 10 ) 


(b) Similarly for a circular section of diameter d the curve 
of shear may be shown to be parabolic, 


, 4 F 

and qmax 3 

4 


( 11 ) 


Qrfltxx ^ 

tfavtTaa* 3 • . . (1 2 ) 
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(c) The shear diagram for an H section beam is given by Pig. 
74. two values of shear being obtained where the web meets 
the flange, this being due to the two values of b at this point. 
This diagram, in conjunction with that representing the 




Fig. 74 


variation of direct stress (Pig- 65), gives us the reason for 
the common practice amongst engineers, when designing a 
girder, to assume that the web takes all the shear, and the 
flanges resist the bending moment. 

Example 8. 

A beam of I-shaped crosa-aeotion ia 6 in. deep by 3 in. wide, by 1 in. thick¬ 
ness, and it sustains a shearing force across its section of 5 tons. Draw to 
acale a diagram showing the distribution of shear stress. (Lond. XJniv., 1921 ) 



q = 


FAy 

lb 


and I 


3 X 6 s 
12 


2 X 4 8 


44 inch units 


At top of the section q = 0 (Pig. 75). 


12 
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Intensity of shear stress in flanges at A A is given by 

5 X 3 X 2-5 
“ 44 X 3 


= 0-284 tons/sq. in. 

Intensity of shear stress in web at A A is given by 

5 X 3 X 2-5 
44 X 1 


= 0-852 tons/sq. in. 



The distance of the centroid of the area, above or below ZJ, 
from ZZ is found from 

j(3xl) + (2xl)|y=(3x 1 X 2-5) + (2xlXll 

9>5 

y — —q — 1-9 m. 

Intensity of shear stress in web at XX 
= 5 X 5 X 1-9 
~ 44 X 1 

= 1-078 tons/sq. in. 

78. Riveting in Built-up Girders. Large girders, such as 
those used in travelling cranes and bridges, are usually built up ; 
the web consisting of a single plate connected by angles and 
rivets to the flanges, which consist of one or more plates (Fig. 
76). At any section, such as EE, there is a shearing force E. 

The shearing force F is accompanied by an equal shearing 
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force acting at right angles to F, resisted by the rivets in the 
web, and from which it is also transmitted to the rivets holding 
the flanges to the angles. The intensity of shear on the section 
is not uniform, as has been proved in par. 77, but in the case of 
deep girders no great error is introduced in assuming the 
intensity of shear stress to be constant, and that the web 
takes all the shearing force. A reference to Fig. 74, will 
show the reason for this assumption. 

Let d — the diameter of the rivets 

f, = the intensity of shear stress in the rivets 
S = the strength of one rivet 

Considering the portion of the web between EE and FF, and 
taking moments of the forces acting thereon about A, we have 

F X p = S X D 
SD 

or P= jr.(1) 


where p is the pitch of the rivets. 

ird? 

Sinoe the rivets are in double shear, S — 2~ f„ when the 
shear strength is less than the crushing strength. 



The rivets attaching the flanges to the angles are in single 
shear and hence the value of S for these rivets will be only half 
the value for those in the web, consequently if the pitches in 
the web and flanges are equal, twice as many rivets will be 
required in the flanges as there are in the web. 

If the resistance to crushing is less than the resistance to 
shear which occurs when the web is very thin, then 

£ == t X d X f„ 


where /„ is the intensity of bearing pressure. 
t X d X f a D 


• (3) 


Since the value of F is not constant along the girder, the 
value of p would vary, but for the sake of economy it is usual 
to make p constant, A common value of d is | in. or 1 in. 
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The vertical and horizontal shear in the web introduce 
tensile and compressive forces, mutually perpendicular, and 
inclined at 45° to the direction of the shearing forces. 

The compressive force tends to cause the web to buckle, 
and thus stiffening arrangements are required in deep girders. 
These consist, usually, of Tee bars, or angle bars, riveted ver¬ 
tically to the web, and spaced a distance apart equal to the 
depth of the girder. 

79. Riveted Joint with Eccentric Load. Fig. 77 represents a 
riveted joint on which the load P has its line of action at a hori¬ 
zontal distance x from the centroid 
of the joint. By applying two equal 
and opposite forces passing through 
the centroid Q, equal in magnitude 
to P and parallel to its line of action, 
it will be observed that the joint is 
subjected to a couple of magnitude 
Px and a.vertical load of magnitude 
P. The couple causes shearing forces 
whose directions are shown by the 
arrows in the diagram, and the verti¬ 
cal load will cause, in each rivet, a vertical shear of magnitude 
P 

—, where n is the number of rivets in the joint. The total load 
n 

on a rivet is the vector sum of the loads acting on it. 

If it is assumed that the load on a rivet, due to the couple, 
is proportional to the relative displacement between the plates, 
then since this displacement is proportional to the distance 
of the rivet from O, it follows that the load on a rivet, and 
hence the stress, is proportional to the distance of the rivet 
from Q. 

Let F, be the shearing force on a rivet at distance r from Q, 
and let f, be the stress due to F„ then— 

f, =kr .(1) 

and since F, = Af, where A is the cross-sectional area of a rivet 
then Px — EF,r 

= EhAr 2 
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, Pxr 

hence /, — ^ ■■•••• (2) 

JPxT 

and F., = ....... ( 3 ) 

Example 9. 

The bracket shown in Pig. 78 is attached to a plate by means of six J in. 
diameter rivets, and carries a load of 12 tons in the direction shown. Estimate 
the stress on each rivet. 



R*6A5 R=?-03 R*-9-22 

Fig. 78 


x = 6 sin 30° = 3 in. 

Px = 36 ton-in. 

A Sr* = ~ X ^ J|(13 + 4+13+13 + 4+13) 

= 26-52 
Px 36 

and ZIP 2Z52 ^ 136 

for A, 0, F and D, f, = 1-36 x 3-61 — 4-92 tons/sq. in. 

and for B and E /, = 1-36 X 2 = 2-72 tons/sq. in. 

The shear stress on each rivet due to P acting through G is 
12 

given by-— = 4-54 tons/sq. in. 

7T 9 

6X 4 X 16 

The resultant stress on each rivet is found, as shown in 
Fig. 7S, in both magnitude and direction. 
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These are as follows— 


Rivet 

A 

fi 

(J 

Jj 

E 

F 

Resultant shear stress— 







tons/sq. in. 

2-17 

2-58 

(j 4:6 

6-85 

7*03 

(J.OO 


EXAMPLES VII 

1. A floor has to carry a load of 3 ewt. per square foot. Tho floor joists 
are 12 in. deep by 4J in. thick, and have a span of 14 ft. Determine the 
distance opart from centre to centre at which these joi3ts must be spaced, 
if the maximum stress is not to exceed 1,000 lb./sq. in. (Lond. Univ., 1916.) 

Arts., 13' 1 in. 

2. An overhung steel erank pin journal is so designed that the pressure on 

the journal is limited to 600 lb./sq. in. of projected area. The total load on 
the journal is 60,000 lb., and the maximum bonding stress is limited to 
10,000 lb./sq. in. Find dimensions for the diameter and length of tho journal. 
(Lond. Univ., 1918.) Ans., 7£ in. and 13§ in. 

3. The moment of inertia of a heam section 20 in. deep, is 1,670 in. units. 

Find the longest span over which a beam, of this section, when simply sup¬ 
ported, could carry a uniformly distributed load of 1-5 tons per foot run. 
The maximum flange stress in the material is not to exceed 7 tons/sq. in. 
(A.M.I.Mech.E., 1918.) Arts., 22’8 ft. 

4. A plank of timber 8 ft. long and 2 in. thick has a width varying uniformly 
from 18 in. at one end to 10 in. at the other end. It is supported at its 
ends with its length and width horizontal. If the density of the timber is 
55 lb./cub. ft., find the maximum bending moment in the plank due to its 
own weight and the maximum longitudinal stress producod in the wood by 
this bending moment. (Lond. Univ., 1922.) 

Ans., 1,030 lb. in. (at 50 in. from small end), 109 lb./sq. in. 

5. A flitched timber beam consists of two timber joists each 4 in. wide by 
12 in. deep, with a steel plate J in. thick and 8 in. deep, placed symmetrically 
between them and firmly fixed in place. If the span is 20 ft,, and the ends are 
simply supported, calculate the maximum uniformly distributed load the beam 
can carry if the stress intensity in the timber is not to exceed 1,000 lb./sq. in. 
What will then be tho maximum stress in the steel 1 B for steel = 30,000,000 
lb./sq. in., K for timber, 1,500,000 lb./sq. in. (Lond. Univ., 1914.) 

' Ans., 489 Ib./ft. run, 13,333 lb./sq. in. 

6. A simple bridge is formed of telegraph poles, laid side by side, with all 

the butt ends on the one abutment. If Z is the modulus of the section at 
the butt end, and Z„ the modulus of the section x inches from the butt end, 
Z^ — Z - 0-3%. Span = 30 ft. Diameter of poles at butt ends 12 in. Find 
the position of the most highly stressed section when the bridge is uniformly 
loadod throughout its length. (Lond. Univ., 1915.) Ana., x = 18’7 ft. 

7. A 7 in. X 3J in. X 4 in. unequal angle bar is placed with the longer leg 
vertical and used as a beam simply supported at each end. Find what 
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uniformly distributed load can be spread over the span of 12 ft. in order that 
the maximum stress due to bending may not exceed 7 tons/sq. in. 

Ana., 312 lb./it. run. 

8. A reinforced concrete slab, 7J in. thick, has an efiective span of 10 ft. 

Tho reinforcement consists of J in. diameter bars at 6 in. centres placed 1J in. 
above the bottom of the slab. Determine what uniform load per square foot 
the slab will carry in addition to its own weight if the allowable maximum 
stresses are 18,000 lb./sq. in. for steel and 6501b./sq. in. for concrete, and if 
the ratio of the modulus of elasticity of steel to that of concrete is 12. Weight 
of slab 160 lb./cub. ft. (Loud. Univ., 1923.) Ana., 1601b. 

9. A reinforced concrete T-beam has a flange 60 in. wide and 4 in. deep. 
The reinforcement is placed in the rib 16 in. from the upper edge of the flange. 
The beam is designed so that the neutral axis coincides with the lower edge of 
the flange. The limits of stress are for steel 16,000 lb./sq. in., and for concrete 

600 lb./sq. in. The ratio steel — ^ Calculate : (a) the area of the 

1 ^ E concrete 

reinforcement, (6) the moment of resistance of the beam, (c) the actual maxi¬ 
mum stress in the steel and in the concrete. (Lond. Univ., 1916.) 

Ana., 2-9 sq. in., 636,000 lb. in.,/,, = 16,000 lb./sq. in.,/ c = 388 lb./sq. in. 

10. A short circular column, external diameter 10 in., thickness of metal 
1 in., carries a load of 50 tons, the line of action of which coincides -with the 
axis of the column. It also carries a second load of 16 tonB, whose line of 
action is 6 in. from the centre. Find the maximum and minimum stresses in 
the column, and show by a diagram how the stresses vary across the section. 
(Lond. Univ., 1918.) 

Ana., 3-84 tons/sq, in. comp., 0-744 tons/sq. in. compression. 

11. A steel plato chimney, 4 ft. in diameter and 80 ft. high, has a cylindrical 

bottom ring f in. thick. The weight of the structure may be considered as 
that of a cylinder of this thickness, and the internal stiffening devices increase 
the second moment of area of the seotion 60 per cent. Find the greatest 
stress in the plates when the chimney is subjected to a uniform wind pressure 
of 40 lb./sq. ft. of projected area. Take steel as weighing 480 lb./cub. ft. 
(Lond. Univ., 1913.) Ana., 6,100 lb./sq. in. 

12. A short stanchion is made of I-section, 6 in. wido and 8 in. deep. Find 
the greatest and least intensity of compressive stress on a section if the load 
of 60 tons has its centre in the centre line of the section which bisects both 
flanges, but 1-6 in. from the centre line which is parallel to the outer edges of 
the flanges. The moment of inertia of the cross-section about a central axis 
parallel to the outer edges of the flanges is 110-6 (inches) 4 and the area of the 
ccosa-BQction is 10-29 sq. in. (A.M.I.Mech.E., 1926.) 

Ana., 7-756 and 1-965 tons/sq. in. compression. 

13. A steel plate 4 in. wide and f in, thick is pin-jointed at the ends and 

subjected to a pull of 6 tons. The plate is horizontal with the 4-in. width 
vertical and the axis of the load is J in. above the axis of the plate. The 
distance between the centres of the pins is 7 ft. What load must be hung at 
the centre of the span so that the distribution of longitudinal stress at this 
section may be uniform ? Draw a diagram showing the distribution of 
longitudinal stress under these circumstances at a vertical section 2 ft. from 
a pin. (Lond. Univ., 1922.) Ana., 2671b. 

14. The section of a brick pier is a rectangle and hollow, the dimensions of 
the external and internal rectangles being 64 in. by 45 in., and 36 in. by 27 in. 
respectively. Find the maximum distance from the centre of the point 
through which the line of action of the resultant thrust may pass in order that 
there may be no tension in the seotion. (Lond. Univ., 1912.) Ana., 12-3 in. 
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16. The mean intensity of bearing pressure on the projected area of an 
overhung crank pin is 800 lb./sq. in. The bonding stress in the pin is 
8,600 lb./sq. in. Find the diameter and length of the pin, also the maximum 
intensity of shear stress. The total load on the pin is 90,0001b. (Lond. 
Univ., 1916.) Ana., 8-Jin., 12Jin., 1,965 lb./sq. in. 

16. Show that the distribution of shearing stress across the vertical section 

of a loaded beam of rectangular cross-section is parabolic. Find the maximum 
shearing stress produced by a load of 20 tons in the vertical section of a hollow 
beam of square section if the outside width is 6 in. and the thickness of the 
material 1 in. (Lond. Univ., 1922.) Ans., 2-7 tons/Bq. in, 

17. The vertical cross-section of a loaded horizontal beam is an isosceles 
triangle, base 4 in., height 6 in. Draw a diagram, showing the distribution of 
shearing stress across the section where the shear load is 6 tons. (Lond'. 
Univ., 1923.) 

18. Show that the elastic energy of any rod, stressed in a particular manner, 

is proportional to the square of the stress at any one place. A circular rod, 
diameter d, length l, is loaded with n weight W, (a) in direct tension, (6) 
centrally on a simply supported span. Compare the strain energies in the 
two conditions. (Lond. Univ., 1921.) 3 d‘ 

"WJi, 

19. Find an expression for the resilience of a bar of uniform circular section 

whan subjected to a uniform bending moment. A steel bar of 2 in. diameter 
is supported at the ends and carries a load at the centre of the span which is 
30 in. If the maximum stress induced is 16,000 lb./eq. in., find tho number 
of foot-pounds of elastic energy stored up in the bar. B — 30,000,000 lb./ 
aq. in. (Lond. Univ., 1918.) Ana., 2-46 ft. lb. 

20. Calculate the cross-sectional dimensions of the strongest rectangular 

beam that can be cut out of a cylindrical log of wood whose diameter is 10 in. 
(A.M.I.C.E., 1926.) Ana., 6-776 in X 8-16 in. 

21. A hollow circular tie-bar, whose outside diameter is 3 in. and internal 
diameter is 2 in., is pulled in such a way that the axis of the pull is parallel 
to but not concentric with the axis of the bar. Calculate the amount of the 
eccentricity which can be allowed if the maximum stress in the material is 
not to exceed the mean stress by more than 26 per cent. (A.M.I.C.E., 1926.) 

Ana., 0-134 in. 


22. The web plate of a girder is 00 in. high and | in. thick; and the flanges 
eaoh oonsist of one 14 in. X J in. plate and are joined to the web by 6 X 6 X J 
in. angles and J in. rivets. Find a suitable pitch for the rivets if the total 
shearing force is 62-6 tons and the allowable load per rivet is 3-4 tons. 

Ana., 3J in. 


23. A horizontal chain passes 
over a pulley carried by a 
bracket attached to a stanohion 
by six J in. rivets as shown in 
Fig. 79. If the rivets are in 
single shear and the shear stress 
is limited to 5J tons/sq. in., find 
the load W which can be oaixied 
from the free end of the chain. 
(Lond. Univ., 1933.) 

Ana., 1*6 tons. 





CHAPTER VIII 
SLOPE AND DEFLECTION 

SO. In Chapter VII the strength of beams has been investigated. 
In this chapter the beam problem will be approached from an 
equally important direction, namely, with regard to stiffness. 
The total deflection of a beam is dne, to a very large extent, to 
the deflection caused by bending, and, to a very much smaller 
extent, to the deflection caused by shear. In practice it is 
usual to put a limit on the allowable deflection, hence it is 
important that we should be able to calculate the deflection 
of a beam of given section, under certain conditions of loading, 
before making practical use of the beam, since, for given con¬ 
ditions of span and load, it would be possible to adopt a section 
which would be quite strong enough, but the deflection would 
be abnormal. 

In calculating the deflection due to bending, two methods 
will be used : one depending on a knowledge of the area of the 
bending moment diagram, the other being purely mathe¬ 
matical. The former method, after careful study, will be found 
to simplify many problems, which, by the mathematical 
method, are far from simple. It will also be found to lend 
itself to the easy solution of “ fixed beams,” and “ continuous 
beams,” or those resting on more than two supports. It 
should be borne in mind that in actual beam problems the slope 
at any point is exceedingly small, and hence the radian measure 
of the angle of slope is approximately equal to the tangent of 
the angle of slope. 

81. Deflections from a Knowledge of the M Diagram. In 

Pig. 80 a portion of a beam of length BD has a bending moment 
diagram of area A represented by BCD. The distance of the 
centroid 0 of the diagram from any chosen vertical line HH 
is x. An exaggerated view of the deflected beam is shown 
below the bending moment diagram. 

Consider a small piece of the beam of length dx over which 
the bending moment may be assumed to be constant, and equal 
to M. The change of slope over the small piece dx is given by 
86, where 86 is the angle included between tangents drawn at 
each extremity of 8x. Let R be the radius of ourvature of the 
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but J M .dx . is the area A of the bending moment diagram 
BOD over the whole piece of length BD. 



(1) 


6 being the change of slope over the whole piece of the beam of 
length BD. Thus we have the important relationship between 
the bending moment diagram, over any portion of a loaded 
beam, and the change of slope over the same portion, that the 
change of slope is equal to the area of the bending moment diagram 
divided by El. 

Also SZ = x68 


— x —- fa 

— x EI ox 


Z 


but 


r 


-if 


Mxdx when El is constant 


Mxdx — Ax 

Ax 

z ~Wl 


( 2 ) 


Thus the intercept, on any chosen line, between the tangents 
drawn to the ends of any portion of a loaded beam, is equal to the 
product of the area of the bending moment diagram, over that 
•portion of the beam, and the distance of the centre of gravity of 
this diagram from the chosen line, divided by El. 

If the vertical line is properly chosen, then Z will represent 
the deflection of the beam. In the case where the bending 
moment diagram is not all of the same sign, care must be taken 
in finding the value of Ax. Examples of this will be found 
later. 

Since the area of the bending moment diagram is propor¬ 
tional to the product of W and H 1 , where W is the total load 
on the beam, and x is proportional to L, then the deflection 
will be given by 


Z = 



(3) 


In Fig, 81 AOB is the deflected form of a loaded beam, greatly 
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exaggerated, d s and 6 n represent the slope at A and B respec¬ 
tively ; the tangents to the curve at these points being AD 
and BD. At C, the point of maximum deflection, draw EE 
tangent to the curve, and intersecting BD in 0, and a perpen¬ 
dicular to AB at B , in E. At A draw a perpendicular to AB, 
to cut the tangent at C in F, and meet BD produced in K. 



Fig. SX 


Let A = area of bending moment diagram above AB 

x — distance of the centroid of the bending moment 
diagram from the end A of the beam 
then Z = AK 

= BE -f- FK, and since 6 S is a small angle 
= GE . + EG. 0 B = e B (GE + FG) = 6 b .AB 

= ld B where AB = l 
A. x 

but Z = from (2). 

■ m - Ax 


and — 


(4) 
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A (l - x) 

similarly 0 A = —— ...... (6) 

also 8 = 0 A + 6 b . . . . . (6) 

and 0 X , the slope of the beam at any point P 

— 8-p — dp . . . • ■ . . (7) 

where 8 f is the change of slope over PB. 

:.Z r = ^ff + PN6 .(8) 

where A r is the area of the bending moment diagram above PN. 

x r = the distance of the centroid, of the bending 
moment diagram above PN, from BL 

PN = the horizontal distance of P from BL, 
and substituting in (8) the value of 6 X from (7) we have, 

Z ’ = ~WT + FN 


■Ap&p pj\7 * P-N 

~ET Ml “ El 


W 


This equation enables us to find the deflection at any point 
along the span, but care must be taken when the slope of the 
beam changes sign. 


Examplb 1. 

A rectangular beam of wood, 12 ft. long, 3 in. wide, and 4 in. deep, is sup¬ 
ported at its ends, and iB loaded with loads of 300 lb. and 500 lb., placed at 
points 5 ft. and 8 ft. respectively from one end. Calculate the maximum 
bending moment produced by the loading and find the deflection produced by 
bending at the mid-point of the beam, (Lond. TJniv., 1923.) 




(300 X 5) + (600 X 8) 6,600 „ 

- 12 -" ~12T ]h 


(Fig. 82) 


5,600 

M 0 = x 4 x 12 = 22,000 lb. in. 

/5,600 X 7 X 12\ 

M v = (----jg—- -J - (500 X 3 X 12) 

= 20,500 lb. in. 
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Thus the maximum bending moment is 22,000 lb. in. 

M increases from D to 0 at a uniform rate of 500 ib. in. per 
ft. run. 

M at mid point = 20,500 -j- 500 
= 21,000 lb. in 



j _od”_ 

12 


o X 4 a 

—— =16 inch units. 


£i = 


144 ( 20,500 X 5 x 10 20,500 X 3 X 13 

El ( 2x3 + 2 


+ 


= 4-48 in. 


2x3 

1,500 X 3 X 7 22,000 X 4 X 28 ) 

2 + 2~x _ 3 ) 


: \Z X = 2-24 in. 


1,000 X 2 x 4 


Z 3 


2X3 

= 0-852 in. 

= .Za - Z s = 2-24 - 0-852 

= 1-388 in. for a value of E — 2 x 10« Ib./sq. in. 


El | (21,000 X 2 X 1) d 2~^!T 
22,000 X 4x 10 ) 
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82 . Examples Illustrating the Application of Z = ~ 

MJl 

(a) Horizontal beam freely supported at each end , with an 
isolated load W at mid-span. 

The M diagram and the deflected form of the beam are given 
by Fig. 83. If the vertical line is chosen so that it passes 



through a support, then, considering one-half of the span, the 
intercept between the tangents is Z. 


Also 


A = 


.'. Z = 


WL 2 , _ 2 L 

32 

WL 2 L 1 
16 X 3 X El 
J_ WIT 
48 ‘ ~ET 


L 

3 


0 ) 


At a point distant % from the centre of the span, the deflec¬ 
tion is given by 
Z x — Z x z% 

= Z t + ^ since 9 t is very small. 
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L V 

2~V 


y _£V 

2 

IF 1 

{L - x) x -gi 


2 (L \ 1 
X 3(2 " 


JF 

6B7 


7v 

a“* 


Z. = x (£ - * (f - *) - JB ,£l ' *'>(§ - *) 

. + + »(HI 


IF (IP Lx 2 s®\ 
= 17 V48 " T~ + 12J 


( 2 ) 



At mid-span, where a; = 0, equation (2) reduces to the value 
obtained in equation (1). 


( b) Horizontal beam freely supported at each end, with a 
load IF uniformly distributed over the span. 

Referring to Fig. 84, and again considering one-half of the 
span, 


2 WL L 
^ ~ 3 8 X 2 — 


WL 2 

~ 24 ~, and x = 



5 

Te 


L 


5 WL 3 
384 El 


£ = 


• ( 3 ) 
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(c) Cantilever with isolated loud not at the free end,. 

If the load is at a distance l from the fixed end (Fig. 85), 
WP 

then A = ——, and taking the chosen line through the line of 

A 

action of W, then the deflection at W = Z w , and 

* = ! i 



Fio. 85 


The deflection at the free end is given by Z = Z^ + Zq 
or Z — Zy, + (L - l) 6 


W /P l 2 \ 
= 3 + 2< l -V 

EI\ 2 QJ 


(d) Cantilever with isolated load at free end. In (4) let l = L, 

then £ - l ~ .(6) 




/w\ 
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(e) Cantilever with uniform load over the span. 

The area of the bending moment diagram (Fig. 89) is given 

by 


< 1 WL r WL 2 J _ 3 

A = 3 — 2 ~ X L = “T - and x = j L 

„ WL 2 3 1 

2 “ 6 X l Lx El 


1 WL 1 
8 El 


■ (7) 



(/) Cantilever with uniform load from fixed end for a distance 
l of the span. 

The total deflection Z = Zg + Z v (Fig. 87). Taking the 
chosen line at the end of the uniform load, we have 


„ 1 WP Wl 2 

^=8 FJ and0 = 6M 


and Zg=(L-l)6 = - m (L-l) 

_ J V (LA? P P\ 

■■ Z ~EI \ 6 6 + 8 J 

El [ 6 24 J. 
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Example 2. 

A cantilever of uniform section is loaded with 4 tons on the extreme end 
and 8 tons uniformly distributed. Calculate the deflection at the free end. 
Length 14 ft., depth of section 18 in., maximum stress due to bending 
5 tons/sq. in., Young’s modulus of elasticity 13,000 tons/sq. in, (Lond. Univ 
1915.) 


Maximum bending moment 

= (4 X 14 X 12) + (6 X 7 X 12 
= 1,176 ton in. 

m__l 

1 y 


I = 


My 

f 


1176 X 9 
5 


= 2,117 inch units 



Total deflection 


1 WjL s 1 W^L 3 
~ 3 El + 8 El 
_V(Wt W t ) 

El l 3 ^ 8 ) 

= — - + -i 

El l 3 ^ 8 ) 

(14 X 12) 3 X 25 
13,000 X 2,117x12 
= 0*36 in. 


{<j) Horizontal beam freely »supported at each end 
isolated load, not at mid-spun. 


Wb Wa 

. i 8)11(1 iVn ^ . j 

a + b B a + b 


with. 


an 


We have from Eig. S8 i? A = 
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jA. vC 

From (4), par. SI 0„ = 


1 { Wb (a 1 _ 2 \ , Wa 6 2 /„ , &\) 

_ P/ (a + 6) (a -f H 2 X 3® / + a + 6 ' 2 l, a + 3/j 

= (2 a + 6) _ 

QEI (cc b') 


Also 6 k will be = 


Wab (2 b + a) 
6EI (a + b) 


( 10 ) 


From (7), par. SI, considering the portion A to P, we have 
slope at X distant x from A , 

0, — 6. - ~ area above AX 

S A JjJJ 


- Wab (2b + a ) _ 1_ Wb 

6 El (a + 6) El a + b X 2 

IFb ( 2ab 4- a 2 x 2 ) 
~M{a~+b)\ 6 2) ‘ 

At the point of maximum deflection 6 X = 0 
a* + 2a6 


( 11 ) 


( 12 ) 


The deflection at X is given by Z z 

Wb 1 x 2 ) Wb /2abx -f- a 2 x a;’ 1 ^ 

" EI{a + bj [ X X 2 X 3 X ) + El (a + b) \ 6 ~2 ) 

Wbx (a; 2 2 ab -j- a 2 x 2 ) 

_ El (a + 6) (~3 + 0 ~2) 

Wbx ( 2ab + a 2 - x 2 ) 

~El{^+b)\ 6 ). (K!) 

The deflection under the load is given by substituting 
x = a in (12), above, 

r/ _ Wba (2 ab o 2 - a 2 ) 

P “ El(a + b) ( 6 j 

Wa s b ! 

~3(a + b)EI . (14) 
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If X l is a point between P and B at a distance x v from £, then 


n IIV/j-i I2ab + b 2 — x^ 2 ' 

EI(,i \ b) ( (5 , 


(15) 


The maximum deflection is obtained by substituting the 
value of x z from (12) in (13), 

Wb h 2 

„ V 3 !2ab + a 2 a 2 2ab\ 

Zma * ~ El (a + b) \ 6 18 ~18/ 


Wb If 

V 3 (a?-\-2ab\ 

~ EI(a + b) { 9 j 

Wb(a 2 2 abj^ 

= 9V3EI(a + b) . 


Example 3. 

Compare the magnitudes of the slopes which occur at each end of a freely 
supported beam placed across a span of L ft., when a weight of XV lb. is con¬ 
centrated at a spot one-third of the span from one end. Assume the beam to 
be horizontal when XV is removed. (Lond. Univ., 1922.) 

w x o Tj 2 1 

Referring to Fig. 88. R B = r = — W and iJ A = 

•j X Ju 6 o 

M y = R v xb 

= g- W X — g- WL lb. ft. 


0 B 


1 (2 WL 2 L 4 2 WL 

EIL \9 2 X 3 X 9' L+ 9 2 


X 3 LX 



WL 3 / 15 \ _ 15 WL 2 
EIL 1,243/ _ 243 ~ET 


1/2 WL 
~ EIL\9 2 


1 r 2 2 W/L 2 _ 5 \ 

X 3 L X 9 i + 9~X X 3 X X 9 j£ '/ 


IFL 3 / 12 \ 12 WL 2 
EIL \243/ 243 ~WT 


_ 12 _ 4 

• • e B ~ is ~ 5 
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(h) Beam subjected to a uniform bending moment. 

Let the magnitude of the bending moment be M, and the 
span L. The beam will bend to an arc of a circle, and the 
greatest deflection will occur at mid-span. Considering one- 
half of the span, and taking the chosen vertical line through 
one end of the beam, we have 

L L 

A = M — and x = — 

2 4 

MV 

8E1 

(/) Beam with overhanging end to which a couple is applied. 



''-'JL 


i i 

Fig. K!) _i 


The M diagram, and the deflected form of the beam, 
shown by Fig. 89. 

The deflection at the free end is given by 


Z-Zi-Zj. 


a b 
a 


are 


and is obtained by considering the portion of span a. 
Ma a 1 Ma 2 

Zl = ~2~ X 3 X El = 617 
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Also Z 2 is found by considering the whole of the M diagram 


Z. 


+ 


Ma fa 




_ { Mb' 1 

j 2 

_ |M6 2 Ifo 2 + Mab\ J_ 


( 2 


2 j El 


Z = 


El 


(Mb* 
2 


Ufa 2 Jifa.6 

IT + 2 ~ 


Ma 2 Flab) 


6 


6 > 


1 (Mb 2 Mab) 
~ EI ( 2 + ~ 

Mb 


3 ) 


or Z = | 2as -J-- 3 b | where M — Pa 


83. Horizontal Beam with uniform load supported at each 
end, and having a prop at mid-span at same level as end 
supports. 

If the centre prop is removed the deflection at mid-span vs 
5 WL 3 

Z = ^e upward force P at mid-span, required to 

bring the mid-point of the beam back to the same height as 

PL 8 

the end supports, is given by jgjtj == upward deflection = Z, 

PL 3 5 WL 3 

48 EI ~~ 384 EI 


and P — | W 

Each end support carries W. 

84. Cantilever with a Uniform Load and having a rigid prop 
at the free end. 

On removing the prop the deflection Z at the free end 
1 WL 3 

becomes - -^nr- The single upward force P at the free end 
8 EI lpLS 

required to destroy the deflection Z is given by Z — - 

1 PL 3 __ 1 WL 3 
3 ~El ~ 8 ~WT 


or P — § W 
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8">. Sinking Props. 

If the props in (83) and (8-1) sink below the level of the horizon¬ 
tal, so that the deflection removed is - of the deflection when no 

P . 1 , 

prop is in position, then the value of P will he — that given in 
(S3) and (81). P 

86. Elastic Prop. 

Suppose the prop supporting the cantilever, as in par. 81, 
to be elastic. Then if P is the force exerted by the prop, 
E„ Young’s modulus for the material of the prop, and L v its 

PL V 

length, we have that the shortening of the prop = j y where 

A v is the cross-sectional area of the prop. This shortening of 
the prop will be equal to the difference between the free deflec¬ 
tion and the upward deflection caused by P. 

. PL, WL 3 PX 3 

A V E, 8EI 3 El 

WL 3 



A t E v + 3EI 


87. Beams of Uniform Strength. 

ndv 

The bending equation gives / = —r-. The condition, therefore, 

My 1 

of uniform strength is that -y shall be constant ; that is, the 


section modulus shall be proportional to the bending moment. 

The value of — may be varied, in the case of rectangular beams, 

by altering the depth or altering the breadth. 

(o) Constant depth. 

Taking the case of a beam supported at each end, and con¬ 
sidering one-half of the M diagram, the maximum deflection 
is obtained from 



Let be the bending moment at mid-span, and L the 
moment of inertia at mid-span, and M and I the bending 
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moment and moment of inertia at a point distant x from one 
end. Since the depth is constant 

h 

• Z = 


M 


M x fl 

I X E / ix ' 

■ (i) 



M X L 2 

. (2) 

8HJI 1 


WL 

For an isolated load at mid-span M x = —— and 


Z = 


WL 3 


32EI X ‘ 

For a uniformly distributed load M x 
WL 3 


WL 


and 


Z = 


Q4EL 


(3) 


( 4 ) 


The deflection of a cantilever may be obtained by substi- 

L J\1 L ‘® 

tuting L for - in (1) when Z = ~,j , I x being tlie moment of 

inertia at the constraint, and M x the bending moment at the 
same point. 

WL . 

~ 2 ~ and 


For a cantilever with a uniform load M x — 
WL 3 


Z = 


4JSI X 


(5) 


For a cantilever with a concentrated load at the free end 
M x = WL WL 3 

"..( 6 ) 


and Z = 
(b) Constant breadth. 


2 EI 1 


_ M x y x _ My M x _ M 
J I x I ° r \bD t * \bd 3 


£i 

d 


\ = 1^1 
i V m 

and I I x d I x y M 
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where D x is the depth at mid-span and d the depth at a point 
distant x from the support. In the case of a beam resting on 
supports, then, as before, considering one-half the span 


Z = 




=* / M.A X . dx 


(7) 


W WL 

For a concentrated load at mid-span M = -^ x and M, =—— 


Z = 


wu 

24EI, 


( 8 ) 


Other cases may be solved by substituting the value of M 
in (7) and integrating. 


Example 4. 

A steal girder having a uniform depth of 12 ft. reBts on piers 120 ft. apart, 
and carries a uniformly distributed load. Find the deflection at the centre, 
(a) when the girder is of uniform cross-section, and the maximum flange stress 
is 6J tona/sq. in., (6) when the area of the flanges is so proportioned that there 
is a uniform flange stress of 6 J tons/sq. in. B — 13,600 tons/sq. in. (Lond. 
TJniv., 1918.) 


(a)Z 
but M } 


5 WL Z 


384 EI X 
WL 


8 


where M x and I j refer to mid-span. 


2 = 


6 

384 


X 


8 M X L* 
EI X 



f 

y 


5 L z f 

T8E X i 


5 (120) 2 X 144 6-5 

48 X 13^00 X 12 


= 1-445 in. 
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<^ = § 7 ; 

-S«' 

_ (120) 2 X 144 6-5 

8 x 13,500 X 72 
= 1-734 in. 

88. Deflection of a Built-up Spring. This spring consists of a 
number of curved plates (Fig. 90), each of constant width b, 
. I and thickness t, and is so designed 

<s4t--- i-Jt _ -Jt? that each plate has the same maxi- 

mum bending stress at all cross- 
sections. The load is applied at 
\W mid-span, and is resisted by re- 

- actions at each end, and that load 

- 2/??/? ? which causes all the plates to 
F, °- ()0 straighten is called the proof load. 

Assuming each plate to be an arc 
of a circle, and that all the plates have the same curvature, 
then the change of curvature will be the same for each plate. 

Considering the section at mid-span, the bending moment is 
WL 

—— , and, since each plate has the same maximum stress, the 

4 WL 

resisting moment of each plate will be where N is the 

number of plates. If / is the maximum stress, we have 


/= TV = 


WL 121 
41V X 2 ( bt 3 ) 


J I y 41V 2 (bt 3 ) 

3 WL 

~ 2 Nbt* ^ 

The deflection may be obtained by considering the longest 
plate, since each is an arc of a circle. 

„ ML 2 

Z= WI par ' 82 {h) 

WL L*__ WL 3 12 
32 N X El ~ 32 NE X W » 

3 WL 3 

8 NEbt* ' (2) 
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Since the maximum stress /is to be the same at ali transverse 

if 

sections -y must be constant, and since the breadth of each 


plate, b, is constant, then the depth of the spring must be 
varied. The number of plates, therefore, at any transverse 
section must be proportional to the bending moment at that 
section. The ends of the plates usually have their width 
tapered in order that the resisting moment may have the same 
rate of change. 


Example 5. 

A carriage spring of the ordinary type, 30 in. long, is made of Bteel plates 
each 2 J in. wide and £ in. thick. How many plates are required, if the central 
load is 800 lb., and if the maximum stress in the steel is not to exceed 12 tons/ 
sq. in. ? What will be the deflection under the above load, if E = 30,000,000 
lb./sq. in. ? Prove the correctness of any formula you employ in determining 
the number of plates which are required. (Lond. Univ., 1914.) 

3 WL 
: 2 Nbt* 

2 fbP 

3 X 800 X 30 X 2 X 16 

_ 2 X 12 X 2,240 X 5 

= 8-55 

Thus 9 plates would be used. 

3 WL a 
Z 8 NEbt* 

3 800 X 30 X 30 X 30 X 2 X 64 

_ fT X 9 X 30 X 10 6 X 5 ~ 

= 0-77 in. 

89. Mathematical Treatment. Fig. 91 represents a beam 
deflected by the application of a variable bending moment, 
Consider the small portion of the beam of length ds whose 
horizontal distance from a fixed point is x, and vertical distance 
from the same point, y. The slope of the beam over ds is given 
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dy 

by If 6 is the angle which the tangent to the 

(IX 

makes with the axis of x, then 


dy ds dd 

~ = tan 0, w = sec 6 and ~r 

dx dx ds 


1 

R 


0v 

\\ 



. d?y_ 
'• dx 2 


sec 3 0 


dd 

dx 


„ dd ds 
— sec 3 6 j- . 3 - 
ds dx 


= sec 8 d 


R 


d*y 

1 dx 2 
R sec 3 6 



curve 
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In the beams met with in practice is very small, and may 
be neglected when raised to higher powers. 

1 d 2 y 
'• E dx 2 



El 


where M is the bending moment on rh 


d 2 y M 
dx 2 = El ' 


/ 7 nj 

The slope of the beam = 


The deflection y = 



fl) 

= / ¥i dx • • • 

% dx= Jf [m dx dx ■ (3) 


(a) Horizontal beam freely supported at each end, with an 
isolated load IF at mid-span. 

Taking the origin at mid-span, and measuring distances x out 
from mid-span, and y from a tangent at the point of maximum 
deflection up to the beam. 


El 


d 2 y 
dx 2 


M 


W 

2 





dx 


2 \ 2 


at x = 0 


dy 

dx 


Ely 


IF /Lx 2 x* 

2 \ T "-"6 


+ c 


c = 0 


+ c i 


at x — 0, y — 0 c x = 0 
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Thus the slope is found from 
dy W 
dx 2 El 


/ Lx x l 

\T ~ 2 


The deflection at any point is given by 

Z - y where Z is the maximum deflection and 

_ JV_ (Ltf _ s_ 3 \ 

V ~ 2EI V 4 6 / 


( 1 ) 


( 2 ) 


at 


* = i- y = z 


w 

2EI 

WL 3 
48 El 




L a 

48 


(3) 


(b) Horizontal beam freely supported at ends and carrying a 
uniformly distributed load w per unit run. 

Taking the origin and other measurements as in (a), 

x 


tL \ w (L 
f 2~ X )~~2 (2 " 


wL 

~2~ 


w 

"2 


LS 

4 


at 


-x^ 

FJ dy _w (L*x £ a \ 

x = 0 — = 0 and 
dx 


c = 0 


r w (L z x 2 x 4 \ 

EIy 2 \ ~8 Tv ) + c i 


12 . 

at x = 0, y — 0, and 
Thus slope is given by 

dy _ w / 


L 2 x x 3 




(c) Cantilever with span L and isolated load at a distance 
from the fixed end. 

Taking the origin at the fixed end, and measuring y down¬ 
wards from the horizontal to the beam, y is now tho deflection. 

dv 

at x — 0 -r- = 0 c — 0 
dx 

and EIy= w(~-^j + c, 

at x = 0 , y = 0 

Thus the slope is given by 

dx W . T _ . 

dy~El{ lx ~l) • ' 1 ‘ (7) 

jp- flx^ a; 3 \ 

and the deflection by y = l — - -J . . . ( 8 ) 
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The deflection at W is found by substituting x = l in above 
equation 

•'* y *~ El \2 6 j 

1 Wl 3 

~ 3 El . (9) 

The deflection at the free end = deflection at W -)- slope at 
W(L-l) 

1 Wl* ,JW P\\ 


jP (l 3 

“17(3 + 2 2 

“ El ( 2 - 6 


(d) Cantilever with isolated load at free end. 

The slope and deflection are obtained by substituting L tor 
l in (7) and (8) respectively. 

1 WL 3 

The maximum deflection — - . . . ( 11 ) 

(e) Cantilever with uniformly distributed load. 

Taking the origin, etc., as in (c), 


= - [IF - 2 Lx + x *) 




*= 0^=0 /. c = 0 

ax 

, w (L z x 2 Lx 3 x 4 \ 

and EIy = -(-— T + 12/ + Cl 


at 


* = 0, y = 0 c, = 0 
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Slope is thus given by 

d y - 


L 2 x ~ Lx 2 + ~ 


, . w (L*x 2 Lx 3 

and deflection by (“jj- 3 “ 


The maximum deflection is obtained when x = L and 


wL 4 /I 1 
2EI \2 ~ 3 

1 wL i 

8 IT 


11 J_\ 

2 3 12/ 


= I ™ (14 ) 

(f) Cantilever with uniform load only over a distance l from 
fixed end. 

From (12) the slope at end of l is 

w fl 3 \ 

2EI\3 


and the deflection at the end of l is 

_ 1 WVf 
- 8 El 

Deflection at free end 

= deflection at end oil f (L -l) slope at end of l 


8 El + " U El 

_ w a * , xp_p\ 

“ EI \8 + 6 6 ) 

~ EI \ 6 2i) 
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(g) Horizontal beam freely supported at its ends, with an 
isolated load not at mid-span. 

Wb Wa 

We have R A = ^ ^ and R B = a (Fig. 92). 

Taking A as the origin and measuring x and y as shown, 
from x = 0 to x = a we hare 

2W 3 = (L - x) - W (a - *) 


i? B (Lx ■ 


, W (a- a;) 2 , 

+-2- + C 



Fig. !)2 

From a; = a to a; = L we have 

EI^ = R b (L- x) 

and El = 22 B (lx - + c, 

(16) and (17) must agree at a; = a, Cj must equal c. 
Integrating (16), 

„ r _ /Lx* x 3 \ W(a-x) 3 , 

Fly = R b - -J-- + w + c, . 

and integrating (17), 


Ely = F b + cpo + c. 


These must give the same value of y at x = a, c, = c 3 . 

Wa 3 

At a: = 0, y — 0, therefore from (18) c 2 = — 

substituting in (19) 





SLOPE AND DEFLECTION 


177 


_ / Lx 2 « 3 \ Wa 3 

Ely = j + ^ + — 

at x — L, y = 0 

D (L 2 L 2 \ Wa 3 
Cx--^ B ^ T - 6 j 6L 

~' Bb 3 6L • • ’ 

Substituting the values of c and c 2 in (18) 

Ti /Lx 2 a; 3> \ W(a - x ) 3 L 2 x Wa 3 x Wa 3 
Ely = i? B f -sr - E ) --fiTT + -R- ( 21 ) 


= 


Wa /3a 3 -f- 3a 2 6 -cs 3 \ Wa / 2 a 3 -(- 4a 2 £> + 2ai 2 


a -|- h 


\ Wa /i 

J'5T6\“ 


IF a /a 3 — a 3 - a 2 6 


Wa / 
a + 6 V 


Wa -lab 2 
a + 6 X 6 


Deflection under the load 

_ 1 Wa 2 b a 
3 (a + 6)^7/ 

The maximum deflection is obtained when ~ — 0 

ax 

from (16) 


(**-*) 


, W(a-xy D 
+ 2 


H a \ Wa* 


Rr, Lx - 


x 2 £ 3 \ W ((a — a ;) 2 a 3 ) 

V + T!' _ r- £ -sJ- 


which gives * 2 = £a(a + 2b) . . . (23) 

and by substitution in ( 21 ), the maximum deflection is given 
by— 

Wb(a 2 + 2 abf 1 

—7=——-- .... (24) 

9V3 EI{a + 6 ) K ' 


!)(), Castigliano’s Theorem. The theorem, developed from a 
consideration of strain energy, can be readily applied to many 
deflection problems. 
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In Fig. 93 the force P causes a deflection y and the work done 
by P is Py. When an additional force dP is applied the 
additional work is 


dW= Pdy + HP.cly . 

The total work is 

17 + clW = PPy + Pdy + UP . dy . 


( 1 ) 

( 2 ) 



^7 


Fig. 03 

If both forces act simultaneously the total work done is 

i(P + dP) (y + dy) 

= \P ■ y + \tPdy + \dP . y + \dP . dy (3) 

Since the work done is independent of the order of application 
of the loads, then by equating (2) and (3) we have 

Pdy = dP . y .(4) 

From (1) dlV — Pdy, if the product of small quantities is 
neglected. 

dW = dP.y 
dW 


hence 


or 


dP 


y 




(4) 


i.e. the derivative of the strain energy, with respect to the 
applied force, gives the displacement due to this force. This is 
Castigliano’s first theorem. 

For a small portion dx of a beam, on which the bending 
moment is M and change of slope dcf>, then 

7 , Mdx 

*/._ E][ 

and dW = PMdi 

_ jwPdx 
~ El 
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and the total work TJ’ is 


[* MHx 

L 2 EI 


1 /*■» 

ml M,h 


(«) 


and 


y dP ) 

1 f* <0/ 7 
“ EI L M 1 dP dx 


( 6 ) 


(a) Cantilever of span L with an isolated load P at the free end. 
The bending moment at a distance x from P is Px 


EI Jo 


Px . x . dx 


1 L 3 

— _ p ±L 

EI 3 


i.e. deflection at free end — 


PL 3 
‘3EI 


(?) 


(b) Cantilever of span L with a concentrated load P at the free 
end together with a couple M t applied at this end. 

At a distance x from the free end the bending moment is 
Px + M 1 and 


1 C L 

v = m Jo ^ Fx Ml ' ,x dx 

= Yl J 0 ( Px ‘‘ 1 (lx + f?:t 0 


deflection at free end 


PL 3 t M^ 

3 El + 2 El ' 


( 8 ) 


(c) Cantilever of span L with a couple M 1 applied at this end. 
The solution of this problem is readily obtained from (8) by 
making P = 0, and hence 


deflection at free end = 


M X L* 

2EI 


(9) 


(d) Simply supported beam with a load. P at mid-span together 
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with a ■uniformly distributed load v> per unit run spread over 
the span. 

IP wL\ u';r~ dM 

V = lr } + — 


Total deflection at mid-span 


— -2 





( 10 ) 


If to is made zero then the deflection is that for a simply 
supported beam with a load at mid-span, and 


deflection at mid-span 


L 



When i P is made zero then the deflection is that for a ,simply- 
supported beam with a uniformly distributed load w per unit 
run spread over the span. 

The deflection at mid-span 


— '7 



w x 3 
"2 "2" 


dv 


w x 3 w .r 4 I ^ 
1 L s’ _ 1 4 I „ 
wL 4 

mil 

_5 WL* 

384 El 



( 12 ) 


(e) Horizontal beam supported at each end and carrying a load. 
P which divides the span in sections of length a and b. (Fig. 88, 

p.160.) 

The left- and right-hand reactions are — - - , and —-—- 

a -j- b a + b 
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respectively. For the left-hand side the bending moment up to 
, , . ‘ Pb 

the load is - - , x, and 
n + o 


.= *. f". 

El J 0 u 


x tl.r 


Pb 

-~b 

PTIL 

— 3 El (a + b) 2 

and for the right-hand side the bending moment up to the load 
Pa 

is - 7 x: in this case x is measured from the right-hand 

a + b 

support. 


= m f a 


Pa a 
- x ---- X tlx 
1 b a + b 


PaW 

~ 3 El {a + b) 2 

Hence the total deflection y under the load P is 

P(a 2 b a ) (« + b) 

Vl + Vr - 3EJ + b yj 

Pa 2 b- 


3EI (a + b) 


(13) 


11 

When a = b = this reduces to equation (11). 


91. Deflection Due to Shear. A further deflection occurs in 
beams owing to the shearing forces on transverse sections. This 
deflection may be found approximately by making use of the 
equation for shear stress at a point in the transverse section 
of a beam, which is, in itself, based on the assumption that 
pure bending occurs. 

(a) Cantilever with load at free end. 

Assume the section to be rectangular, of breadth b and 
depth d, and the total length of the beam L. If Z, is the 
deflection, due to shear, at the free end, then the work done by 
the load 


- iWZ, 


( 1 ) 



182 


STRENGTH OF MATERIALS 


The shear stress at a distance y from the neutral axis ig by 
(8), par. 77. 


6TF /«P ,\ , 

q = bT*{l~ y ) where ^= ^ 


Also, if dy is the height of the strip in the direction of the depth 
of the beam, and we consider a small portion of the beam of 
length dx, and section b X dy, we have by (3), par. 30, that the 
strain energy in the strip is 


or strain energy = ^ dx . 


1 q 2 

- -q dx bdy 
36 W ‘ 2 /# d 2 y 2 


/d* _■ 
\ 16 


Total strain energy for piece of beam of length dx 


18 W 2 dx 
~bd*C~ 




d 1 dy \ , 
Te-^ + y* )dy 


3$W 2 dx d*y d 2 y 3 y & L 

kjsn Tc c I e" 2 


3 W 2 dx 
5 bdO 


Strain energy for whole beam of length L 

3 W * f \ 

5 bdC / dx 


3 W 2 L 
6 bdC 

Equating the strain energy to the work done by W 

1 W Z = 

2 * 6 bdC 

__ 6 WL 

* 5 bdO ‘ ■ 


( 4 ) 
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Thus the total deflection at the free end due to bending and 
shear is 

■Z' = -Z& + Z s 
_ 1 WL 3 6 WL 

~3~¥T + 5bdC ‘ ' ‘ (5) 

(b) Horizontal beam with, isolated load at mid-span. 

If we treat each half of the span as a cantilever the L in (4) 

L W 

becomes ■%, and TF becomes — 

A A 

3 WL 

and Z ‘ = 10 bdC .^ 


Total deflection 


1 WL 3 , 3 WL 
48 ~ET + 16 bdC 


(c ) Cantilever with uniformly distributed load. 

In a the shearing force F is constant along the beam, but 
for a uniformly loaded cantilever at distance x from the fixed 
end, the shearing force is w(L - x), hence (2) becomes 

3 w\L-x)* 


Shearing force acting on piece of length dx = w (L- x) 
External work done by shearing force on piece 

dx = \w (L — x) dz 

where dz is the deflection of piece due to shear. 

Equating the external work done to the strain energy, 

, , T , 7 3 w\L-xf J 

bw (L - x ) dz — — ■ — dx 

5 bdC 

, 6 w(L - x) , 

dz = — — TTj-i — dx 
5 bdC 


6 w r x 

Zs=z H bdCj 0 ( L ~ x ) dx 


7 -iJh 

' ~ 5 bdC 


7—(T.54f’i) 
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, , „ . 1 WL 3 3 WL 

Total deflection = g “gj + g gjg 


(10) 


(cl) Horizontal beam with uniformly distributed load. 

Treating each half of the span as a cantilever, L becomes 

L . „ W 

— in (9) and W becomes -s-. 
z z 


20 bdO • 

, n 5 WL* 3 WL 

Total deflection = ggi T + 16 MO 


(11) 


( 12 ) 


For the majority of cases of beams, except those used for 

d 

the main girder of a bridge, etc., the ratio of y is so large that 

the deflection due to shear is negligible in comparison to that 
due to bending. 

92. Deflection Due to an Impact. Suppose a load W to 
impinge on a beam of span L, supported freely at its ends, at 
a point half-way along the span. If A is the height fallen 
through by W, and <3 the resultant deflection produced, then 
the work done by IF is W(h + d), provided the resultant stress 
is not beyond the limit of elasticity of the beam. 

If W 1 is the equivalent statio load at mid-span to produce 

W X <9 

the deflection 6, the work done by W 1 is given by —=-r—. 
The strain energy produced in the beam is the same in eaoh case 
— W (h -f d) . . . (1) 

1 W^L* 


but 


hence 


or 


<5 - 


48 El 


1 W^L 1 
96 El 

L 3 

W 2 _ 

96 El 


W v + 48 El ) 

L'W 

^ 48 EI- Wh = ° 


Wf -2W,.W- 


96 WhEI 


L* 


- 0 
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and hence W + JW a + —. (2) 

the value of <5 is found by substituting (2) in equation (1). 

93. Deflection of a Framework. If a number of external 
forces act on a framework, then the work done by these forces 
is equal to the strain energy of the framework. 

This equation enables us to determine the deflection at a 
point on a loaded framework. 

Let F = force acting in a bar 
/ = stress in bar due to F 
A — cross-sectional area of the bar 
l ~ length of bar 

P = the single external load acting at a joint 
x = the deflection of the joint in the direction of P 

The strain energy of the bar ~ x volume of bar 



The strain energy of the framework 




The external work done by P = \Px . 
then, by equating (2) and (3), 





V FH 

Zae 


The forces acting in the bars are usually 
force diagram. 


(1) 

( 2 ) 

(3) 


• ■ • ( 4 ) 

found by drawing $ 
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When more than one load acts on a framework, the deflection 
at a joint may be found as follows— 

Pig. !)f shows a framework acted on by a load system 
P 1 P, P 3 P 4 and P 5 , and the vertical deflection of the joint K 
is required. 

Let F denote the force in any bar due to the above load 
system, and x the deflection at K. Now introduce the load Q 



at K in the direction in which the deflection is required, and 
let F 1 denote the force in the bar due to Q, and x 1 the deflection 
at K due to Q. 

The total force in the bar is P 2 = F + F ± and the total 
deflection at K is x 2 = x -f- x x . 

FI 

The Btrain energy of the bar = \F i -^ • • (5) 


and the portion due to 




Fd 

AE 


The total strain energy due to 


Q = iPP, 


Fd 

AE 


The external work due to Q = \Qx % 


= \Q{x + 


( 6 ) 

(?) 


x -}- aq = V 


Pi Fd 

Q ’ AE 


Zq AE A (Q AE 


( 8 ) 
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by (4) x x = 


iv ^ 

Q j4-E 


and hence a: = 


Zq AE 


(9) 


It is usually most convenient to take Q as a unit force. The 
force in each bar is found for the given load system and then 
for unit load only acting at K. The value of F and the ratio 


h. 

Q 


is then substituted in (9). 


Example 6. 

The wall crane ahown in Fig. !)5 has the following dimensions. The bar 
CD is 10 ft. long and 1 aq. in. in erosa-seotion, the remaining bars are each 



3 sq. in. in cross-aection. Determine the vertica deflection at the point oi 
application of the load. E = 30 X 10‘lb./sq. in. 

The diagram is drawn to scale and the length of each bar 
measured, then from the force diagram the force in each bar 
is obtained. 


Bar 

Length 

(inches) 

Force 

(tons) 

Cross- 
sectional 
area sq. in. 

F'l 

~A 

CD 

120 

8-30 

1 

9,000 

CA 

69-4 

10'00 

3 

2,313 

CB 

09-4 

S'OO 

3 

578 

BA 

120 

8'86 

3 

3,000 


FH 
* A 


14,891 
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1 ,F 2 l 

x ~pXaE 

14)891 X 2,240 
~ 5 X 30 X 10® 

= 0-222 in. 

Example 7. 

Draw the force diagram for the truss shown in Fig. 96, and find the deflec¬ 
tion at the point of attachment of the central 10 ton load. All members ore 
12 ft. long and 6 sq. in. in cross-section. E = 13,500 tons/sq. in, (Lond. 
Univ., 1936.) 

The force diagram shown gives the magnitude and nature 
of the force F in each bar, tension being taken as positive and 
compression as negative. Unit load Q is then assumed to act 





Force Diagram g- 



■ 



Unit Load Diagram 


Fig. 96 


at the point where the deflection is required and a new diagram 
drawn. This diagram gives the force F 1 in each bar due to this 
loading. 

Since the structure and the loading are symmetrical in each 
case, it would be sufficient to draw one half of each diagram. 
The diagrams are drawn to different scales, the unit load 
diagram being drawn to a large scale for acouraoy. 
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Bar 

' F 

(tons) 

A 

(tons) 

Ft 

Q F 

AD 

-17-3 

- 0-575 

9-950 

AG 

-23-1 

-1-15 

26-550 

AJ 

-17-3 

-0-575 

9-950 

KL 

+ 8-65 

-f 0-289 

2-476 

IE 

+ 20-2 

+ 0-868 

17-700 

EF 

+ 20-2 

+ 0-868 

17-700 

BG 

+ 8-05 

+ 0-289 

2-475 

AB 

-17-3 

-0-575 

9-950 

BD 

+ 17-3 

+ 0-575 

9-950 

DE 

-5-8 

-0-575 

3-325 

EG 

+ 5-8 

+ 0-575 

3-325 

QH 

+ 5-8 

+ 0-575 

3-326 

EJ 

-5-8 

-0-575 

3-326 

JK 

+ 17-3 

+ 0-575 

9-950 

AK 

-17-3 

- 0-575 

9-960 


= 139-9 

Since A l and E are the same for all bars, then 

139-9 X 12 X 12 


Deflection = 


6 X 13,500 
= 0-249 in. 


EXAMPLES VIII 

1. A vertical mild steel column 6 in. diameter is securely bedded into the 

ground. The total hoight of the column is 12 ft. The upper end is subjected 
to a horizontal load of 3,000 lb. Calculate the maximum stress at the ground 
section and the deflection at the top. Modulus of elasticity 30,000,000 lb./ 
sq. in. (Lond. Univ., 1918.) Ans., 20,300 lb./sq. in., 1-563 in, 

2. A cantilever has a free length of 20 ft., and the moment of inertia of its 

cross-section about the principal axis is 81-1 (inches) 1 . If a couple of 6 tons ft. 
is applied to the free end, find the deflection (a) at the free end, (6) mid-way 
bet ween the free end and the support. Take Young’s modulus for the material 
to be 13,000 tons/sq. in. (A.M.I.Mech.E., 1925.) Ans., 1-96 in., 0-49 in. 


3. A beam of uniform section of length l and weight IF, is built rigidly 
into a wall at one end and is supported on a column at the other end, tile two 
supports being originally at the same level. The column supporting the free 
end is elastic, the force necessary to cause unit compression in it being F. 
Trove that, when the beam has settled into position, the load carried by the 
r_ 3 


support is IF 


Univ., 1915.) 


8 1 f 


3 EI \ 
I 3 F 


1, E and I having their usual significance. (Lond. 
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4. A horizontal rolled steel joist 10 in. li in. is supported at its ends and 

has a span of 10 ft. A load of 400 lb. falls from a height, of 31 in. on to the 
middle of the joist. Neglecting tho loss of energy at impact, iind the maximum 
instantaneous stress produced in the joist, given that, the moment of inertia 
of the section is 310 in. units and E = 13,250 tons/sq. in. (Lond. Univ., 
1022.) .4ns., 7-1 tons/sq. in. 

5. A strip of brass 3 in. x Jin. ;; loft, long, and weighing 76 1b., is 
observed to have a slight curvature. It is supported at its ends with tiro 
3 in. width horizontal and the sag in the middle is observed to be 1-64 in. 
When turned completely over the sag is 1-13 in. Find the sag due to the 
original curvature of the strip and determine the modulus of elasticity of tho 
brass. Obtain any formula you use. (Lond. Univ., 1923.) 

' Sag = 0-255 in., E = 11,700,000 lb./sq. in. 

6. A beam of constant I-section is supported freely at each end and covers 

a span of 16 ft. It carries a concentrated load of 12 tons at 0 ft. from tho 
left-hand support. Tho moment of inertia of any section of tho beam is 
212 (inch) 4 units. Find the deflection under the load. Prove the formula 
you employ. The modulus of elasticity, E, of the material of the beam, is 
13,500 tons/sq. in. (Lond. Univ., 1919.) .4ns., 0-5436 in. 

7. A cantilever is loaded along its length of (i ft. at 1 ewt. per foot run close 

to the support, increasing uniformly to 7 cwt./ft. run over the freo end. Obtain 
the shape of the cantilover if it is of wood 3 in. breadth at all points and to bo 
equally stressed all along its top edgo at 500 lb./sq. in. Take E — 1-5 x 10 G 
lb./sq. in. What would be tho slope in degrees at the free end ? (Lond. 
Univ., 1918.) .4ns., Depth at constraint — 21-94 in., at mid-span 12 in. 

8. A cast-iron girder lias a clear span of 20 ft. and is supported at the ends, 
the top flange is 4 in. X 11 in., bottom flango J2 in. X 2 in., and wob 14-1 in. 
X ljin. Calculate the safe distributed load for a limiting stress of lj tons/ 
sq. in. tension and S tons/sq. in. compression. What will bo the deflection '/ 
E — 6,000 tons/sq. in. (A.M.I.Mcch.E., 1919.) .4ns., 15-5 tons and 0-236 in. 

9. A beam of depth il carries a total uniformly distributed load of IT across 
a span L; the beam being simply supported. Assuming the maximum 
deflection limited to span, show that L must not exceed 20d if the stress 
is limited to 8 tons/sq. in. E = 13,500 tons/sq. in. (A.M.I.Mech.E., 1918.) 

10. A straight beam 10 ft. long is supported on two supports 7 ft. apart, 
so that one end of the beam is on one support, and loaded with a uniformly 
distributed load of 1 ton per foot. run. The moment of inertia of tho beam 
section is 300 (inch) 4 units. Determine (1) the slope of the beam at both of 
its ends, (2) the deflection relative to the fixed supports at a point, half-way 
between the supports and also at the unsupported end of tho beam. (Lond. 
Univ., 1923.) 

, 4-4 0-34 .. 101 . , 7-2 . 

.-ins., ——, —— radians, —— in. and — m. 

JR lii JR JR 

11. A beam of constant cross-section anil 10 ft. long is freely supported 

at its ends. It is loaded at points 3 ft. from each end with load of 1 ton. 
Find the ratio of the deflection under the centre of the beam to tho deflection 
at. a point under one of the loads. (Lond. Univ., 1921.) Ann., 1-22. 

12. A uniform beam of length l -f- la is supported at two points l ft. apart 
and overhung at each end a length a. it, is loaded with concent,raied loads 
IT' at eaeli extremity and 2 If at the, centre of the span. Determine expressions 
for the deflection at each load. (Lond. Univ., 1916.) 

, , H«* , Wa-L 1F«Z 2 L . , If/- / l \ 

.4,,,.. At end m + — - —, at mid-span — 
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13. A motor-ear spring of the laminated plate type is 315 in. long and is 

made up of plates each 3 in. wide by £ in. thick. How many plates are required 
if the central load is 0-5 ton, and the maximum stress is not to exceed 
15 tons/sq. in. V E = 30,000.00(1 lb. sq. in. Estimate the total deflection 
and write down the assumptions made in obtaining this estimate. (Lond, 
1'niv., 1922.) Ans., 5 plates, 0'H4 in, 

14. A laminated steel carriage spring 3D in. long is built up of 9 leaves of 
equal thickness and 2 in. wide. Neglecting friction, find the thickness of the 
leaves if the stress in the material is to be limited to 25 tons/sq. in. when the 
spring is loaded with 750 lb. in tile centre. 

To what radius should the leaves be initially bent for the spring to he flat 
when under this load and wliat will he its central deflection ? E — 30 g 10 s 
Ib./sq, in. (Lond. Univ., 11)30.) 

Ans., 0-183 in., 49 in., and 2-3 in. 


15. A cantilever has a prop P at a distance L from the fixed end and on 
this length there is a uniformly distributed load w tons/ft. run. The cantilever 

projects a distance ^ beyond the prop and on this length them is a uniformly 

distributed load of 2w tons/ft. run. If the prop is rigid and holds its point of 
application on the horizontal, find what proportion of the total load IF is 
taken by the prop. If w = 0-0 tons/ ft. run and L — 20 ft,, draw to scale the 
shear force and bending moment diagrams. (Lond. Univ.. 1933.) 


111. A cantilever of length L curries a uniformly distributed load w tons/ft. 
run. A rigid prop P is inserted at- a distance l from the fixed end, and the 
prop rests at the mid-point of a freely supported beam of length ,c. Find ,?• 
m terms of ! if the deflection of the cantilever at the jorop is one-third of its 
value with the prop removed. Assume Jf and I to bo the same for both 
beams. Where should the prop be placed for it to carry half the total load 
on the cantilever and at the same time fulfil the above conditions regarding 
the deflection '? (Lond. L T niv., 1!) 30.) 

Jus., x =2 1; l = 0-645 L 


17. Two similar cantilevers are placed one above the other a distance a- 
apart and their free ends are joined by an elastic rod of diameter il. A load 
If is placed at mid-span on the lower cantilover, and the moment of inertia 
and span of each is I and L respectively. Show- that the pull in the rod is 

OWL 3 

given by - -r 

S! & + ") 


IS. A beam of length l is freely supported at its ends and carries two 
concentrated loads TF at distances 1/3 from each end. Find the ratio of the 
deflection of the beam midway between the supports to that which would he 
produced by a single load IP placed midway between the supports. (I.Moch.E., 
11136.) 


19. A crane jib 2U ft. long and 10 sq. in. in cross-sectional area is attached 
to a rigid support 10 ft. vertically below the end of tho tie-rod. The tio-rod is 
13 ft. long and has a cross-sectional area of 4 sq. in. Find the elastic horizontal 
and vertical deflections of the crane head when n load of 7 tons is applied to 
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it, whose line of action makes 30 to tho right of a vertical drawn through the 
crane head. Assume that the modulus of direct elasticity = 29 y JO 6 
lb./sq. in. (Lond. Univ., 1931.) 

Ans., 0-0845 in. and 0-140 in. respectively. 

20, The truss shown in Fig, 97 is loaded uniformly, and the sections are 
such that all compression members are stressed to 4 tons/sq. in., and the 
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tension members to 5 tons/sq. in. Find the deflection of the centre point O'. 
E = 13,000 tons/sq. in. (Lond. Univ., 1930.) 

Ans., 0-745 in. 

21. A horizontal beam has each end placed between pegs which exert no 
constraint on the beam. A couple M is applied in the plane of the beam at a 
point distant a from one support and b from the other support. Show that the 
deflection of the beam at the point of application of tho eouplo is given by— 

. Mob (a — b) 

0 ~ 3EI (a + b) 

22, A horizontal beam carries a load IF placed at a distance a from ono 
end and a distance b from the other end. The ends of the beam are supported 
by cantilevers of length A and c, the former being continuous with the portion 
a of tho boom and the latter continuous with that of the portion 6. Show that 
if E and I are the same for all the beams then the deflection under the load is 
given by— 


CHAPTER IX 

FIXED AND CONTINUOUS BEAMS 

94. Fixed Beams. When the ends of a beam are constrained 
to remain in a horizontal position, the beam is said to be 
“ fixed,” “ encastre,” or “ built in.” The slope of the beam 
is thus zero at each end, and a couple will have to be applied 
at each end to make the slope there have this value. The 
applied couples will be of opposite sign to that of the bending 
moment, due to the loading, and thus points of contraflexure 



Fig. OS 


will occur as shown by Eig. 98 at A and B. Since at each end 
of the beam there is a bending moment, the shape of the M 
and S curves will be different from those of a corresponding 
beam simply supported at each end. Comparatively few cases 
of fixed beams exist in practice, and it should be remembered 
that where a beam enters a wall, for a small portion of its 
length, it is not constrained sufficiently to treat it as fixed. 

We will now consider several cases of fixed beams, treating 
them firstly from a knowledge of the area of the M diagram, 
and secondly from a mathematical standpoint. We have 


d = -jq2 f° r a beam of uniform section, but 0 = 0 for a fixed 


beam, at each constraint, and since El is not zero, then A, the 
resultant area of the M diagram for the beam, must be zero. 


(a) Fixed beam with isolated central load. 

If the beam were simply supported, the M diagram would 
be represented by ABG (Fig. 99), but since the ends are fixed, 
and the load is at mid-span, there will he a couple of magnitude 
EA applied at each end, which has a sign opposite to that of 
ABG. By combining the positive and negative M diagrams, 
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the resultant diagram AEFBGDC is obtained. 
ABC + EACD = 0, 


EA x L = 


WL 

4 



Since area 


Couple = EA = 


I N 



Q. Diagram 
Fio. 0!) 


and the points of contraflexure will be at G and F distant x 
from each end, where x = —. 

The value of M at mid-span is equal to that of M at each 
WL 

end = ——. The beam is, therefore, twice as strong as a 
simply-supported beam. 

Considering half the span, and taking a chosen line through 
one of the constraints, we have the deflection at mid-span 
given by— 
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(!)“> 


( 1 ) 


Thus, the stiffness of the beam is four times that of a similar 
beam, simply supported. 

W 

The shearing force at each end = and is uniform up to 

mid-span, where it changes sign and continues uniform and 
W 

equal to — —. The S diagram is thus similar to that for a 

At 

freely-supported beam. 

(6) Horizontal beam with uniformly distributed load. 

Using the same reasoning as in (a), we have 

2 WL 

= - — X L (Fig. 100) 


EA . L 
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ea = T2 wl 

WL 

and the bending moment afc mid-span - — 5 — 

O 


WL 

12 


24 


WL. 


To find the distance x of the points of contrafiexure from each 
end, we have 


WL 

8 



WL 

12 

WL vjIJ 
24 ~ 24 

U 

12 


L L 

2 * ~~ 2V3 


* = 0-211L 


The deflection Z at mid-span is obtained from 

(WL L 2 6 L \ (WL L L\ 

„ \ 8 X 2 X 3 X 8 X 2 ) \ 12 X 2 X 4/ 

- — -- 


WL 3 / 5 1 \ 

El V384 96/ 

1 WL 3 
384 El 


( 2 ) 


The shearing force at each end is —, and decreases at a uniform 

rate. It is zero at mid-span, then it increases uniformly to 

W 

- The S diagram is thus similar to that for a simply- 

Ju 

supported beam. It will be noted that the above beam is 
five times as stiff, and one-and-a-half times as strong, as a 
simply-supported beam. 
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Example 1. 

A horizontal beam has a clear span of 20 ft., and its two ends are rigidly 
built in. Calculate the shearing force and bending moment at the two ends 
and at the centre, when supporting a wall, which ia equivalent to a uniformly 
distributed load of 1-6 ton per foot run. Also determine the position of the 
points of inflection, and make a sketch showing the distribution of bending 
moment and shearing force for the beam. (A.M.I.Mech.E., 1919.) 

The bending moment at each end 



= i X 20 X 1-5 X 20 X 12 
= 600 ton in. 


The bending moment at the centre 


_L 

24 


WL 


= 300 ton in. 


The shearing force at each end 

= W 
~ 2 

20 X 1-6 
~ 2 

= 15 tons 

The shearing force at the centre = 0 
The distance of the points of inflection from each end 
= 0-211A 
= 0-211 X 20 
= 4-22 ft. 

The bending moment and shearing force diagrams are 
similar to those in Tig. 100. 

95. Effect of Fixing on the M Diagram. Fig. 101 represents 
a fixed beam without any external applied load. At the ends A 
and B couples of magnitude M k and M h are applied respectively, 
the shearing forces at A and B being S k and <S„. 
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Taking moments about A , 


M k = 31 B — /S B i 






Fig. 101 


( 1 ) 

( 2 ) 


The bending moment at a point 0, distant x from A, is found 
from 

= M a -S»(L-x) 


or 




M l -M» 


(£-*) 


■M, = M L ~Sy(x) 

= Jfi. + * 


(3) 

(4) 


Thus, from (3) or (4), it will be seen that the M diagram 
slopes at a uniform rate from one end to the other. 


96. Fixed Beam with any Loading. Referring to Fig. 102, 
let At be the area of the free bending diagram AEFHB, and 
let x 1 be the distance of its centroid from A, also let A t be the 
area of AGDB, and x 2 the distance of its centroid from A. 


Then 

and 


.di — A 2 

{M l + M b ) 


or 


M k + M B = — 1 


( 1 ) 
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(ALx&l 4 - ( - n 

V El 7 

.since each end of the beam remains horizontal. 

— A2&2 » • • • ■ ( 

and since = A 2 

then x, = . . . . . . (3) 



--L — 

Piq. 102 


Taking moments about A we have 

„ _ M,L* , M.-M, 

— 2 ' 2 

MvL* MJJ 

= 3 + 6 

. _ MJA , MJA 

r AlXl 3 + 6 


r L 

LX- 


hence 2M S + 1 

From (1) and (6) we get 


3f„ = 


■ (4) 

• ( 5 ) 


4 Ax 

O^jarj 



■ (?) 

L 

L 2 

• 

• 

6^4 

2A 1 



• (8) 


£ 

• 

• 
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07. Fixed Beam with Isolated Load not at Mid-span, The 

maximum ordinate of the free bending-moment diagram 
Wab 

[Fig. 103) is ^ and from (7) and (8), par. 90 

M _L_ ( Wab v (2_±A)\ _ 6 

A _ {a + 6) \(a + b) x 2 ) {a + b )« 

( fFah a 2a IFah 6 / 6\ 1 
(( a ~h b) 2 3 (a -j- b) 2 ^ ^3 ) j 


Wab 2 

~ (a+ b)* 

W 



Fig. 103 


nd .Mb = 


6 f IFah a 2a 
(a + 6) 2 j (a + 6) * 2 ‘ T 


JFah b ( b\) 

+ {^fb)-2-\ a + 3j} 
2 ( Wab (a -\- 

a + b l (a + b) 2 


Wa z b 

~ (a~+~6) 2 

Taking moments about B 

BJfl + b) = Jf A - jf B + FF6 

(a + 6) 2 (6 a) 
JF6 , . 


(6 - a) + Wb 


= (^+h )2 |a6 - a 2 + a 2 + 2 ab + b*\ 

D Wb* (3a + b) 

A ~ (a + bf ‘ 


( 3 ) 
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Taking moments about A 

,Z?g(i2 -f - 6) = M% — M± -f- Wa 
Wab 


and 


R v — 


(a -f 6) 2 

Wa 

(a + b) 2 
Wa 2 (a -f- 36) 

~a~+W~ 


(a - b) -)- Wa 


(ab - b 2 4- a 2 + 2ab + b 2 ) 


(3 a) 


The distance of the points of inflection from the ends of 
the beam is found from 


zl 

a 


M k + 


( M b - jtf A ) 
(a + b) 


which gives 


and 


which gives 


x-, — 


Wab 
a + b 
a(a -f- b) 

3 a -f- b 

a +b 2 
Wab 
(a + b) 
b(a + b) 


( 4 ) 


2 a + 36. 

The negative bending moment under the load is equal to 
Wab 2 Wab a — b 


(6) 


{a + b) 2 


+ a 


(a + 6) 2 ' a 4- 6 
Wab (a 2 + b 2 ) 


(a -)- 6) 2 a + b 

and the deflection under the load is given by— 
Wab b 26 Wab ( a 2 + 6 2 ) 6 26 
(a + 6) 2 (a + b) 2 


2 


Wa 2 b b 


L(a + 6) 2 ' 3 
- b \ 


3 (a + b) 2 2 


( Wab b 

Wab ( a 2 + b 2 ) b 

Wa 2 b b) 1 

((a + 6) 2 

(a -j- 6) z a b 2 

(a -f 6) 2 2) J. 


6 

3 

m 


1 P7ffl 3 6 3 
3 {a + b) 3 EI 


( 6 ) 
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The resultant bending moment at E , distant x from A, and 
between A and the load, is 

Wb Wab 2 Wab (a - b) 

(T Tb) X ~ [a + b ) 2 ~ (a~+W (o+Tj * ' • ' W 

The slope at E 

1 ( Wb x 2 Wab 2 1 Wab (a-b) x 2 ) 

= Tl ( (T+T) 1 " (a + b) 2 X ~ (a + bf (T+lj I) 1 (8 > 


The maximum deflection will occur where (8) is zero, i.e. when 
Wb x 2 Wab 2 Wab (a - b) x 2 

(a + 6 ) 2 (a + &) 3 * (a + 6) 2 (a + b) 2 — ^ 


or 


2a(a + b) 
3 a -\-b 


( 9 ) 


and the maximum deflection is found by substituting the value 
of x in (9) in 


‘ Wb x 3 

Wab 2 x 2 

Wab f a - b\ 

_(a + b) 3 

(a + b) 2 2 

{a + b) 2 \o -f- b) 


| JF6 x 2 Wab 2 Wab f a — 6 \ m 2 ) 1 I 

~*((T+6) 2 ~ (a + 6) J * “ (a-f 6) 2 V^T&/ 2 ) J Tl (10) 

,. . 2 Wa?b 2 

which gives Z max = - ^ . , . ( 11 ) 


98. Fixed Beam Ends not at Same Level. Uniformly distri¬ 
buted load w per unit run. 

Let Z be the difference in level between the ends of the beam 
(Fig. 104). A point of contraflexure occurs at mid-span, and 
each half of the beam might be taken as a cantilever, the free 

£ 

end of which is caused to deflect - by a load H at the free end. 


Then 


Z 1 H{\Lf 

2 3 El 


12 BIZ 


L* 
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The bending moment diagram on each half, due to H, is 
triangular, the maximum ordinate being 

12 EIZ L &EIZ 

± x 2~ =*= IF 

The fixing bending moments will be altered, due to the differ¬ 
ence in level of A and B by the above amount, and hence this 

„_L 

z 

-~r 


H 



M. Diagram, Ends Level 


WL mz 
12 L z 

M.Diagram, Ends on Different Levels (fi) 
Fig. 104 




quantity must be added to, or subtracted from, M k and M B , 
depending on which side is the higher. When A is above B, 


,, WL 6EIZ , WL 

M - = U + and = 12 


C EIZ 

~TF 


The combined diagram of bending moment due to H, and 
to the fixing of the ends, is shown at (c), Fig. 104. 
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99. Mathematical Treatment of Fixed Beams, (a) Fixed 
beam with isolated load at mid-span. 

Since the beam is symmetrical, the fixing moment is equal 
in magnitude at each end, and equal to, say, M T . Referring 

to Fig. 99, we have that from x — 0 to x = where origin 
is taken at mid-span, 

„ T d*y W (L \ „ 

EI dx*~ 2 \2~ X )~ M * 


and 


_ T dy W (Lx a 2 \ 

EI dx~~2 \Y ” 2 / " MfX + G 


dy 


at * = 0, ^ = 0, G — 0. 


also 


at x = 


dy _W (Lx x 2 
E1 dx 2 \ 2 2 

W (lx* x 3 

«s- T ( T -e 


■ MjX . 
MvX* 


+ c t 


$ _o. 

dx 




WL 

8 


at a: = 0, y = 0, Cj = 0 
and 




V* 


% 3 \ WL 
QJ~ 8 


WL x* 
2 


at x = 2 the deflection is maximum. 


( 1 ) 


( 2 ) 


(3) 




IF (L 
2 (4 X 4 


I 2 IX 3 

6 8 


8 


£ 2 1 
X T X 2 


= — WL* 
192 vv 


II i on 


1 WL 3 


192 El 


( 4 ) 
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The beading moment at mid-span 


W 

2 


( 5 - 


WL IVL 
8 _ 8 ' 


(6) Fixed beam, with uniformly increasing load. 

Referring to (3), par. 61, the free bending moment at the 
fL 2 fx 3 

point C is J -jr x - —, also, by (4), par. 90, the negative bonding 


moment at C is M L + 


M«-M k 
- ? - *. 



Fiq. 105 


.’. Resultant bending moment at C 

... ~ x 

G X 6 Mk L 

dy fLW fx* M„-M k x* 

•• EI Tx--fT-2i- M * x - L~ ~2 + ° 

dy dy 

at x — 0, = 0 , O — 0, and at x = L, = 0. 

/£* fL* M B -M k L 2 

u--2i- MkL — r~-2-° 


or -f M b = 


fL 3 

12 


also 


„ T fL 2 x 3 fx B M k x 2 M^-M k x 3 , n 
EIy 36 120 2 L 6 + Gl 


( 1 ) 
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at x = 0, y = 0, Gj = 0, and at x = L, y = 0. 

fU fU M k lP- M b - M k L 3 
36 120 2 L 6 — ‘ 


or -M s + 2 M a = —/L 3 
from (1) and (2) 


M = i. fi 3 _ 

20 ^ 10 


1 


PFP 


^ = 30^ = 15 


( 2 ) 

( 3 ) 

( 4 ) 


The bending moment diagram is shown by Fig. 105 

(c) Horizontal beam, fixed at one end , supported at the other 
end, and carrying a central load W. 

Let P be the supporting force at the free end, L the length 
of the beam, and M f the fixing couple at the fixed end. Taking 
the fixed end as origin, we have 

■ ■ ■ <» 

from x = 0 to x = — 

2 

and El = P (L - x) . . . . (2) 

from x = — to x = L. 


From (1) El ^== P ( Lx 


! ) 




+ W 


a"* 


+ c 


.. < 2 > = + 


(3) and (4) must agree at a; = -. 


C = C X 


at * = 0, ^ = 0, 
da; 


from (3) O = C 1 = - 


WL 2 


( 3 ) 

( 4 ) 


8 
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/ Lx 2 x 3 
= p (- 

V 2 6 


(W 


6 


and 

/ Lx 2 a; 3 ) FX 2 

= p hr ~ ¥)" — * + c * 


FA 2 


* + C* 


V 2 6 

L 

(5) and ( 6 ) must agree at a: = -. C 3 = 0. 
At x = 0, y = 0, and at x = L, y = 0. 

PPX 3 

from (5), -jg- - C 2 = C,. 


And substituting in ( 6 ) when x — L, 

■ p _ JL w 
16 


WL 3 WL 3 


8 


48 


Taking moments about the fixed end 
WL 

PL~^f + M r = 0 


( 5 ) 

( 0 ) 


(?) 


M ,=~WL ... . ( 8 ) 

Problems of this type may also be solved by treating them 
as continuous beams (see later examples). 

100. Disadvantages of Fixed Beams. At first sight, it would 
appear to be a decided advantage to use a fixed beam in 
preference to a simply supported beam, since the fixed beam is 
much stiffer and stronger, also the maximum bending moment 
often occurs at the fixing, and thus the strengthening of the 
beam to take this bending moment does not increase its weight 
to any great extent, as would occur in a simply supported 
beam. Referring to par. 98, it ■will be observed that, if the 
ends are not at the same level, then the bending moment is 
greatly increased, hence any settling of the supports of a 
fixed beam would cause a great alteration in the stresses. In 
a fixed beam also the slope at each end must be zero, and any 
variation of this will cause alteration in the estimated stresses, 
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These two factors, which go to make the actual stresses 
uncertain, are the main reasons for not adopting fixed beams 
universally. If a fixed beam be hinged at the points of contra- 
flexure, then each end portion forms a cantilever, and the 



Fig. 106 

centre portion a simply supported beam. This method obviates 
the above disadvantages, and is used in cantilever bridges. 

101. Continuous Beams. A beam resting on more than two 
supports is said to be continuous. Such a beam is represented 
by Fig. 106 (6). Changes of curvature occur in each span, due 
to negative bending moments at the supports. In the case 
represented the supports are assumed to be at different levels, 
being distances y a , y 1 and y 2 from a horizontal line AB. Sup¬ 
pose the loading to be such that the “ free ” and “ fixing ” 
bending moment diagrams are as shown at (a), the resultant 
diagram being shown at (c). The area of the resultant diagram 
on the span Z* is A 1 , and the distance of its centroid from a 
vertical fine through the left-hand support is ; also the area 
of the resultant diagram on the span l 2 is and x, is the 
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distance of its centroid from a vertical line through the right- 
hand support. 

Draw CD , a common tangent at the point of contact of 
the central support, and let a be its inclination to the hori¬ 
zontal, agreeing to take intercepts, between tangents to the 
deflected beam, on a vertical line as positive when measured 
downwards, and vice versa as negative, we have 

~ ei ~ ■ ■ (^) 

~ z 2 — — ~ h a + (Vi - yA ■ • ( 2 ) 


A]X ! y x - y 0 


A 2 x 2 y 1 — y 3 
Elk ‘ k 


_ y^-y* , yi-y» 

Elk ^ Elk h k 


Ai%i A^ __ ( 

h + k t 


yj~io^yjrAh) m 
h h ) 


When the supports are all at the same level y 0 ~ Vi — Vi 

and ^ + = 0.(4) 

h. ^2 

If the areas of the “ free ” bending moment diagrams are 
S l and S 2 , and the distance of the centroid of S t from a vertical 
line through the left-hand support is x lt the corresponding 
distance of the centroid of S z from a vertical through the 
right-hand support is x 2 , then from (4) 

X 

(S'.*! S 2 x 2 ML M-, ALL 

“ T+ir r-T ft + «--f = ° 

and AIL ~b 2Jf 1 (Z 1 -j- l 2 ) -(- ML — 6 j —j~ -f- j 


(6) 
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This is Clapeyron's Theorem of Three Moments,” and with 
its aid, by taking the spans in pairs, sufficient equations are 
obtained to solve for all the " fixing ” bending moments. 

102 . Shearing Forces and Reactions. Consider the spans 
and l 2 of the continuous beam (Fig. 107), and let the reactions 
at EG and D be R a , R 0 , and respectively. If the shearing 
force on each side of the support C be F c and F l c , then R 
= F 0 + F\. 

Let W 2 be the total load on /, and x B the horizontal distance 
of its centroid from B, and let W. 2 be the total load on Z a , the 
horizontal distance of its centroid from D being x T) . 

Fa ^b F c F c F d F d 



Fig. 107 


Considering the span BO, and taking moments about B 
M b -M 0 + F = WiX D 

nr F M 0 -M b W 2 x b 

or F ° - ■ -J- ■ + • • • • (1) 

Considering span CD, and taking moments about D 

M B - M 0 + F 0 \ = W t x D 

R 0 = F 0 + F\ 

_M 0 -M b , M c - M\, , W 2 x B , W 2 x B 

h + k + ~ir + ~r (3) 

If the loading on and l 2 be w l and w 2 per unit run, then 
ilq , lb 2 ^ 1 , w 2 l 2 

and R u = + W p + "f . (4) 

The reaction and shearing forces at the other supports are 
found by a similar method. 
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Example 2. 

Draw the bending moment and shearing force diagrams for a continuous 
beam which is supported at three points at the same level, but free at its 
extremities. The spans are 60 ft. and 36 ft. : the 60-ft. span supports two 
loads of value 2,0001b. and 1,0001b., distant 20 ft. and 40 ft. respectively 
from the free end, and the 35-ft. span is loaded uniformly with 100 lb. per 
foot run. 

The maximum ordinate of the free bending moment diagram 
for the 35-ft. span 

WL 100 X 35 X 35 X 12 
- ~8 8 


= 183,7501b. in. 

In the free bending moment diagram for the 50-ft. span, the 
bending moment at the 2 , 000 -lb. load 
= 1,400 X 240 
= 336,000 lb. in. 

The bending moment at the 1,000-lb. load 

= (1,400 X 480) - (2,000 X 240) 

= 192,000 lb. in. 


Referring to Fig. 108, M k = 0 and M a = 0 , since the ends 
are free. Then the equation— 

+ 2_Mj (h + 4) + M c l s = 6 | -y— 1 -f—y^ j 

becomes 


= 6 ] - 


j + (192,000 X 240 X 30 X 12) 


2 M b (50 + 35) 12 
''336,000 X 240 


X 


40 X 12^ 


600 


144,000 X 240 80 


+ - 


80 \ / 192,000 X 120 

X -3 X 12J + ( - g - X 520 


+ A 


600 

'’183,750 X 420 X 2 420 

3 x IT 


420 



212 


STRENGTH OF MATERIALS 
M b = 244,5001b. in. 


/0 - 244,500\ 

= 1,400 + (-^-j = 1,400- 408 = 9921b. 

3^ - 2,000 = 992 - 2,000 = - 1,008 lb. 


£ e = ^ - 2,000 - 1,000 = - 1,008 - 1,000 = - 2,008 lb. 


S' E 


3,500 X 


35 X 12 
2 


35 X 12 
1,750 + 682 
2,332 lb. 


+ 


244,500 - 0 
420 



S c = 


1,750 + 


0 - 244,500 ) 
420 ) 


- {1,750-582} 

- 1,168 lb. 


The shearing force diagram is shown at Fig. 108. 

103. Wilson’s Method. In this method the reactions at the 
supports are found by equating the upward deflections caused 
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by the supporting forces to the downward deflections which 
the loads would cause at the various supports, if, in each case, 
the beam wore supported at the ends only. 

W, \w, \w a % 


A 

B 

C 

V D 

*a 

% 




Fig. 100 


In Fig. 109 assume the beam supported at A and E only. 

Let y Vj — the sum of the deflections at B caused by loads 
JV 2 , and W 3 separately. 

)f y Q = the sum of the deflections at C caused by loads W x , 
W s , and W 3 separately. 

„ y D = the sum of the deflections at D caused by loads Tf r 1# 
W 2 , and TF 3 separately. 

With the above loads removed, again assume the beam to be 


supported at A and E only and to carry loads R h , 

R c , and R r) . 

Let dj® = the deflection at B caused by unit load at B 

A C — B 

1) - 5 J 7 3 3 3 7 3 

G 

A B — B 

5 3 ^1 - 3 3 3 3 •*-* J» 3 3 

D 

s b = c 

33 U 2 - 3 3 3 3 w >3 33 

B 

A 0 — 0 

3 3 ^2 J - 53 33 5 5 ” 

G 

AD- C 

33 •■'2 33 35 ^ 35 35 

D 

Shnilarly d 3 B , d 3 °, and <5 3 D are the deflections at D caused by 
imit load at B, G, and D respectively. 

2/b = ^b^i 15 + Rc&il 

• (1) 

Vo — -^b'V 3 -j- B(i> 2 -j- RJ* 

■ (2) 

2/d — ] 

• (3) 


From these equations R n , li c , and U D can be determined. 
i? A and Ii E can then be determmed. by taking moments about 
A and E respectively. 
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Example 3. 

Determilio the reaction at. each support nf the continuous beam shown in 
Kig. HO and draw tho bending moment and shearing fmve diagrams. 

8 tons 6 tons 7 tons 



The solution of this example will entail the use of the 
following deflection formulae— 

WaWF, 

V ~~ 3 EI(a + b) 

Wbx a 2 + 2 ab — .t ,a 

v ~ El (a + b) 6 

Wax' IF 2 ab — (x') 2 
y " EI(a + b) 


f> 
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y b = 


6 


~v\()EI (S X 2 X 16 < 1S2 + 2 X 2 X IS - IB*) 

+ 6X11X5 (9 2 + 2x!)Xll— 5 2 ) 
+ 7X2X5 (17 2 + 2 X 17 X 3 — 5 2 )} 


~ 120111 X 103 ’ 290 


Uc = fl x 2 X 8(182 + 2 X 2 x 18 - 8 2 ) + 6 

X 9 X S(ll a + 2 X 11 X 9 — 8 2 ) 

+ 7 X 3 X 12(17 2 + 2 X 17 X 3 — 12 2 )} 

= I20 m x 214)900 

Upward deflection at B 

= {(214 X 25 X 225) + R c X 40(12* + 2 

1 " UX ' i X 8 X 12 — 5 2 )} 

~ 12ft®l i 11 ’ 2 ^ 0 ^ 13 ^2 j 440J? c ) 


Upward deflection at 0 

= TnKWJ {-®b X 5 X S(15 2 + 2 X 5 X 15 - S 2 ) + 2 B a 

X 144 X 64} 

= £ 2 IeI { 12,44014 + 18 , 43214 ) 

11,25012b + 12,4401? c = 163,290 
12,440.K B + 18,43214 = 214,900 
hence 14 = 6-4 tons and B c = 7-32 tons 

Take moments about D. 

20 B a + (6-4 X 15) + (7-32 X 8) = (8 X 18)+ (6 >< 11) + (7 X 3) 
-fi A = 3-88 tons and B D = 3+ tons 

24 

Free bonding moment at E on span AB - - x 2= 9-6 ton-ft. 

24 

F „ BC = — x 3 = 10-3 ton-ft. 
21 

„ G ,, CD— — x 6= 131 ton-ft. 


8 —(T. 5464 ) 
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For the .span/-: AE and B( 


°(ir + x) ~ 


9-6 X 2 2 \ 

3/ 3\ 

2 X 3 “) 

+ 9-0 X 2 ( 2 + 5 ) 


/JO-3 X 4 / I , \ , 10-3 X 3 2 

+ ( 2 (3 X + 3 ) + 2 X 3 X 3 


= 162-53 

= 2J/ b (12) + 7 M c 

or 24 M b + 7M C =. 162-53 

For the spans BC and CD, 




( 1 10-3 x 4 2 \ , 10-3 X 3 / 1 \ 

= a ( -2- X 3 X 4 ) + 2 r + 3 X3 ) 

/13-1 X 5 / 1 \ \ /13-1 X 3 2 \1 

+ (- — ( 8 + 8 x6 )) + (-T- x 5 x8 ) 


= 246-5 


7 M n -I- 2i¥ c X 15 = 246-5 
or 7 J/ D + 30 M c = 246-5 

From the equations, 

24 M B + 7 M c = 162-53 
and 7ilf I} + 30JU c = 246-5 

M b = 4-7 tons ft. 
and M c = 7-12 tons ft. 

These are the fixing moments at supports B and C. The bending 
moment and shearing-force diagrams are shown in Fig. 110. 


104. Beams Fixed at One End. When a beam is fixed at one 
end, and propped at the other end, the theorem of Three 
Moments may be applied to find the bending moments, by 
imagining a span of exactly similar dimensions and similar 
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loading to exist beyond the other side of the constraint. The 
following examples will illustrate the method of attack. 


Example 4. 

A cantilever 20 ft. long is propped at one end, and a load of 1,0001b. is 
placed at mid-span. Draw the bending moment and shearing force diagrams, 
and find the distance of the point of contraflexure from the constraint. 
(Compare par. 90 (c).) 


Referring to Fig. Ill, suppose another similar span to exist 
to the left of B, and let be its propped end. 



S. Diagram 


Fig. Ill 


;n MJ, -f- 2 M b (l -j- 1) MJ 


Wl l l Wl l l 
4*2*2 4*2*2 

z + 7 


Since A and A x are supported, M k = M kl = 0 
n 6(2 Wl 3 ) 

■■ 2x2 “- = T|TFf 


M —n wl 


3 

= Yg x 1,000 X 240 
= 45,000 lb. in. 
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-o" + 


W , H k ~M* 1,000 , 0-45,000 


+ 


= 500 - 187-5 


= 312 5 1b. 

S B = - IF + S k = - 1,000 + 312-5 
= - 687-5 lb. 

To get the distance of the point of contraflexure from B 
we have the positive and negative bending moments, equal at 
this point, and hence 

x 120 1 


also 


y 60,000 500 

y = 500a; 

y _ 240 - x 
45,000 = 240 

45,000(240 - a:) 


( 1 ) 


y = 


240 


1,500 

= -Y~ (240 - x) 
1,500 

500a; = —%— (240 - x) 

O 


( 2 ) 


x = \ (240 - x) 

8x = 720 - 3a; 
x = 65-45 in. 

105 . Advantages and Disadvantages of Continuous Beams. 

The maximum bending moment on a continuous beam is less 
than that which occurs if the spans are bridged by simply 
supported beams ; also the maximum bending moment occurs 
at the supports. It would appear that a decided advantage 
is gained by the use of a continuous beam, since lighter material 
will be required to resist the bending moment, and also, since 
the heavy portion of the beam, required to resist the bending 
moment, is near the supports, the weight of the girder will not 
materially affect the stresses. 
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It must be remembered, however, that the bending moment 
is calculated on the assumption that the supports are all at 
the same level. Any deviation from this condition seriously 
affects the bending moment, and consequently the estimated 
stresses. It is owing to the difficulty of arranging all the 
supports at the same level, and keeping them at this level, 
that continuous beams are not more universally adopted. 

When a continuous beam consists of a number of spans, 
two points of contra flexure usually occur between each pair 
of supports. The bending moment being zero at these points, 
it is possible to hinge the girder here. The end portions then 
act as cantilevers, and the central portion as a simply supported 
beam ; hence changes in level of the supports do not affect 
the bending moment. This is the principle underlying the 
cantilever bridge, an excellent example being the Forth Bridge. 


Example 5. 

A cantilever is built into a wall and propped level when unloaded. Find 
where the prop must be placed in order that it Bliall support one-half of on 
evenly distributed load that may bo placed on the cantilever. (Load. Univ., 
1913.) 


Let the constraint be A, the prop B, and the free end G. 
Then, imagining a similar span to the left of A. we can get the 
value of M k . 

M\ = M b = —- where l = BC and w is the evenly distri¬ 
buted load. 

Then, if AB = Zj, AC = ^ + l = L. 


MAi + 2i(/ A (Z t Zj) -f- liy, = 




+ 4MJ y = -i 3 
wU + 4 M k = Wl f 
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1 r> I -^D ~ "^ A I 1 7 I — i^C *0(^1 4" i) 

also R b = T 4- + 2^4-- J -=- 2 “ 

wl, i wl 2 wj^ r wl 2 | wl i ?aZ n w>(?.j -)- 0 

T + 2^~T + "ir i + _ 2 + T _0= 2~~ 

zl + ZT^ + i + z + z = zl + * 

If - All, - 6Z 2 = 0 

/. Z 1 = 6-162 

= 0-8A0L 


EXAMPLES IX 

1. Deduce a formula for the doflection of a beam of constant section when 

loaded at the centre and fixed horizontally at the ends. A timber beam 
fixed horizontally at the ends has a depth of 12 in., and a width of 5 in.; 
its span is 20 ft. Find: (1) The load wliieh, placed at the centre of the bsam, 
will produce a maximum stress of 1,000 Ib./sq. in. on a vertical section of the 
beam; (2) The deflection under this load. E = 1,750,000 lb./sq. in. (Lond. 
Univ., 1918.) Ans., 4,000 lb., 0-228 in. 

2. A beam with ends fixed horizontally at the same level is subjected to a 
uniformly distributed load. Obtain expressions for the bending moment, 
slope, and deflection at any point, and determine their maximum values. 
(Lond. Univ., 1913.) 

3. A rolled steel joist 20 ft. clear span is built into walls at each end, and 

supports two loads of 5 tons each at a distance of 7 ft. from each wall. Sketch 
the bending moment and shear diagrams. Find a suitable section for the 
beam, the depth of which is 3 times the breadth of the flanges and 12 times 
the thickness of the flanges. Maximum stress, 6 tons/sq. in. (Lond. Univ., 
1914.) Ans .. 11-25 in. X 3-75 in. x in. 

4. A T-shaped mild steel bar is used to span 10 ft. and is rigidly built in 

at its ends. Loads of 1 ton each are placed at 2, 4, 6, and 8 ft. respectively 
from one end. Find the maximum tensile and compressive stresses in the 
bar. Size of bar, 10 in. deep by 6 in. across by 1 in. thick, at all places. 
(Lond. Univ., 1922.) Ans., 1-11 and 2-0 tons/sq. in. respectively. 

5. A cantilever 12 ft. long carries a uniformly distributed load of 250 lb./ft. 
run. It is supported at a point 8 ft. from tho wall by a column, which causes 
the cantilever to be forced upwards to such an extent that the bending moment 
at the wall is zero. Find the pressure on the column, and sketch the diagrams 
of bending moment and shearing force for the cantilever, with the column in 
the given position, putting in tho leading dimensions. (A.M.I.Mceli.E., 1924.) 

Ans., 2,250 lb. 

6. Draw the bending moment and shearing force diagrams for a continuous 
beam of two spans of length 60 and 40 ft. respectively, when the longer span 
is loaded uniformly with 1-2 tons per foot run, and the shorter span has a 
central load of 30 tons. What is the reaction at the central support ? 

Ans., 68-2 tons 
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7, Construct to scale the bending moment diagram for a continuous beam 
of three spans of lengths, from left to right, 40 ft., 30 ft., and 40 ft-, respec¬ 
tively. The left-hand span is loaded uniformly with 200 lb./ft. The contre 
span is not loaded and the right-hand span supports a central load of 800 lb. 

8. A continuous beam of two spans, of length 1 1 and Z 2 , is clamped at one 
end and freely supported at the other end. A load II' is placed in the span 

at a distance a from the'freely-supported end. Find an expression for the 
bending moment at the clamp and at the central support. 



CHAPTER X 

BEAMS WITH LARGE ORIGINAL CURVATURE 


Research Memoirs, I, 


if-. 0 


106. This problem has been dealt with by Winkler, and later 
by Andrews and Pearson. For a full discussion of the theories 
put forward the student is referred to Todhunter and Pearson’s 
History of Elasticity (Vol. II), and to Draper’s Company 
1904, Each theory diverges slightly 
from the true state of affairs, the 
former assuming that longitudinal 
fibres of the bar, parallel to the 
central axis, exert no action on 
each other, and the latter in that 
it neglects stresses in a radial 
direction. 

Making the assumption that a 
section which is a plane before 
bending remains a plane after 
bending, and that the stress is 
proportional to the Btrain, we 
obtain, by consideration of Fig. 
112, an idea of the bending moment, and stress due to bending, 
at any point in the beam. ABGD is a portion of the 
original curved beam in its unstrained state, where R is 
the radius of curvature of the central axis EE, and y is the 
distance of a fibre GH from FE. A 1 B 1 G 1 D 1 is the strained 
position of the beam, R x being the radius of curvature of 
F 1 E l , and y t being the distance between F 1 E l and G X H v If 
/ is the stress in the strained fibre G X H D and M the bending 
moment on the beam, assumed uniform, tending to increase 
curvature, we have, by consideration of the strains in 6?jH, 
and in F x E lt that 



/=E 


3^-0 = 

V GH V 


E 


~H Vi & __, 

R + y o 


1 + 1== 


+ th 4* 
R + y Q 

222 


(1) 
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Similarly, if f e is the stress in the fibre F X E^ 

ft, , 

E~*~ R Q ' 

E^ 1 _R 1 +y 1 R 

n 


/ 


k 

E 


+ 1 


R + y R\ 


1 + 


Vi 

R, 


1 4- “ 
+ R 


but = e = strain in fibre G 1 H 1 
L 


( 2 ) 


(3) 


and ~ = e 0 = strain in fibre 

• ' j _i_ ffl 

e + 1 + Ry 


e ° +1 1 4. X 

+ J? 


which reduces to 


(1 + e o) 


e =- 


M 

M 


-1 


or, neglecting the difference between and y 

(1 +6o) ( R X ~R 


e = e 0 + 


1 + 


The stress in G 1 H 1 (which is tensile) 
= Ee 


— E e 0 + 


(1 + e a ) 


R, 


-s)A 


1 -f- 


R 


(4) 


(5) 


( 6 ) 
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The total force on the cross-section = JBe . dA 

m + «•) 


= F — I Ee 0 . dA 4 


Ee B A 4 




. dA 


-E(i + e o) f 4 y. tkf 


>+i 


where A is the cross-sectional area of the beam. 

The resisting moment is given by 

M = JEeydA 

m + e o) 2^ 


= / • dA 4 


i + £ 
+ R 


and since FE passes through the centroid of the section, 
Ee 0 y . dA — 0. 

'?/ 2 dA 

Also if / — : -be equated to Ah 2 


T 


+ 1 
+ R 


then 




Ah 2 . 


(7) 


L_ Ah 2 

y +~R dA = " ~R~ 


1 _1\ Ah 2 

R[ ' RJ 'R 


F = Ee B A~E(l + e 0 ) 
F = EA (^e B - (1 4 e„) 


( 8 ) 
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From (6) and (7) 

f = Ee 0 + E[ 1 + e 0 )Q- - ^ —“~ 

1 T> 

_ Ee , M yR 
E 0 + Ah 2 y + R 

and, since we have assumed uniform bending moment, F — 0. 
e 0 = (l + e 0 ) R 


M 

~ ear ■ 

/= iL + M 

J AR ^ Ah 2 y + R 


M / 

~ AR\ 1 + 


yR 

H 

y 


R 2 \ 
t o) tensile 


(9) 


( 10 ) 


y + R h 2 / 

On the side of FE next the centre of curvature, y will be negative 
and the “ tensile ” Btress will be given by 


/ 


y R2 \ 

~~ AR \ R-y h 2 ) ' 


( 11 ) 


The result will be negative, showing that the stress is really 
compressive. Hence, we may say that the compressive stress 
on the side next the centre of curvature is given by 


f= JL ( -I- _ A 

J AR \R - y h 2 ) • 


( 12 ) 


If a bending moment M tends to decrease the curvature, 
then (10) will be a compressive stress, and (12) a tensile stress. 

107. Values of h 2 . If the beam section is rectangular of 
breadth B and depth D, then 

D 

Ry 2 Bdy 

' + R 


h 2 = 


uc^/uu -t-' j 

1 f + ?Ry 
BD 7 

J B 


R\ 2R + D 
= ^ log, vr— w - R 2 


2 R-B 


( 1 ) 



STRENGTH OF MATERIALS 


22 0 


If the section is circular, of diameter D, then 





( 5 ) v + etc - 


(2) 


If the section is a trapezium, whose parallel sides are B and 
C, and whose centroid is a distance E from B and F from G, 
then 



108. Application of Formula to Crane Hooks. When a hook 
is subjected to a load W, the stress, at the inner and outer 
side of a horizontal cross-section, such as X t X 2 (Fig. 113), may 
he found by calculating the bending stresses at these points 
by the aid of (10) and (12), par. 106, and adding the direct 
stress on X 2 X 2 due to W. 

The bending moment M tending to reduce the curvature 
— Wx, and if f x is the tensile stress at X 1; and f 2 the compressive 
stress at X 2! then 

f Wx ( ft R2 ^ i E 
Jl ~ AR\R- Vl A a A ‘ 


(1) 
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and 


, i ^ I 

^J/a + iZA 2 / A 


( 2 ) 


where 0(3 = R is the radius of curvature of the central line 
at G; the value of h 2 being found from one of the formulae 
given in par. 101. 


Example 1. 

A crane liook carries a load of ; ton, the line of the load being at a hori¬ 
zontal distance of 1J in. from the inside edge of a horizontal section through 
the centra of curvature, the centre of curvat tire being 1 { in. from the same edge. 
The horizontal section is a trapezium whose parallel sides are iin. and 1 in., 
and perpendicular distance apart 1J in. Find the greatest tensile and com¬ 
pressive stresses in the hook. 

Referring to par. 107 (3), let B = 1 in., G = 1 in., then taking 
moments about B 


i + i 


x H x E 


1 

2 X 


WIVIvIL. 1 ! 

2 "i 2 x 2 X 3 


E = 0-555 in. 


and R = 0-555 -f 1-6 = 2-055 in., A 
- 0-555 = 0-695 in. 


= 0-9375sq. in., F = 1-25 


h 2 = 


(2-055) 3 

0-9375 

= 0-13 


0-5 


0-5 \ , 2-61 

-I^- 5 l-36j2-3 lo g— + 0-5 


1-36 


(2-055) 2 


From par, 108 

Wxf y } R 2 \ W 

h AR\R-y t h 2 j A 

where y x — E = 0-555 in. and x = 1-25 + 0-555 = 1-805 in. 

0-5 X 1-805 / 0-555 (2-055) 2 \ 0-5 

^ 0-9375 X 2-055 \ 1-5 ' 0-13 

= (0-468 X 11) + 0-534 
= 5-68 tons/sq. in. (tension) 

f _ Wxf, , y* n 2 \ w 

Ji AR\ l + E + y.hy A 
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where y 2 = F = 0-695 in. 

/ 0-695 (2-055V 

/ 3 - 0-468 ^1 + 2-055" + 0-695 0-13 

= 4-31 - 0-534 

= 3-77 tons/sq. in. (compression) 


-0-534 


109. Application of Formula to Rings. The circular ring 
shown in Fig. 114 has a pull W, applied at each end of a diameter. 

w 



Fig. 114 


Considering the portion X l X 2 X 2 X ly it is acted on by a couple 

W 

M 1 at X L X ly a pull equal to — on the section X 1 X 1 , a couple 

u 

M 2 at X 2 X 2 and a pull T on the section X 2 X t . 

Taking moments about X 2 X 2 

= ^ + ~ (l-sin0) . . . . (1) 

and from (7), par. 106 

■ B( l + e °)(^"^) AW =^i+^(l-sin0) . (2) 

/I 1\ WR 2 

or E( 1 + e 0 ) - B J AWRdd = M 1 Rdd + (1 - sin 6) dO 

and integrating for 6 — 0 to 6 — ^ 
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AJAR 


and since 


(1 + e 0 )^dd-Ej'‘ 

= A M,M8 + A 

Jo Jo 

fi (1 + e o)-S Jfl 7T 

/ A ““~2 
*-/0 


(1 + e,)iM0 


(1 - sin 


EAV l - EAh 2 \(1 + e 0 ) = ^ A - 1 


77 , PPjK 3 /77 


or - EA1A - e 0 = + -y— ^ ~ 1 j ' 

IF 

Also T = -g- sin (9 . 

or by (8), par. 106 

/ / i i\ ^2\ jy 

^ A"(i +e °) U'5j5j = T sin0 

from which with (2), above, divided by iJ gives 
1_ V2 r 


(3) becomes 

-WM 


7 + TT " ^ + 


JO 2 1F£ 2 • 
2 


„ Tf J? / R* 2 \ 

lfl 2 \RA + A 2 ■ 77 1 ) ■ 

WR ( R 2 


hence AT, = 


2 \R 2 + A 2 7T 


Jf 2 will therefore be maximum when 6=0 and 180°. 


WR R 2 2 

M = — 

2 i? 2 + A 2 77 


TO 3 

7T(iJ 2 + ¥) 


(3) 

(4) 

(5) 

( 6 ) 

(V 

C») 
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From (7), — 0 when sin 6 = 


2_B 2 


tt{R 2 + h 2 ) 


Thus, four points will be found (one in each quadrant), at 
each of which the bending moment, and consequently the 
bending stress, will be zero. 

From (5) and (6) 

W R 2 

e ° ~ EArr' R 2 + h? . (9) 

and the stress is given by Ee 

! (i + «i 


•>GH) 


\ 


*+i 


Jby (6) par. 106 


/II \ y WR [ R 2 2 . \ 

E (1 + e 0 ) R ) y ~ 2Ah z [ R 2 + h*7T~ 3111 6 ) y 

1 I n 


yR 
+ R 


, W r R 2 , R 2 ( R 2 2 . A y “1 m 

■ ■ f ~ A U(i? a + h 2 ) + 2/i a (i? 2 + h 2 • 7T SU10 J y + ffj (10) 

The resultant stress at any point in a section will be the sum 
of the bending stress and the direct stress, and at X 2 X, 2 the 
resultant stress is given by 


f Wf -R 2 R 2 f R 2 2_ . \ y 1 

Ir - A U(i2 2 + 7t 2 ) + 2 h 2 \R 2 + h 2 • 7T SU1 J y + R_ 

W sin 6 

+ -^j~ ■ 


( 11 ) 


On a section taken along the line of action of W, the stresses 
are as follows— 

(a) At outside of ring 

W R 2 f R 2 v ~ I 

= ' R 2 -r h 2 [ l + T 2 ' y t 1 Rj ( tensUe ) • ' (12) 
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(b) At inside of ring 

, w R 2 f R 2 y 2 ,1 , 

: J (compression) . 


. (13) 


and is the greatest stress in the ring. 

On a section along CD , perpendicular to the line of action 
of W, the stresses are given by— 

(a) At outside of ring 

, wr R 2 R*( R 2 2 \ y, -1 

Jr ~ A L^(oK 2 + h 2 ) 2 h 2 \R 2 + h 2 ' it ) y x + 22J 

F 

- 2 ^ (compression) . . . . (14) 


(b) At inside of ring 

wr R 2 ( R 2 2 \ y 2 R 2 

/r “ A [.27a 2 U 2 + ‘ it ) R ~ y* n(R 2 + h 2 ) J 

fF 

+ ^ (tension) . . . . (15) 


110. Application of Formula to Links. Referring to Fig. 115, 
if M x is the bending moment at X t X lt and M 2 the bending 
moment at X 2 X 2 , then 


WR 

M 2 = M 1 -\- -j- (1 - sin 0) • 


1 1 


WR 


and E{\ + e 0 ) (-g- - ) Ah 2 = M x + (1 - sin 0) 


(1) 

( 2 ) 


or as in par. 109 

+e ° )Ak2 it 


16 „ Cl, Rdd 

r-E / 2 (1 + e 0 )A¥-^- 

^ tJ 0 

/ E rE rrj?2 

2 M^JRdd + / 2 —(1 — sin 

i/o 




7r M^a 

(1 


but 
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Fig. 115 

„, f-nR EAh 2 a\ WR 2 ( tt\ 10 ttW MJi 2 v 

WR 2 / 7T \ Wnh 2 
2 V 1 2/ 4 

TrR lt?U /l Z 7T 

T + 2p + 2J? 


^.= 
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M, = 


W I 

(R 2 R 2 

A) 

{7T 2 



h 2 a 

h 2 


R 

IF 

{R 2 R 2 


\77 2 

'*) 


a , 1*° , A 2 


ttb, 

+ ^a 


■ sin 6) 


(3) 

(4) 


where /i; is the radius of gyration of the section. 

In a numerical example, having found the value of M v the 
value of e 0 can then be calculated, from which the stress = He 
is obtained. 

The stress at the inside or outside of the link, at any section, 
can then be ascertained, as in (12)—(15), par. 109. The greatest 
bending stress will be that at the inside of the li nk when 0=0. 


Example 2. 

A link ia subjected to a pull of 2 tone. It is composed of Bteel, 1 in. diameter, 
and has a mean radius of IJin. Its semicircular ends are connected by 
straight pieces 1 in. long. Estimate the maximum compressive stress in the 
link and the tensile stress at the same section. 


Jl 2 - 


1 /£?Y = 1,1/1 


16 + '2 
= 0-0675 
(R 2 


8 Rj 


16 + 2 V 10 


W 




2 2 ) 


+ 7rF ^ R 2 


1-25 2 1-25 2 0-0675N 

7T 2 2 ) 

0-0675 0-0675 

i-25 + — X 16 + W 


= - 0-388 ton in. 

fW MA 1 / 0 - 388 \ 1 

~\2 + R/EA~\ ~ 1-25 j 0-7854 E 
0-878 


E 
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/ =Ee 0 + 


2Ah 2 \R Z + h 1 7 t 


— sin 6 


W sin 6 


y + R 


Maximum compressive stress occurs when 0=0 and y = - 0-5. 


/.„ = 0-878 + 


2 x 1-25 / 1-5G 

2 x 0-7854 X 0-0675 V 1-6275 


0-5 X 1-25 
0-75 


= 0-878- 12-04 
= - 11-162 


= 11-162 tons, sq. in. compression 

2 X 1 25 / 1-56 2 

= °' 878 + 2 x 0-7854 x 0-0675 \ 1-6275 X n 

0-5 X 1'25 
1-75 

= 0-878 + 5-16 
= 6-038 tons/sq. in. 




111. Flat Spiral Springs. A spring of this type is shown by 
Fig. 116. One end is fastened at O, and the other is attached to a 

spindle. Suppose a couple of magni- 

.^.~~*| tude M to be applied to the spindle, 

l .—!—- I then there will be a reaction F at 0, 

f ' whose horizontal and vertical com- 

y \f A/i\ \ \ l ponents are F x and F v respectively. 

+— d-U-/-My- ~V"M/x - Considering the small portion PQ, 

M ''\ V V v! y j ' the bending moment is equal to 

F \ XS~-> y F v x- F x y. 

1 Then, if d6 is the angle, through 

Pio. 116 which tangents at the ends of PQ 

change, we have 

Change of curvature = ^ where ds — PQ 

„ , . , , bending moment 

Hut change of curvature =-- 

F 7 x- F^y 
El 
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F Y x-F x y 
dd = n , -■ ds 
El 


and 6 = / zds - /yds j 

= total angle turned througli in “ winding-up” 
the last term of which is zero. 
r h 

Also J xds == L — where L is the length of the spring and 


F r - = Af, the couple applied to the Bpindle. 

a 


0 = 


ML 

El 


( 1 ) 


The energy stored in the spring 

FPL 


= i : 


JS/ 


( 2 ) 


If the coils have a width b, and depth d, and/* is the stress 
at PQ, then 

,, d 

h- i 

where M x = the bending moment at PQ. 

The maximum stress occurs at R, and is given by 


f max 


F Y h X 6 

W 

\2M 

~b¥ 


(3) 


If the greatest allowable stress is / 2 , then the greatest allowable 
value of 

bd% 


M = 


12 


( 4 ) 
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and hence, from (2), the maximum resilience 
1 / bd% y Lx 12 
— 2 \ 12 ) Ebd 3 

1 / 2 

= —- jjr per unit volume . , . (6) 


EXAMPLES X 


1. A beam of rectangular section 3 in. X 4 in. Inis its central line curved 
to a radius of B in. The beam is subjected to a bending moment of 13 ton in, 
Find the greatest tension and compression stresses in the beam if the bending 
moment tends to increase the curvature. 

.-In,s'., 1-3 and 2-1 tons/sq. in. respectively. 


2. Provo that the moment of resistance M of n curved beam of initial 
radius B 0 , when bent to a radius B 1 by a uniform bending moment, may be 
expressed by 


M = EAh* 



whore _T/i- 


v* R uU- 
+ U 


and y is the distance of any point in the cross-section A from the piano passing 
through the centre of figure and perpendicular to the plane of bending. 
(Lond. Univ,, 1913.) 


3. A circular ring is made of £-in. diameter iron, the mean radius of the 
ring being 2 in. The ring is employed at the oirl of a chain for lifting a half¬ 
ton load; find the maximum stress in the ring and show where it occurs. 
Deduce any formula you use. (Lond. ITniv., 1913.) 

.4?is., 19,750 lb,/sq. in. compression under load at inside of ring. 

4. The section of a crane hook is a trapezium whose inner and outer sides 
are 2 ill. and 1 in. respectively and depth 2| in. Tho contre of curvature of 
the section is at a distance of 2-j> in. from the inside of the section, and the 
load line is 2 in. from the same point. Find tho greatest load the hook will 
carry if the maximum stress is not to exceed 7 tons/sq. in. 

,4ns., approx. 3 tons. 

3. A chain link is made of J in. round steel and is semicircular at each end, 
tlie mean diameter of which is lj in. Tile straight sides of the link are each 
j in. long. If the link carries a load of J ton, estimate tho greatest tensile 
and compressive stresses in the link. 

Ah,?., (i'373 and 11-8 tons/sq. in. respectively. 

t). A flat spiral spring has a rectangular section }- in, x ^ and a length 
of 12 ft. If the maximum stress in the spring is 90,000 lb./sq. in., find the 
couple exerted on its central spindle, and the number of turns the spindle can 
make before the spring is run down. What amount of energy is stored in the 
spring ? 7J = 30 x 10" lb./sq. in. .-ins., 1-fi lb, in., 3’44,_lG-2 in. lb. 



CHAPTER XI 
THE TORSION OF SHAFTS 

112. The Relation between Stress, Strain, and Angle of Twist. 

A cylindrical rod is said to be subject to pure torsion when the 
torsion is caused by a couple, applied so that the axis of the 
couple coincides with the axis of the rod. The state of stress, 
at any point in the cross-section of the rod, is one of pure 



shear, and the strain is such that one cross-section of the rod 
moves relative to another. 

Considering the cylindrical rod of length l and radius r, 
shown in Fig. 117, a couple of magnitude T is applied to one 
end, and the other end of the rod is held, or constrained, by a 
balancing couple of equal magnitude. A line AB, on the 
surface of the rod, which is parallel to the axis before strain, 
takes up the form of a long helix AO after strain ; the angle <f> 
being the shear strain of the material at the surface, and since 
this angle is small 


BO = l<f> 

, BC 

or < f > — ~ .(*) 

f 

but cf> =* ^ where /, is the shear stress in the material at the 

o A 

surface of the rod, and BOG is the angular movement of a 
radius OB due to strain in the length l. 


f. = <f>0 . 


237 


( 2 ) 
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or f. = j G .( 3 ) 

which may also he put in the form 

/, = hr where k = j C 


hence, if f, 1 is the shear stress at a radius r lt we have 
fji = f> 

»i r . 


(4) 


113 Relation between Twisting Couple and Shear Stress. 

Considering a thin ring in the cross-section a.t A, of radius r-,, 
and thickness <5 r u on which the shear stress is f, 1 , the total 
force on the ring 

= f, 1 X 27r r^dr-L 

and the moment of this, about the axis of the rod, 

= f, 1 X 2 7 rr 1 2 <5r 1 

= — X 27rr 1 s dr J 
r 1 1 


/. 

r 


x 27 rr^dr 1 


when the ring is infinitely thin. 

The total resisting moment of the section 

= 2?r 7 £ 



(5) 


but the total resisting moment of the section is equal to the 
applied couple T, 


_ . 7/ / 


(6) 


Multiplying the right-hand side above and below by r 
r 2 

7Tf* 

and — is the polar moment of inertia of the section 



THE TORSION OF SHAFTS 


239 



and from (3) and (7) we get 

\T _f._ce 1 

U l] ' 


( 7 ) 

( 8 ) 


This is usually called the torsion equation. The usual units 
of measurement for the various quantities are— 

T = Twisting moment in lb. in. 

l v = Polar moment of inertia of section in inoh units. 

/, = Shear stress in lb./sq. in. at a radius r in. 

0 = Rigidity modulus in lb./sq. in. 
d = Angle of twist in radians in a length of l in. 


Example 1. 

Calculate the size of a shaft, which will transmit SO h.p. at 110 r.p.m. 
The shearing stress to be limited to 3 tons per square inch, and the twist of the 
shaft is not to exceed 1 degree in 7£ ft. of length of shaft. The modulus of 
rigidity, C, is 5,000 tons per square inch. Assume the twisting moment to 
be uniform. (Lond. Univ., 1919.) 


T = 63,000 


h.p. 


N 

63,000 X 50 
110 


lb. in. 


Resisting moment = /, — = torque 

u 

„ 63,000 X 50 ( 

110 X 3 X 2,240 X 7t 

r = 1-394 in. for safe stress. 

T_^ce 
h i 
4 m 

r 7 tC6 

_ 2 X 63,000 X 50 X 90 X 67-3 
_ 110 X 77 X 6,000 X 2,240 X 1 


and 
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/. r = 1-7 for safe twist 

Dia. of shaft = 3-4 in. 

= 3 X V in. 

114. Hollow Circular Shafts. In equation (3), par. 112, we 
proved that /, = kr ; thus, in a solid shaft of large diameter, a 
great deal of the material towards the axis will carry very little 
stress, and consequently will offer very little resistance to the 
applied couple. In a hollow shaft the average intensity of 
stress will be greater than that for a solid shaft of the same 
diameter, and hence a greater resistance to the applied couple 
will be exerted. 


Let R == outer radius of a hollow Bhaft 

and let r = inner „ „ „ „ 

also, if f, = shear stress at radius R, and 

/• 1 = »> jj >> r 

then the value of the resisting moment, which is equal to the 
applied couple T, is given by 


T=f. 


■nR 3 

2 


-f. 1 


77T 3 

~2 





the value of /„ in the twisting equation being given by 

r*) . 


(1) 

( 2 ) 


Compare the strength of a hollow shaft with that of a 
solid shaft of the same material, weight, and length. 

Let R and r be the outer and inner radii of the hollow 
shaft, and /, the maximum shear stress ; also let R 1 be the 
radius of the sohd shaft. 

rp P -' 1 

x hollow 2 \ jR 

m f t > u 
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If the maximum stress is the same for each shaft, 
Thoiiow _ R i -r i 
T so ud RR ! 3 

R 2 + r 2 . 

-p- R since It]* — R 2 -r 


R ( 1 \ , R 

= - 5 - I 1 H —5 ) where r — - 
Itj \ n 2 ) n 

n 2 + 1 

n\Ai 2 - 1 


(3) 


It is very common practice to take n = 2, which gives 

R hollow 

R tolii 2 i~\AS 

= 1-44 


115. Shaft Diameter for a Given Horse-power. 

It T — the mean twisting moment in lb. in. 

N = the r.p.m. of the shaft 
h.p. = the horse-power to be transmitted 
then T X 2 nN 

h ' P ' ~ 12 X 33,000 . W 

12 X 33,000 h.p. 

1 ~ 2 tt N 

h.p. 

or T = 63,000 .( 2 ) 


If the twisting moment is variable, then the maximum 
twisting moment T mas will be equal to a constant multiplied 
by the value in (2), and from ( 6 ), par. 113 


L 


77"T 


h.p. 

= 63,000 ~- 
N 



or 


( 3 ) 
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where d is the diameter of the shaft and f, the maximum shear 
stress. 

From equation (3), we see that, for a given value of horse¬ 
power, the diameter of the shaft will be smaller for a high 
speed than that required for a low speed. As an example, we 
may take the case of a De Laval steam turbine, which develops 
15 h.p. on a f-hi. diameter shaft, at 33,000 r.p.m. The diameter 
of shaft for the same horse-power, at 100 r.p.m., is given by 
d a _ 33,000 

(P ~ ~ioo“ 

or d — 2-59 in. 


Example 2. 

The external and internal diameters of a hollow steel shaft are 16 in. and 
9 in. respectively. Determine what horse-power it will transmit when the 
speed is 90 r.p.m. The maximum intensity of shear stress is not to exceed 
8,000 lb. per square inch. Compare the strength of this shaft with a solid 
one of the soma material and weight. (A.M.I.Mech.E., 1918.) 


T = 


f „TT / R i - r 4 \ 

2 \ R / 

8,000n /7*5 4 - 4-5 4 \ 

2 { 7-5 / 

4,000tt X 2,755 
- -lb. m 


T .N 

h ' P ' — 63,000 

4,000tt X 2,755 X 90 
“ 7-5 X 63,000 


= 6,596 


Strength of hollow shaft n 2 -j- 1 _-R 

Strength of solid shaft nVn 2 - 1 W 1CTe ?l r 


9 a X 


15 2 -f 9 8 
15 /15 s — 9 8 

9 V 9 2 


306 

“ 15 X 12 
= 1-7 
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116 . Horse-power of Turbine-driven Skips. In order to 
determine the power developed by the turbine, we make use 
of instruments called torsion-meters, mounted on the shaft. 
A description of these instruments does not enter the province 
of this work, but the student is referred to The Theory of 
Machines, by R. F. McKay, for a description of several well- 
known types. For our purpose it is sufficient to know that 
the torsion-meter is able to measure the angle of twist 6 in a 
given length l of the shaft, while rotation of the shaft is taking 
place. 

From (1), par. 115 

T x 2 ttN 

h ' P ' ~ 12 X 33,000 

__ *_ °° 1N 

12 X 33,000 l s 

and for a given shaft G, I v and l are constant 

h.p. — xQ . N . (1) 

Thus, if a; is known, and 6 and N obtained, we can calculate 
the power being transmitted along the propeller shaft. 

The value of 0 for the shaft can be found by mounting the 
shaft in a lathe, locking one end, and applying various torques 
to the other end, which is free. If the torsion-meter be mounted 
on the shaft, the angle of twist for each torque can be read off. 
Torque and angle of twist are then plotted, and taking a reading 

T C6 

from the graph, and substituting in y = -y, we get the value 
of G and hence x. 9 1 


Example 3. 

A propeller shaft, diameter 10$ in., is to be subjected to a torque for the 
calibration of a torsion-meter. Two long pointers are fixed to the shaft at 
a distance of 8 ft. apart. Arrangements are made to apply a torque which is 
to be 30 per cent in excess of the twisting moment due to 12,500 h.p. at 
500 r.p.m. The movements of the ends of the pointers are observed by means 
of verniers reading to 0*01 in. What length of pointer is necessary if, at 
maximum test torque, the margin of error due to vernier reading is limited 
to 2 per cent ? Assume a provisional value for the torsion modulus of the shaft 
to be 12 millions in pound-inch units, (Lond. Univ., 1921.) 

Applied torque 

63,000 X 12,500 130 

~ 600 X 100 
= 2,047,600 lb. in. 
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Angle of twist due to this torque 
Tl 
~ I JO 

2,047,500 X 96 X 2 
~ 77 X (5-25 ) 4 X 12 X 10 a radlans 

= 0-01372 radians 

Let l in. = length of pointers. Correct movement of ver¬ 
niers = 0-01372 X l in, 

0-01 2 
■' 0-01372 l ~ 100 

l = 36-44 in. 

117. Torsional Resilience of Circular Shafts. If a solid shaft 
be subjected to a torque which increases gradually from zero 
to a value T, and 6 is the resultant angle of twist, then the 
energy stored in the shaft, or the resilience of the shaft 
= \T6 

- v£i 

“ 2 r r 0 

= i flhi 

G r* 

1 f, 2 nrH 
= 2 ~G 2 

If 2 

= - X volume of shaft . . . (I) 

4 C 

In the case of a hollow shaft of radii R and r, we have 
Resilience = \T6 

Sffmr 



THE TORSION OF SHAFTS 




1 f* R* + r* 
4 C R 2 


t T(R 2 -r*)l 


1 /, 2 £ 2 + r z 
4 0 I2 2 


volume of shaft 


( 2 ) 


118. Torsion Of a Taper Shaft. Suppose a twisting moment 
T applied to the taper shaft of length L, shown by Fig. 118. 
The resisting moment of all cross-sections of the shaft must 
be equal to T, then 

Let/,! = maximum shear stress at end of radius r, 

/f2 II II >1 II li ^*2 

f, — ,, „ „ „ cross-section of radius r 



y/idi 3 = v/> 2 3 = 

2 2 '2 


/.i^x 3 = /r / 2 3 = /,r 3 


For a parallel shaft we have, by par. 112 ( 8 ), 



( 1 ) 


Let Sx be a small length of the shaft at distance x from the 
larger end, and whose radius we may assume to be r, if SO 
is the angle of twist of the small length Sx we have 

T 



246 


STRENGTH OF MATERIALS 
r — r 2 - x tan a 


where 


= r a - ax . 
a = T *~ ri 


• (3) 


Substituting (3) in (2) 

2 T 

<50 = (ft - ax)' i dx 

2 T 

r dO = ^ (r 2 - ax) A dx 

The total angle of twist 0 for the length L is given by 
f f L 2T 

e = j do ~ I ax y l 


_ 2 t r 1 

~ c 'i 


(r 2 - ax)-* dx 


2 T 1 
= TJtt 3a 


W^—\( r A 

Gtt 3 (r, - rj ( v 2 
2T i f 1 1 

tfirSfo-r,) \r*~r* 


( r 2 - r i) L\- > 


, _ EEE * ( y l 2 + r i r 2 + r 2 2 ) 

C77 Zrfr? 


■ (*) 


In the special case when r x — r 2l i.e. the shaft is parallel, then 

„ 2 T L 

6 = vr x 

Gn jy 4 


wliich is the result already obtained hi par. Ill 
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119. Torsion of Shafts of Rectangular and Square Section. 

In estimating the twisting moment on a shaft whose section is 
not circular, many difficulties arise which make the problem 
very complex. The student is referred to Todkunter and 
Pearson’s History of the Theory of Elasticity for an account of 
St. Venant’s investigation of the problem, in which it is shown 
that 


(a) For a rectangular section of short side x and long side y 


T 


as 2 ?/ 2 


3 y -f- l-8x 


u • 


( 1 ) 


and that the greatest value of f, occurs at the middle point of y. 
(b) For a square section, writing y = x in (1), 


^ * . 
T = 44Sa;^' 


= 0-208 x 3 f, ..... (2) 


the maximum value off, occurring at the middle point of a side 
and for rectangular and square sections 


Tl 4 21, 
~ C ■ A* 


( 3 ) 


when - is less than 
x 


3. 


Applying the method of par. 117, we get the resilience of (a) 


1 x*y* ^ Tl 42/„ 

2 3y + 1-8*■'* X 0 {xyf 


Iff 

= 2~t X Tolume x 


42(s 2 + y 2 ) 
12(3y + l-8a:) s 


( 4 ) 


and hence the resilience of (6) 

f 2 

= 0-156^4 x volume. . . . (6) 


120. Torsion Combined with Bending. This case is exceed¬ 
ingly common in practice. A shaft transmitting power is 
usually subjected to bending stresses due to its own weight, 
as in the case of a propeller shaft, or due to the weight of 
pulleys and the pull of belts as in line shafting. In general, 
the stresses to be considered are (1) those due to bending, 

o—Cr.5464} 
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(2) those due to torsion, (3) those due to shear caused by bend¬ 
ing. In the majority of cases (3) is unimportant. 

The maximum stress due to torsion is given by 

2 T 

/. = — 3 (6) par. 112 

and the maximum stress due to bending is given by 

AM 

/=—3 (5) par. 69. 

The principal stresses are given by 

L = l\f±^FTW\ (1) par. 28. 

The maximum value being tensile at a point where the bending 
stress is tensile, and compressive where the bending stress is 
compressive. 

Substituting the values of f, and /, we get 
_ 1 (AM /l6M 2 ' 16 \T*) 

fn ~ 2 ( ur 3 + V (vr>) 2 + (vr 3 ) 2 } 
which may be written in either of the following forms— 

/n = ~ 3 \M + VM 2 + T 2 \ . . . (1) 

or = + VM 2 + T 2 )] . . (2) 

f -fS _ 

from (1) T e = J -^~ = M + VM 2 + T 2 (3) 

and from (2) M e = } {M + VM 2 + T 2 ) . , (4) 

From (3) we see that a twisting moment of magnitude T e , 
unaccompanied by bending, would produce a torsional shear 
stress of magnitude /„, and hence a principal stress of the same 
value, since the principal stress due to a shear has the same 
magnitude as the shear stress. 

T s is sometimes called the “ Equivalent Twisting Moment.” 
It should be borne in mind, however, that it is not a twisting 
moment. 
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From (4) we see that a bending moment of magnitude M e , 
unaccompanied by torsion, would produce a direct bending 
stress equal in magnitude to the principal stress /„. M e is 
called the “ Equivalent Bending Moment.” 


Example 4. 

A shaft 3 in. diameter is subjected to a bending moment of 13 in. tons, and 
a torsion of 28 in. tons. Determine : (1) the maximum normal stress on a 
section perpendicular to the axis, (2) the maximum shear stress on a section 
perpendicular to the axis, (3) the two principal stresses, and (4) the maximum 
shear stress. (Lond. Univ., 1923.) 


4 M 4 X 13 X 8 

( ' * irr 3 7T X 27 


4-904 tons/sq. in. 


2 T 

( 2 ) 


irr° 


2 x 28 X 8 
it X 27 


5-281 tons/sq. in. 


(3) /. = Hf± Vp 

= 4-9 ± t/(4-9) 2 + 4(5-28)* | 

= 4-9 ± -1/24 +112} 

= i|4-9 ± 11-67} 

= 8-285 tons/sq. in. (tension) and 
3-38 tons/sq. in. (compression) 

(4) Maximum shear stress 

_ VP + 4/, 2 11-67 

2 2 

= 6-835 tons/sq. in. 

121. Application of Compound Stress Theories, (a) Maximum 

stress theory. 

If failure occurs due to the maximum principal stress, then 
we have that the stress causing failure is given by 

f n = ~\ M + VM*+T*~\ 

or failure is produced by a torque of magnitude T e where 
T s — M+ Vi¥ 2 + 2' 2 . . . . (i) 
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(b) Maximum strain theory. 

The stress corresponding to the maximum strain, and hence 
the stress causing failure, by this theory, is given by par. 26 

-5^( 1 -s) + ( 1 +s) v ?+^'i 

= | Vf + 4/, 2 when m = 4 

3 /4M\ 5 / 16Jf 2 16 T 2 

~ 8 V^r 2 ) + 8 V (^r 3 ) 2 + (^r 2 ) 2 

= + |V* I +2»J 

or failure is produced by a torque of magnitude 

T e = | M + | VW+T* . . . (2) 

(c) Maximum shear stress theory. 

The shear stress causing failure will be 

_ VP + 4/, 2 
2 

_ 1 jlQM 2 167' 2 

~ 2 V (ttt 3 ) 2 + (ttt 3 ) 2 

= —s VH£ 2 + T 2 

Hence, a torque of magnitude T s will cause failure where 

T e = VM 2 + T 2 .(3) 

(i d) Maximum strain energy theory. 

The greatest strain energy is given by (1), par 30, as 

W -—If SJ_ f 2_ “frafni) 

W ~ 2E \ Jnl + Jn2 m ) 


where 


/nl = H/+ V/ 2 +4/, 2 | 
U=Uf~ v// 2 + 4 3 f J 
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If /„ ia the yield stress, then 


fl _ ( f 2 , f 2 _ 2/nl/ng ) 

2E 2 E( Jnl _r ' /n2 m ) 


A 2 = / 2 + 


2(m+ 1)„ 

m J> 


16lf 2 2(m + 1) 4T 2 

(wr 3 ) 2 wi (wr 3 ) 2 


The torque T e , acting alone, which would bring the material 
to the point of failure, is found from 

, „ 2{m + 1) 4 T 2 

f y 2 = 0 + 


m 


(tt r 3 ) 2 


2(m -f 1) 4 T 2 
m (7rr 3 ) 2 


16ih 2 2(m + 1) 4T 2 

(tit 3 ) 2 + m 


(77T 3 ) 2 


T f 


l 


2m 

m + 1 


M 2 + T 2 


(4) 


(1) is usually referred to as the “ Rankine ” formula, and (3) 
as the “ Guest ” formula. With the present state of our 
knowledge of complex stresses, the “ Guest ” formula will be 
the most correct for shafts of ductile material. 


122. Torsion combined with Bending, Shear and Thrust. 
Let M = the bending moment 
T = „ torque 

W = „ shearing force due to bending 

P — „ end thrust 

Then for a solid shaft of radius r, we hare 
Maximum compression stress = ^ • • (D 


Minimum 



( 2 ) 


The shear stress due to W is zero at top and bottom of the 

4 jf 

shaft, and maximum at a horizontal diameter == - —„. 

3 n T a 
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Total shear stress at top or bottom 
_ 2 T 
■nr 3 

Total shear stress at each end of a horizontal diameter 

_ 2 T 4 W 

-nr 3 3ITT 2 ' 


( 3 ) 


(4) 


The principal stresses are found in the usual way from 

f» = h\f±VpT*f? | 

For the top or bottom of the shaft 

f ur 2 7rr 3 an ttt 3 

For each end of a horizontal diameter the bending stress is 
zero, and 


- 2 and/ J = -^ +- 


TTT 


3nr* 


For torsion and thrust only 


P 2 T 

/=- a and/. = ^ 


77T° 


For torsion thrust and shear 

P 2 T 

f = —= and f, - —- 
■nr 3 J nr 3 

for the top or bottom of the shaft, and at each end of a hori¬ 
zontal diameter 

2T 4W 

~ Trr 3 + 3ttt 3 

For bending, torsion and shear 
4 M 
nr 3 

at top and bottom of shaft, and 
2 T 

and at each end of a horizontal diameter 

2T , iW 
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123. Close-coiled Helical Springs. A helical spring, such as 
that in Fig. 119, carrying an axial load, has every cross-section 
subjected to torsion, and to a bending moment tending to 
alter the curvature of the coils ; there is also a shear stress 
due to the axial load. When the coils are closely wound, the 
bending stress is negligible in comparison to the torsional 
stress, and in nearly all cases the shear stress is unimportant. 

Suppose a helical spring to ^ 


have n coils, then the total 
length of wire is given, approx¬ 
imately, by 

1 = 2nRn 

where R is the mean radius of 
the coils. 

The twisting moment due 
to the axial load is WR = T. 
Then if 0 is the angle of twist 
of the wire, and 6 the axial 
deflection, we obtain, by 
equating the work done by 
IF to the resilience of the 
spring, that 

IWd = \TB 
T 

or <5 = rf? 6 



but 


Tl Wli x 2 t rRn 4 WR z n 

I„0~ nr* _ ~ Or* 

T x0 



4 WR*n 
Or* 


or 


AWR z n 

w* 

- §iWR z n 
6 ^~Cd* ~ 


where d is the diameter of the wire. 


( 1 ) 


( 2 ) 
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The resilience of the spring 

= hT6 

-5 tFBx ( H) 

= i 

2 V 2 rjr C 
1 f 2 

"i -U^H) 


1 f 2 

— — yj (volume of wire) 
4 O 


(3) 


The “ stiffness ” of the spring, which is the force per unit 

deflection, = -r when the axial force is 1 lb. 
o 

In the case of a spring constructed of wire, of square section 
of side x, we have, by par. 119, (3) 

, T Tl 42/. 

6 ~ W X G A 1 


_ WRl 42x* 

= R X — ^T— X 


0 


6a; 8 


= 7 


WR 2 l 

Cx l 


(4) 


The resilience will be the same as that obtained in par. 
119 (5). 

If a close-coiled spring be subjected to an axial torque, then 
there is a constant bending moment acting on the coils of 
magnitude equal to that of the torque. This bending moment 
will increase or decrease the curvature of the coils, depending 
on its direction of action. 

Assuming each coil to act as a beam of large curvature, we 
have by par. 76 (7), that the resilience 

M i L 


2IE 
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then, if is the angle of twist of the free end, 

i . _ M * L 

21E ■ 

ML 

t = ■ 

83/ Rn 
Eri 

128 MRn 


m PI 2 L P vr*L 

The resihence ~ r 2 2 IE ~ 2E 4 

1 p 

= (volume of wire) 

O 

For wire of square section of side x, we have 
( 2^-nRM.n 
* = ~ Ex* ' 


and resilience 


If 

cTi (volume of wire) 
o Jb 


( 6 ) 

( 6 ) 

(?) 

( 8 ) 

( 9 ) 

( 10 ) 


Example 5. 

A closely-coiled helical spring is to be made having coils each 4 in. mean 
diameter from wire of J in. diameter and of such a stiffness that it will elongate 
axially 1 in. for an axial pull of 20 lb. How many coils should the spring 
have if the modulus of rigidity of the material is 11,600,000 lb./sq. in. t 
(A.M.I.Mech.E., 1926.) 

64 WR 3 n 
6 = ~CdT~ 

Cd*i J 

n ~ 64 WR* 

11-5 X 10* X 1 
— 16 X 16 X 64 x 20 X 8 

= 4-4 coils 

124. Open-coiled Helical Springs. If p is the pitch of the 
coils, and a the constant angle which the coils make with planes 



256 


STRENGTH OF MATERIALS 


P 

perpendicular to the axis, then tan a = and the length of 
2-nRn 77 


Taking a section through the coils perpendicular to plane 
of the paper, and passing through the axis of the helix, and 
considering a portion of a coil, as in Pig. 120, where AB is the 
helix formed by the axis of the wire, the torque T, due to the 
axial load, is represented by the line AD, where A D is the axis 
about which the torque acts, at the section passing through 
A. It should be noted that AD is a tangent, at A , to the 
cylinder fitting inside the helix formed by the axis of the wire. 



Take an axis XX, tangential to AB at A, and also tangential 
to the cylinder, and take 77, perpendicular to XX, at A, and 
also tangential to the cylinder, then AD, XX, and 77 lie in 
the same plane. 

The torque T = WR can be resolved into a component 
T cos a along XX = WR cos a, which is at all sections causing 
torsion about the axis of the wire, and a component T sin a 
about 77 = WR sin a, which is causing torsion about the 
axis of the helix, i.e. a bending moment on the coils. 

Equating the external work to the resilience in torsion and 
bending, we have 

iWd = \{WR cos a)6 + £(TPI2 sin a)j> 
or <5 = I?[(cos a) 6 + (sin a)<£] 


R 


(cos a) 


T cos al 


MV 

+ (sin a) 
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or 


-*[ 

-""[tSt + Tt] 


WRl WR sin 2 al' 
cos a j-p + jg ^ 


2ttWR 3 h rcos 2 a sin 2 al 
cos a [_ IjO IE J 

AWRAn Tcos 2 a 2 sin 2 a”| 
r 4 cos a [_ 0 E J 

64IFU 3 ?i Tcos 2 a 2 sin 2 al 

d 4 cos a \_ G E J 


( 1 ) 

( 2 ) 


The deflection of a spring of square section may be found by 
using the value of 8 in par. 119 (3). This gives 

WR z l ("7 cos 2 a 12 sin 2 ai 

d== 1^r[—C^ + —T—\ 

2nWR 3 n f 7 cos 2 a 12 sin 2 a"l 
“ x 4 cos a l~~C h E J • ( ) 


When the open coiled spring is subjected to an axial torque, 
the torque may he resolved into components M x cos a about 
TT, and M x sin a about XX (see Fig. 120), the former giving a 
constant bending moment tending to alter the curvature of 
the coils, and the latter a twisting moment about the axis of 
the wire. If <f> is the angle which the free end moves through 


1 . 1 ,, (M x cos al\ 1 . f 

2 M i<t> = 2 M i 003 a ( El " ) + 2 Ml Sm a V 


M x sin al 

~GI7~ 


<f> = M x l 


cos 2 a 


El 


+ 


sin 2 a" 

~Oh. 


or cj> = 


2rrRM x n r cos 2 a 
cos a l El 

ARM x n T 2 cos 2 a 
r 4 cos a [_ E 

6ARM x n T 2 cos 2 a 
<2 4 cos a |_ E 


sin' 


C 


sin' 


7] 


(4) 

(«) 
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For a spring of square section of side x, by substituting the 
values of I and /„, we have 


27r.Mj.Rn. I" 12 cos 2 a 7 sin 2 a" 

ad~cos a [ ^ ^ C~ J ' ' ‘ (6) 


Example 6, 

An open-coil spiral spring consists of ten coils, each of a mean diameter of 
2 in., the wire forming the coils being J in. diameter, and making a constant 
angle of 30* with planes perpendicular to the axiB of the Bpring. What load 
would cause the spring to elongate \ in., and what are the bending and shear 
stresses due to this load 1 Calculate the value of the axial twist which would 
cause a bending stress of 8,000 lb./sq. in. in the coils. E ~ 30 X 10 s lb./aq. in., 
C = 12 X 10* lb /eq. in. 

64fFR 3 w Tcos 2 a 2 sin 2 al 
8 = d* cos a l~C ' E~ J 

64 X 1 X 10 X 16 X 16 T (0-866) 2 2(0-5) 2 1 

°. 6 = W -q^ 66- [iTx Io« + WxWj 

„ „ m 64 X 10 X 16 X 16 I 4-75 

°- 6 - w -0»- x m<n x 15- 

... 0-5 X 0-866 X 3 X 10 8 X 20 

* ly = - 

' 64 X 10 X 16 X 16 X 4-76 

= 33-4 lb. 

Bending moment = WR sin a — 33-4 X 1 X 0-5 
= 16-7 lb. in. 

4 M _ 3 2M _ 32 x 16-7 X 64 

J Ttr 3 ird 3 tt 

= 10,900 lb./sq. in. 

Twisting moment about axis of wire 
= WR cos a — 33-4 x 0'866 lb. in. 

2 T 16 T 16 X 334 X 0 866 X 64 

1 7TP 2 mP ~ 7T 

= 9,420 lb./sq. in. 

Let M l be the axial torque. 
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Component of axial torque causing bending 
= H 1 cos a 


8,000 


Mi cos a X 32 

77 d 3 


M x = 


7T X 8.000 
64 X 32 X 0-866 


= 14-25 lb. in. 


EXAMPLES XI 

1. Determine the diameter of a solid steel shaft which will transmit 450 h.p. 

at 300 r.p.m. The twist must not exceed 1 degree in 7 ft. length, nor the 
maximum shear stress 5,500 Ib./sq. in. Modulus of rigidity 11,500,000 lb./ 
sq. in. (Lond. Univ., 1922.) Ans., 4-44 in. or 41- in. approx. 

2. A steel shaft is required to transmit 80 h.p. at 00 r.p.m., and the maxi¬ 
mum twisting moment is 30 per cent greater than the mean. Find the diameter 
for a shear stress of 8,000 lb. per square inch, also the twist of the shaft on a 
length of 10 ft. C ~ 5,200 tons per square inch. (A.M.I.Mecli.E., 1919.) 

„4»w„ d = 4-1 in. 6 = 2-35°. 

3. A vessel having a single propeller shaft 12 in. in diameter, and running 
at 160 r.p.m., is re-engincd with turbines driving two equal propeller shafts 
at 750 r.p.m. and developing 60 per cent more horse-power. If the working 
stresses of the new shafts are 10 per cent greater than that of the old shaft, 
find their diameters. (Lond. Univ., 1913.) Ans., 6-45 in. or in. approx. 

4. In calculating the size of shafts to transmit power, the following formula 
is sometimes used—• 

^ __ 3 /60 X horse-power 
'V revs, per min. 

What shear stress is allowed in the shaft by this rule ? A shaft is to bo made 
up of two lengths connected by a flanged coupling taking 8 bolts on a pitch 
circlo diameter which may be assumed to be 24 in. greater than the shaft 
diameter. If 400 h.p. is to be transmitted at 80 r.p.m., determine suitable 
diameters of shafts and bolts. The shear stress in the bolts is to be 20 per 
cent in excess of that in the shaft, which is to be fixed by the above rule. 
(Lond. Univ., 1921.) Ans., CJ in. and 1 in. approx, 

5. A shaft is 5 ft. long, 3 in. diameter at one end, and tapers at a uniform 

rate to 4 in. diameter at the other end. The larger end is firmly fixed and a 
torque of 2,500 lb. ft. is applied to the smaller end. Find the total angle of 
twist and the maximum shear stress. Assume a modulus of torsion of 11-5 
millions. (Lond. Univ., 1921.) .4?rs., 0 = 0-652°. / = 5,650 lb,/sq. in. 

6. Find the size of a square shaft which will transmit 100 h.p. at 120 r.p.m. 
The shear stress is not to exceed 3 tons per square inch. (Lond. Univ., 1918.) 

Ans., 3f in. x 3§ in. 
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7. Calculate the dimensions of a hollow steel shaft to transmit 2,100 h.p. 
at a speed of 120r.p.m.; the maximum twisting moment being 1-25 times 
the mean. The internal diameter of the shaft is 60 per cent of the outside 
diameter, and the greatest intensity of shear stress in the steel is limited to 

3 tons/sq. in. (A.M.I.Mech.E., 1924.) 4ns., D = 10j in., d = 6f in. 

8. In determining the horse-power transmitted by a turbine-driven propeller 

shaft by means of a torsion meter, it is found that the angle of twist, measured 
on a length of 20 ft., is T2 degrees. The external and internal diameters of 
the shaft are 10 in. and 7 in. respectively, and the speed is 250 r.p.m. Find the 
horse-power being transmitted by the shaft, and the maximum intensity of 
shear stress induced in the material. G = 5,200 tons/sq. in. (A.M.I.Mech.E., 
1924.) Ans., 3,039 h.p., 5,150 lb./sq. in. 

9. Define “principal stresses.” A solid shaft, 16 in. diameter, is subjected 
to a bending moment of 120 ft. tons, and a twisting moment of 50 ft. tons. 
Find the maximum tensile, compressive and shear stresses in the shaft. Find 
also the maximum tensile strain and the corresponding stress. Poisson’s 
ratio = 0-3, E = 13,000 tons/sq. in. (Lond. Univ., 1D1S.) 

Ans., 8,350 and 4,337 lb./sq. in. respectively, 0-00029, 8,460 lb./sq. in. 

10. A shaft is required for an engine which indicates 1,000 h.p. at 80 r.p.m. 
The maximum twisting moment on the shaft is 1-8 times the mean twisting 
moment. The main bearings are 15 ft. apart, and the shaft carries a flywheel 
midway between bearings weighing 90 tons, the bending moment due to this 
weight is additional to that due to thei steam pressure, the latter of which is 
0-8 times the mean twisting moment. Find the diameter of the shaft to 
satisfy tho condition that the maximum tensile stress hr the material is 

4 tons/sq. in. (Lond. Univ., 1913.) Ans., 22£in. 

11. A cylindrical steel shaft, 1 in. in diameter, is subjected to a pull of 
8,000 lb. along its axis, and to a twisting moment of 200 lb. ft. about its axis. 
Find the greatest intensity of stress in the material. (A.M.I.Mech.E., 1926.) 

Ans., 18,300 lb./sq. in. 

12. A propeller of 6 tons weight is carried by a shaft of 9 in. diameter, and 
overhangs the supporting bracket by 18 in. The propeller received 4,000 h.p. 
at a speed of 300 r.p.m. If the propeller thrust is 15 tons, calculate the prin¬ 
cipal stresses at a point on tho surface of the shaft, and draw a diagram 
showing how these principal stresses at that point vary throughout a complete 
revolution. (Lond. Univ., 1921.) 

Ans., At bottom 8,134 lb./sq. in., at end of horizontal dia., 6,424 lb./sq. in. 

13. A close-coiled helical spring is made from steel wire 0-25 in. diameter, 
and there are ten free coils having a mean diameter of 3 in. The spring is 
subjected to an axial load of 20 lb. Determine the maximum intensity of 
shear stress in the steel, and the total deflection under the above load. What 
is the stiffness of the spring in pounds pier foot of deflection 1 G = 12 x 10 G 
lb./sq. in. (A.M.I.Mech.E., 1924.) 

Ans., 9,780 lb./sq. in., 0-9215 in., 260 lb. 

14. A spiral spring which is to be used in compression is made of steel rod 
Jin. diameter. The mean diameter of the spring is 5 in., there are 18 coils, 
and when unloaded the spring is 10 in. long. It is placed with its axis vertical. 
Find the gradually applied load which will compress the spring 1 in. If 
this load is allowed to drop from a point 3 in. above tho top of the unloaded 
spring, find the maximum compression produced in the spring and the maxi¬ 
mum shear stress in the material. G — 12 x 10° lb./sq. in. Neglect the 
mass of the spring. (Lond. Univ., 1925.) 

Ans., 2-6 lb., 3-64 in., 7,730 lb./sq. in. 
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15. A elosolv coiled helical spring, made of wire 0-2 in. in diameter and 
having an inside diameter of 14 in., joins two shafts. The effective number 
of coils between the shafts is 15, and 1 b.p. is transmitted through the spring 
at 1,000 r.p.m. Calculate the relative axial twist in degrees between the 
ends of the spring, and also the intensity of bending stress in the material. 
A? = 30 x 10 a lb./sq. in. (A.M.I.C.E., 1925.) 

-4ns., 2-15 radians, 80,500 lb./sq. in. 


16. A closed coil cylindrical spiral spring of circular section has coils 3 in. 
mean diameter. When loaded with an axial load of 55 lb. it is found to extend 
5'f in., and when subjected to a twisting couple about the axis of the spring 
of 30 lb. in. there is an angular rotation of 60 degrees. Determine Poisson’s 
Rat io for the material. (Lond. Univ., 1935). Ans., J. 


17. A straight rod, length 1, diameter d, is subjected to a twisting moment, 
T, about the axis of the rod. A similar rod is wound into a close coiled spring 
and subjected to a twisting moment, T , about the axis of the spring. Compare 
the strain energies. 

An extension spindle, i in. diameter, 30 in. long, drives a recording instru¬ 
ment through a close coiled spring of 7 coils, II in. mean diameter. Determine 
(a) the wire diameter, if the strain energy of the spring is to be 100 times that 
of the spindle, and ( b ) the total angle of twist produced by a suddenly applied 
torque of 5 lb. in. E = 30 X 10 s lb./sq. in. C = 12 X 10* lb./sq. in. (Lond. 

Univ., 1933.) . 1-25 

Ans., , 0-lo3 m., 23-G :l , 


IS. In an open-coil helical spring of 10 coils the stresses due to bending and 
twisting are 14,000 and 15,000 lb./sq. in. respectively when the spring is axially 
loaded. Assuming the mean diameter of the coils to be eight times the diameter 
of the wire, find the maximum permissible axial load and the diameter of the 
wire for a maximum extension of 0-7 in. E = 30 X 10 G lb./sq. in. O = 11 X 
10 s lb./sq. in. (Lond. Univ., 1940.) Ans., 39 lb., 0-22 in. 



CHAPTER XII 

COLUMNS AND STRUTS 

125. All pieces of material subjected to compression are 
included under the above heading, and these may be arranged 
into three classes, viz.— 

1. Those having a very short length. 

2. Those not greater in length than about thirty diameters. 

3. Those of greater length than about thirty diameters. 

Each class can be further subdivided into (a) those having 

axial loading, and (5) those in which the loading is eccentric. 

Columns under class (1) have already been dealt with, 
section (a) being found in par. 5, and section ( b ) in par. 74. 
This chapter will be devoted to the investigation of columns 
in classes (2) and (3), in each case axial and eccentric loading 
being considered; and it will be assumed that the column is of 
uniform cross-section. 


126 . Euler’s Theory of Long Columns, {a) Rounded Ends. The 
column shown in Eig. 121 (b) carries an axial load P. Its ends 
are said to be “rounded,” or “pin-jointed,” in that they are 
perfectly free to change their slope, but all other movement 
is prevented. 

Suppose P to be the “buckling load” of the column, that 
is the load is such that if the column receives slight lateral 
displacement, as shown, then the elastic forces tending to 
straighten the column will just be able to balance the effect 
of P. Let 0 be the mid-point of the length, then the bending 
moment at a point on the column distant y from 0 is given by 

M = Px 
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The solution of (1) is given by 

x — A cos ky■ + B sin ky 
where A and B are constants. 

Differentiating (2), we have 
d'JC 

— = - Ak sin ky -f- Bk cos ky 
dx 

and at 0, where y = 0, — 0, and sin j k(0) | = 0 

0 = Bk cos | £(0) l 

or B = 0, and x = A cos ky 




-V-4 




Fio. 121 




Also, when y — 0, x ■— a, and cos (k( 0)) = 1, ,\ A — a, and 

, L 

when x — 0, y = —. 

z 

Hence 0 = A cos k and, since it has just been shown that 

A is not zero, then cos k -r = 0. 

z 

The solution of which is given by 
L i r 3tt 

k 2 = 2’ ~ 2 ’ 6tC ' 
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The smallest value of P is found from 


and 


*2 = 2° r * 2 T = T 




P = 


ifiEl 
L 2 


( 4 ) 


The buckling loads for cases (a) and (c) can be found in a similar 
manner, but a solution is obtained more rapidly by considering 
the “ equivalent length ” of the column, having rounded ends. 


( b) One End “Fixed," the ther End “Free." This is case (a), 
and the equivalent length of the column having rounded ends 
is 2 L. Substituting this in (4), we have the buckling load 
given by „ 


or 


P = 


(2L)* 

w*EI 

OP 


(5) 


The strength of this column is thus only one-fourth of that 
for a similar column having rounded ends. 


(e) Both Ends Fixed. This is represented by case (o). Fig 121, 
and an examination of the figure shows that the equivalent 
length of a column having rounded ends is given by \L 

Substituting this value in (4), the buckling load for this case 
is given by 


P = 


n*El 


or 


P = 


WEI 

L 2 ' 


( 6 ) 


This column is four times as strong as that represented by 
case (b), and sixteen times as strong as that represented by case 
(a). Great care must be taken in deciding whether a column 
is “ pin-jointed ” or “ fixed.” In practice, very few cases of 
absolute fixing are met with, as the great majority come under 
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the heading of “pin-jointed” ends, or are mid-way between 
the two cases. 


(cl) One End Fixed, other End Free to Rotate. This is shown by 
case (d), Fig. 121. The bending moment M is introduced by the 
“fixing,” which involves the use of the horizontal force E 
for equilibrium. At a distance y from the fixed end, let x be the 
amoimt of deviation from the perpendicular. The bending 
moment at this point is given by 
M — H(L - y) - Px 
1 

or dy^ + EI X== Ei^ L ~^ .^ 

The solution of (7) is given by 

* = a cos \Jjj ■ 2/j + Bsin \Jjh -y\ + j>( L ~y) ( 8 ) 


° = Agos [Jyi H + 1 l 
0 = A + ?L 

A = -~pL .(9) 


Differentiating (8), we have 


and at y 


dx 

Ip . 

( l p ) 

iy~- A 

V El sm 

(V EI‘ y ) 

dx 


+ B Jm{ 

dy ~ °‘ 




'T E 


0 = V 

El P 


„ H 

pfl 


B ~ P\ 

' P 

■ 



H 

P 


or 


( 10 ) 
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Equation (8) may now be written in the form 

e --|£eos[yj.yj + fsin . y 


+ "p i L - y) 


(ii) 


when y = L, x = 0, and hence 

0 = -|Lc°s[y^.i)j + f y^sin 


or 


tan 




( 12 ) 


The smallest value of P, from (12), (other than P = 0) is 
given by 

Jei- l = 4 ‘ 40 


or 


FA 


L 2 = (4-49) 2 = 20 


% 2 tt 2 


P = 2 


■n 3 EI 

1? 


(13) 


From (4), (5), (6), and (13), it will be observed that, according 
to the Euler theory, the buckling load for a column carrying 
an axial load is given by 


P — E 


7T 2 E2 

P 2 


• (14) 


Value of K 


Case (a) Case (b) Case (c) 

i 1 4 


Case (d) 
2 


Example 1. 

Give the proof of Euler’s formula for the critical load of a strut with rounded 
ends. Using thiB formula, obtain the critical load of a Btrut which iB made 
of a circular bar 10 ft. long. ThiB bar, when freely supported at its ends, is 
found to deflect $ in. with a load of 101b. attached at the centre. (Lond. 
Univ., 1921.) 

For a beam supported at each end and carrying a central load 

1 WL 3 
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FT 1 WLS 

ei = Ts‘~T 


Also, from par. 126 


P = 


7 PEI 
L* 
.2 


77 ' 

= r , X 


WL 3 

6 


48 


77 2 P IF 
6 X 48 

77 2 X 120 w 10 
0-6 X 48 


= 493-7 lb. 


The Euler formula for a column or strut is only applic¬ 
able when the length is great in comparison to the cross- 
sectional dimensions, and, in the case of a circular column, a 
rough rule may be taken to be that the length must be greater 
than thirty diameters ; the limit for any particular case being 
reached when the buckling stress is equal to the yield stress. 
The Euler theory neglects the direct stress in the column, 
and, for long columns, this is negligible in comparison to the 
buckling stress. Many cases are met, however, where both 
stresses are of importance. Various empirical formulae have 
been produced to meet cases of this kind, the following being 
representative of these— 


127. Rankine-Gordon Formula. 



where P — the crippling load (tons). 

/„ = the intensity of stress at the yield point in com¬ 
pression (tons/sq. in.). 

A = area of the cross-section (sq. in.). 

L = length of column (in,). 

k = least radius of gyration of cross-section (inch-units). 
a = a constant depending on the end conditions and on 
the material. 
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The safe load is obtained by dividing P by a suitable factor 
of safety. 




V ax ties or a 

Material 

/ tons/sq. in. 

A 

B 

O 

D 

Mild steel 

21-00 

18 

4 

■ 

16 

30,000 




Wrought iron 


18 



16 

36,000 

36,000 

36,000 

9 X 38,000 

Cost iron 

36-00 

16 

4 

1 

16 


6,400 

8,400 

9 X 6,400 

Timber 

2-25 

16 

4 

1 

16 

3,000 

3,000 

3,000 

9 X 3,000 


The Ranki ne-Gordon formula may be written in the form 

p ( 1 + a (*)’)“' M 


, P , aUP 

or f'—i + sw 


P aL*P 
A ‘ I 


( 2 ) 


The formula thus holds for very short struts where buckling 
stress is negligible, and gives P — f c A. For long struts, where 
the direct stress is negligible, 

p-LL 

a L* 

which is of the same form as the Euler formula, where 

- = Ktt*E 
a 


Example 2. 

Caloulate the buckling load of a wooden strut 2 in. square in section, 100 in. 
long, if one end ia fixed and the other end free. E for wood = 2,000,000 lb. 
per square inch. What modification would you make in the calculation if 
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ths Btrut were 30 in. long, and the known crushing stress of the wood was 
4,0001b, per square inoh ? (A.M.I.C.E., 1916.) 

bd 3 2 X 2 s 
1 ~ 12 - 12 


= - in. units 


P = 


tt s EI 
4 L 2 

it 2 X 2 X 10® X 4 


4 X 10 4 X 3 
= 658-5 lb. 


When the length is 30 in., the Banlrine-Gordon formula would 
be used. 

£2 = L ~ _ _ — l 

“ A 3X43 

P _ . M 

_ 4,000 X 4 

1 + 5^o< 900 x 3 ) 

16,000 16,000 
~ 1 + 14-4 ~ 15-4 

= 1,0401b. 


Example 3. 

A steel stanchion is built of two rolled steel joists of I-section, 12 in. by 
0 in. by i. in., united by plates $ in. thick and 16 in. wide, fastened to the 
flanges. The edges of the plates are flush with the outBide edges of the joists. 
Using the Rankine formula for a strut, find the safe load for this stanchion 

if it is 24 ft. long, / = 21 tons per square inch, a = (Lond. Univ., 1922.) 


Ixx for joists = 2 


6 X 12 s 
12 


5-5 X 11 s ) 
12 '} 


— 508 inch units 
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, , 16 x 13-6 3 16 x 12 3 4 

J SI lor plates = -—^-— = 3 ( 13 * 53 ~ 12 s ) 

= 976 inch unitB 

Total 7 XX for section = 608 976 = 1,484 inch units 

1-5 X 16 s 

I-rt for plates =-——- =612 inch units 


/ TT for joists = 2 


12 
1 X 6 s 


12 

= 2j306f 
= 612 inch units 


l 3 

11 X 2 

+ TrT~ + 11* X 5 3 


12 



I Y 

Fig. 122 

Total I X i for section = 512 -{- 612 = 1,124 inch units 
Area of section = 11*5 -)- 11*5 + 12 -|- 12 = 47 eq in. 
1,124 


.'. Least value of k 2 

= 24 

Crippling load for strut 


47 


_ .. 


1 + a U/ 

21 X 47 


1 + 


7.500 


X 


(288) 2 


24 
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21 X 47 
~ 1-463 
= 676 tons 
With a factor of safety = 4 
676 

Safe load = —— 

4 

= 169 tons 

128. Straight-line Formula. Formulae of this type are 
commonly used in America, and give results -which are good 
enough for a rough approximation of the load. They are 
usually given in the form 

where P = the safe load in tons. 

/ = the safe compressive stresses of a small length of 
the material in tons/'sq. in. 

A, L and 1c having the previous meaning. 

x = a constant depending on the material and on the 
method of constraint, 

x — 0-005 is a common value for mild steel, 
and x = 0-008 ,, ,, ,, cast iron. 

129. Parabolic Formula of Johnston. Tins formula, which 
is intended to agree with the Euler formula for long columns, 
is given by 

~{?f) 

where a; is a constant; the other letters have the same meanings 
as hi par. 128. 

With pin ends and ^ < 150 

then for mild steel x may he taken as 0-000023. 

130. Fidler’s Formula. Fidler, in his Bridge Construction, 
has investigated the column problem, and he obtains the 
following formula— 

P= f {(/ + H) - V(f+ Ef-2xfH~\ 
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where P — the crippling or breaking stress in tons. 

A = the cross-sectional area in sq. in. 

/ = the ultimate compressive strength of the material 
in tons/sq. in. 


H — the Euler breaking stress = 


7 t*E1c 2 
L 2 


x = a constant of average value 1*2. 


131. “ Crinkling ” of Columns. A hollow mild steel column, 
whose thickness is small compared with its diameter, may 
“ crinkle ” or form into folds when under load. These folds 
may appear either just before or just after the direct stress is 
equal in magnitude to the yield stress of the material. 

Southwell* in his investigation, obtains the formula 


* ~ E R V 3(m 2 -l) 


where / = the stress causing failure (tons/sq. in.). 
t = the thickness of column (inches). 

R — the mean radius of the column (inches). 

E = Young’s modulus for the material (tons/sq. in.). 


— = Poisson’s ratio for the material. 
m 


Very few of the columns used in practice are liable to fail 
in this way, for, taking a mild steel whose yield stress is 

21 tons/sq. in., E ~ 13,000 tons/sq. in., and m = 4, then •= 

1 " 
must be less than in order that “ crinkling ” may occur. 

132. Columns with Eccentric Loads, (a) Columns, other 
than those dealt with by the Euler formula, or those whose 
lengths are exceedingly small, when subjected to eccentric 
loading, may be treated as follows— 

Let P = the safe load (Eig. 123). 

y — the distance from the axis of the column to the line 
of action of the load. 

A = the cross-sectional area of the column. 

Z — the seotion modulus. 

* Phil, Trent. Soy. Soc ., Vpl. 213, Ser. A. 
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Then maximum stress due to bending 


= 1 + 


where M — Py 


This stress must not exceed the safe stress obtained by one 
of the previous formulae. E.g. if / is the safe working stress 
according to the Bankine-Gordon formulae, then 


(> + f)-/ 





Fro. 123 


safe eccentric load = 


safe central load 

l + H 

+ A: 2 


It should be noted that the value of A 2 , used in finding the 
safe central load, is the least value of fc z for the section. The 
value of fc 2 in the above equation is that used in calculating the 
moment of inertia required for the bending stress. 

In the case of cast-iron columns subjected to eccentric 
loading, the cause of failure will probably be an excessive 
tensile stress, as cast iron is weak in tension. Thus, the safe 
load would be determined by the formula 

P _ f 
A 

k* 


where / is the safe tensile stress for oast iron, 
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Example 4. 

Determine the safe load for the column given in Example 3, when the line 
of action of the load ia at a point on YY distant 12 in. from the centre of the 
section. 


From example 3, safe central load =169 tons, and k 2 

L — 

= A ~ 47~’ 

_ , . , , safe central load 

Safe eccentric load =-—-- 

1+E 

^ k 2 



169 


'T 


1 + 


12 x 6-75 X 47 


1484 


169 


or 


1 + 2-57 

_ 169 
— 3-57 

= 47-34 tons. 

( b) In the case of very long columns 
(Fig. 124) eccentrically loaded, the value 
of the safe load P may be found as 
follows— 

U i Bending moment at D = P(n + a - x) 

r dix 

EI dy* = P{ - n + ° “ ^ 

P . 


hence x - a - n = A cos J^rj- V + B sin Jjjjj V 
dx 

at y — 0, -j- = 0, and B must = 0. 

ay 


(2) 


x - a - n = A cos 
and at y = 0, x = 0, 


V EI- 
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A — - a - n 


. , l~P 

and x - 

a - n = (- a - n) cos J y 

. . 

x = ( a -f n) (1 - cos J y 

at y = L, x ~ a , 


and 

j ■ " 

a = [a -f n) (1 - cos J L 

hence 

a = n ( seG Jm L -i) ■ 

The bending moment at B = M B 


== P{n -f a) 


— Pn sec J jjjj L from (4) 


and the bending stress at B 

M* 

Z 

Pn sec 


/L 

V EI 


z 


(pn sec 


L)s 


AW 


( 3 ) 


( 4 ) 


(5) 


where a is half the depth of the section in the plane of bending, 
k 2 the radius of gyration of the section, and A the cross-sectional 
area. 


Maximum compressive stress at B 



Pns sec 



AW 


( 6 ) 
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If / is the safe allowable compressive stress in the material 
then 



In the case of a cast-iron column, if f t is the safe tensile 
stress for cast iron 

IT \ 
ns sec v m L 

--i 


then 


a-5 1 


P 


P = 


Af t 


ns sec 


J- 

V El- 


( 9 ) 


k 2 


- 1 


For a column having “ free ” ends we may write — for L 
in the previous equations, and thus “ 


P = 


fA 


ns sec 


1 +- 

and for a cast-iron column 
P: - 


N El 2 


• ( 10 ) 


k 2 


Aft 


ns sec 


y ei 2 


( 11 ) 


p 


133. Perry’s Formula. Tliis formula endeavours to take into 
account imperfections in both workmanship and material and 
also possible eccentricity of loading, and assumes that the 
strut possesses initial curvature, the curve assumed being of the 
cosine form. 
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Pig. 125 represents a pin-jointed strut of length L. The 
initial maximum deflection is a 0 and the value at a distance y 
from 0 is &•<,. 


x n = a„ eos 


When the buckling load P is applied, the deflection at y is 
increased by x. The bending moment at this point is 


P (as + .»-o) = P + «o c°s 

.Hence El ^ = — P |a; + a Q cos 

d 2 x P [ Try) 

or dP^-pi\ x + a ° oos Lj 

+ b 2 (x + a 0 cos^J . ( 2 ) 


where 


Hence 


x — A sin by + B cos by 

7 „ Try 

b 2 a a cos -jr 


Fiq. 126 


y = ± -$> x = 0 and A — B — 0 , 
P (a g cos "~j\ 

X = - -r-s -r- 

Pa G cos ^ 

= ~— P 
„ El-n 2 


where 
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If the cross-sectional area of the strut is A 
then let 


, P 7 , R 
f = 2 and A = T- 


Hence 


/ 


-ny 


X = 7-7 O, 0 COS -J 

i J e ./ 


and the total deflection at ?/ is given by 

f ny , ny 

x + m 0 = t -i a 0 cos ~F + ct o cos "y 

Je — J 

-tt« COS “V 


" ‘ n n Ct' Q CUO T 

i i e / ^ 

The maximum deflection occurs at 0 where y — 0, 

A 

■ • Vmax y _ 

and the maximum bending moment = Pcc 0 
The maximum compression stress is given by 


Pa, 


A = 


m 


+1 


(5) 

( 6 ) 


(7) 


where e L is the distance from the neutral axis to the point of 
maximum compression stress. 

If k is the least radius of gyration of the section, then 

■ ■ ■ « 

where rj = 

Taking f 1 to be equal to the yield stress in compression f v , 
it follows that 


* __ A + (v + 1)A 

J 2 


J 


[A + iv +!)/« 

2 

_ f f 

L 2 J 

JvJ e 


(9) 



COLUMNS AND STRUTS 


279 


In the case, of brittle materials failure is likely to occur due 
to tension, hence 


/' = 


U-*?')/,-//. / 

[(1 - >/')/, -/,/] 

1 2 

| _1_ f 'f 

2 1 V 

2 

■ JyJe 


( 10 ) 


where /' is the value of the intensity of end loading which will 
cause the maximum stress at the distance e 2 from the neutral 
axis to reach the value f v ', the yield stress in tension of the 

material, and if — -, 2 -. 

The equation appears to give good results for pin-jointed 

struts where an average value of rj is taken as O' 001 -r and at 

L . , 

its lower limit 0-003 y. The British Standard Specification 
It 

B.S,449:1948 recommends the following— 

If K = a load factor, taken as 2 for steel, then the average 
stress on the sectional area of the strut shall not exceed the 
value of / obtained from the formula 


A? = ■ 


+ (v + 1)L 

O 


-J 


fa + (’? + 1 )/t 


fvfe ■ (11) 


The reader is recommended to consult the Specifications for 
further information relating to the use of this formula for 
struts of different materials and having different end 
connections. 


134. Laterally-loaded Struts, (a) A strut jointed at each 
end, at which the thrust is P, and carrying a lateral load IF 
at mid-length is shown in Fig. 126. 


The bending moment at S = - Py - ^ : 




t(H 


(1) 


the solution of which is of the form 


y = A cos J x + B sin J ^ x + a -j- bx 


( 2 ) 


IO—(T.J464} 
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Differentiating each side of (2) 



Fig. I2(i 
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hence 



At y = 0, 



/ P L W lEI . (P L 
0 — A cos J m 2 2 P aJ P sm V El 2 


IFX , IFP 
4P 1 4P 


, , TF /El. Ip l 

and — 2P V P taQ V El 2 

W lEI 17 L 17 

y = 2P V'P" fcan VH 1 009 v El x 

W jm . 17 WL Wx 

2 P V P Sm 4 El*~ 4P + 2 P 

At a; = 0, y is maximum. 

_ JRF /M , j7 L WL 
2/mo1 — 2P V P tan V P/ 2 4P ■ 


And maximum bending moment 


PVmax 


WL 
2 “2 


W I El /PL 

~ 2 V P tan V El 2 ' 


( 8 ) 


(9) 


( 10 ) 


( 11 ) 


(6) Jn. the cane of a strut carrying a uniformly distributed 
lateral load of intensity ic per unit length, we have 
Bending moment at $ (Pig. 127) 

_ wx 2 wL 2 


• (12) 
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, „ „ dry „ wx 2 wL 2 

and dix? ~ ~ Py ~2 fT 

the solution of which is of the form 

ij = A cos + B &in J-^x + {a + bx + cx 2 ) 


(13) 


(14) 



Differentiating each side of (14) 

V 7 


d 2 y _ . P 

dx 2 A El cos 


EI X B El Sln 


Ip 

m V El X + 2c (15) 

P (wx 2 ivL 2 \ 1 

“~i/ ! ' + r2—rJs7 from(2) 


P_ 

'El 


P , , . 9% 1 /wa; 2 wi 2 \ 

~ m ( ° + + ca; > + ¥7 ( a 8 ~) 


El 


8 ) 


(16) 


From (15) and (16) 

_P 
'El 


„ P , , 1 /wx 2 wL 2 

2c = - pTr (« + + cz 2 ) + 


8 


Equating coefficients of a; 2 

P w 
“17° + 2EI = ° 


c = 


w 
2P 


(17) 


Equating coefficients of a:, we get 6 — 0, and equating the 
constants 
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wL 2 wEl 

a = ~lp~ ' 

Ip I P W 

y = A cos J m x + B Bin ^ m x + 

wL 2 wEI 

~8 T~~W ‘ 


(IS) 


(19) 


dy _ 

At a: = 0, 3- = 0, and 
da; 


5=0. 


At a; 



0, and hence 


, wEI /P L 
A ~ P* seo \ El 2 


The equation now becomes 

wEI l~P L l~P , w , 

y — p2 sec y EI 2 cos /sj j EI x + 2 p x 

wL i wEI 

~~8P-~W ' 


At a; = 0, y is maximum, and hence 

wEI / P L wL 2 wEI 

Umax = -pa - SeC Y PJ 2 _ “gp ~ pz" 


( 20 ) 


( 21 ) 


The maximum bending moment occurs where y is maximum, 
and is given by 


^ max Ty r . 



wL 3 
8 


(wEI / P L wL 2 

(~W Sec Vs7 2“"8P 



Example 5. 


wEI) wL 2 
~P T ) - _ 8~ 


• ( 22 ) 


A horizontal strut consists of a steel bar of square section 1 in. X 1 in. 
and 12 ft. long. The bar carries an axial thrust of 5 cwt. Assuming £? 
— 30 X 10® lb./sq. in., estimate the maximum compressive stress in the bar 
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1 = T V inch unite 


w — 0-28 lb. per inch length 

wEl ( I7 r L\ 

M mas — p (^1 eec y 2 / 

0-28 X 30 X 10® X 1 / l~5Wy<l2~ 

560 X 12 V 1 860 V 30 X 10® X 1 


X 72 


= 1,250 (1 - sec 1-077) 


= 1,250 (1- 2-06) 
= - 1,325 lb. in. 


Maximum bending stress 
M 

“ I y 

= 1,325 X 12 X 0-5 


= 7,950 lb./aq. in. 
Stress due to direct thrust 


~ ~A~ lb./sq. in. 


Maximum compressive stress in bar 
= 7,950 + 560 
= 8,510 lb./sq. in. 


EXAMPLES XII 

1. Find the Euler crushing load for a hollow cylindrical cast-iron column 
6 in. external diameter and £ in. thick, if it is 20 ft. long and hinged at both 
ends. JB = 6,000 tonB per square inch. Compare this load with the crushing 
load as given by the Ranltine formula, using constants 36 and T7 ^ tnT . For 
what length of column would these two formulae give the Barae crushing load ? 
tLond. TTniv., 1925.) Ans., 37*3 tons, 40'4 tons, 16*26 ft. 


2. Obtain an expression for the load which will produce failure in a long 
strut axially loaded and both onds fixed. Discuss the truth of this expression 
in the case of hollow strutB whose thicknesses are small compared with their 
diameters. (Lond. Univ., 1918.) 


3. Compare the strength of columns 12 ft. long, containing the same volume 
of metal, (a) the column being rolled steel joist of I-section, 10 in. X 8 in. 
X } in, ; (6) cast-iron hollow cylindrical column, the metal being £ in. thick. 


TJee Rankine’s formula : 


>+<»■ 
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/ for steel 21, for cast iron 38. a for steel for cast iron IS I iTn . 

(Lond. Univ., 1923.) 4ns., 215 tons, 243 tons. 

4. A mild steel tube is 3 in. diameter and 0-1 in. thick. A short length of 
the tube is tested in compression and is found to yield at 35 tonB per square 
inch. The modulus of elasticity of the material of the tube is 13,500 tonB/Bq. in. 
A length of 7 ft., when tested as a strut with free ends, failed with a load of 
17 tons. Assuming the failing stress in the Ran bin e formula to be the yield 
stress of tha material, find the denominator constant in the formula. Find 
also the crushing load as given by Euler’s formula. (Load. Univ., 1916.) 

Am., 18 tons. 

5. A stanchion is made of a 16 in. x 8 in. rolled steel joist with two plates 
12 in. X | in. riveted to each of the flanges. The web of the joist is 0-5 in. 
thick, and the flanges have a thickness of O'SS in. The stanchion is 36 ft. 
long and is fixed at the ends. Find the safe load the stanchion will carry if 
it is axially loaded. Factor of safety 5. (Lond. Univ., 1915.) 

Aim., 113-6 tons. 

6. In the previous example, find the safe load if the line of action of the load 

lies on the centre line of the web and at a distance of 12 in. from the centre of 
gravity of the section. Ana., 3!) tons. 

7. A hollow cast-iron column has an outer diameter of 12 in. and a thickneSB 
of 1 in., length 20 ft. Find the safe load which can bo carried by the column 
when the line of action of the load is 6 in. from the centre of the column. 
Tensile strength of oast iron 9 tons/sq. in., factor of safety 6. 

Am., 38-3 tons. 

8. Find the stress in the material of the hollow column in Q. 1, if the point 

of application of the load is 3 in. away from the centre of the section and the 
load carried ia 9 tons. Am., 1-885 tons/sq. in. 

9. The coupling-rod of a locomotive is 98 in. long, and has an [-section 

5 in. deep. The area of the section is 41 sq. in., and its moment of inertia 
about a horizontal axis through the centre of gravity is 15 in. units. Tha 
lateral load on the rod, due to its inertia at full speed, is 276 lb. per foot, and 
the thrust on the rod is 18 tons. Estimate the maximum compressive stress 
in the rod. B = 30 X 10 s Ib./sq. in. Am., 14,092 Ib./sq. in. 



CHAPTER XIII 

THICK CYLINDERS AND SPHERES 

135. Thick Cylindrical Shells. The equations which follow are 
built up on the assumptions that the material is isotropic, and 
that a transverse section of the cylinder, which is a plane before 
being subjected to pressure, remains a plane after being sub¬ 
jected to pressure. The latter assumption is approximately 
true at a fair distance from the ends of the cylinder ; it implies 
that the strain, hi a longitudinal direction, is constant or zero. 



Consider a cylinder of outer and inner radii R l and R 2 (Fig. 
128), at which the corresponding fluid pressures are /, and /„. 
An element such as OPQR of thickness dy at radius y is sub¬ 
jected to radial compressive stresses of magnitude/„ and f v -f- <5/ v 
on the faces QR and OP respectively, and on the faces OR and 
PQ a circumferential or hoop stress of magnitude f x . 
Considering the equilibrium of a thin cylindrical element 
embracing OPQR, and of unit axial length, the resultant force 
tending to burst the cylinder at AB is given by 

2f,y-2(fv + df v ) (y + dy) 
and this is resisted by the force 2 F 
= 2 f x dy 

2f„y - 2(f„ + df y ) (y + dy) = 2 fJSy 
Neglecting products of small quantities, this reduces to 
fx$y = -fydy - y6f v 
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or f x + y + /, = ° 

which, when by is reduced indefinitely, reduces to 

or * ^ (yfv) + A = 0 . . . . (1) 

Let e. and f s be the strain and stress respectively in an axial 
direction, then, since a transverse section remains a plane, 


lf f /«-/« > 

E\ Iz m j 


■ ( 2 ) 


Assuming that the stress in an axial direction is uniform over 
the cross-section, hence from (2), (f x -f v ) must be constant. 


/. ~fv = 2a 


Then from (1) 


J- y ivf v ) + /» + 2a = 0 

and y ^ + 2/ v + 2a = 0 

dfv = _ 2 dy 

fv + a y 

and integrating each side 

l°g« ifv + a ) = - log, y 1 + a constant 
or log, {(/, + ») X |/ ! j = a constant 

Let (/„ + a)y z = b 

Then /„ — —» - a 


and from (3) f x = — 2 -j- a 

At R v fv = fv and at R v } v = / 

hence /, = ^ - a and f 2 — ~ - a 

A R 2 2 ~fl R f 
R^-R* 


from which 


( 6 ) 
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R^ - R* 


From (4) and (5) 


/, = Hft&j | (/. -A) - (/A* -A*: 2 ) J . (8) 

1 ( R s U. 3 1 

an( i /* = | (/a — A) ~i h (A-^ 2 — f\R i a ) j • (9) 

136. Zero External Pressure. In the case of hydraulic cylin¬ 
ders / t = 0, hence 

-&?{ !H. 

and/. = A {* [ v r + ] j . 

/„ and /„ are each maximum where y = R v 

The maximum value of radial compressive stress 

= A.(12) 

and the maximum value of tensile hoop stress (Lame’s formula) 

= f *£±*S m 

/2 jV - Rz* • - ‘ ' ( } 

= A-p3T where * = 

137. Application of Compound Stress Theories. Lot / be the 
yield stress of the material in tension. 

(a) Maximum Principal Stress. 

According to this theory, the greatest value of the tensile 
hoop stress J T — f, and the greatest allowable value of f 2 is 
given by j, + , 

J-'*#- 1 

. ^ - l 

or A — J* _|_ if • ■ • • (!) 
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(6) Maximum Principal Strain. 

The maximum principal strain will occur at i? 2 and is given 
by e max = ^ j/* + ^ j since /„ is compressive 


The equivalent stress =f x + 


u 

m 


■W 

Rf-R , 2 


{h 

(R* 


2 / l 

i + ~) + (i 

m 1 ' 


-31 


U (k 2 (m +1)+ (m-l) 


k 2 ~ 1 


m 


According to this theory the greatest value of / 2 is obtained 
when the above equivalent stress is equal to / or 

,_ ™ [k 2 - 1)/ 

h — /, 


k 2 (m -{- 1) -j- (m - 1) 


( 2 ) 


(c) Maximum Shear Stress, or Stress-difference, Theory. 
According to this theory, we have, for values of and /„ 
at radius R 2 , 

2 2 


hence 


/= 2/ s 


A 2 2 iij 2 


2 Ai 2 - i? 3 2 - i? 2 2 

k 2 


/* = 


£ 2 -l 


2F 


7 


(3) 


(d) Haigh’s Strain Energy Theory. 

From par. 30 (1), the strain energy is given by 

2 I / 2 I jM*] JL 

\ Jx + + m ) 215 

P 

and according to this theory is equal to 
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/ 2 =/* 2 +/v 2 + 2f - fv 


m 


U X2 


w-l) ( (* 2 -i) 2 + (fc 2 + i) 2 + 

m -(- 1 




m 


-(A)1 

/a = 


Id + 2 


m - 


7/1 m 

(t*-i >/ 

J z\<t±± v + *iz±\ 

y [ m m ) 




( 4 ) 


Example 1. 

The cylinder of a hydraulic press has an internal diameter of 10 in., and the 
water pressure is 1,400 lb./sq. in. Find a suitable thickness for the cylinder 
if the maximum stress is not to exceed 3,000 lb./sq. in. Sketch a diagram 
showing the distribution of hoop stress through the wall of the cylinder. 
(Lond. Univ., 1918.) 

From par. 129 (1), 

f -f h lFll 
n ~ J ■ k 2 + 1 

1,400 _ 7 
3,000 ~ 15 

n _ (RiY 

4 " U J 

yn = I ,e 

l-66i?jj = 1-66 X 5 
= 8-3 in. 

Thickness of cylinder = 8-3-5 
= 3-3 in. 


or 


and 


ifc 2 - 1 
fc 2 + l : 

Je 2 


Ri 

R 2 

R, 


. f*PY W , 

- j?! 2 - R* \ y z ' r 


yin. 

fx lb./sq. in. 


1,400 X 25 {(8-3) 2 
“ (8-3) 2 -(5) 2 ( y 2 

- ,95 ff* +i ! 

6 7 8 

2,320 1,910 1,660 


5 

. 3,000 


8-3 

1,590 
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In this example the value of the compressive radial stress is 
given by 


/» 

= 795 

1 




5 

6 

7 


1,400 

750 

320 

JOi 

m 

im 

HI 


^2 000 
fe 



Radius, ins 

V^777E7P7E7ZF7777P7Z^ 7 777777777E!'777777 77 7Yn 

bickness oF Cylinder Wall 4 


The values of f x and /„ are shown plotted against the corre¬ 
sponding values of y in Fig. 129. 

138. Compound Cylinders. From Fig. 129 it will be observed 
that there is a great variation in the intensity of the stress in 
the wall of a thick cylinder subjected to internal fluid pressure, 
and thus the material is not used to the best advantage. 
In order to secure a more uniform stress distribution, one 
method is to build up the cylinder by shrinking one tube on 
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the outside of another. The inner tube is brought to a state 
of compression by the contraction, on cooling, of the external 
tube ; this tube will therefore be under a similar internal 
pressure, and hence be in a state of tension. When the com¬ 
pound tube is subjected to internal fluid pressure, the resultant 
stress is the algebraic sum of that due to the shrinking and 
that due to the internal pressure. The resultant tensile stress 
at the inner surface of the inner tube is not so large as if the 
cylinder were composed of one thick tube, and the final tensile 
stress at the inner surface of the outer tube is larger than if the 
cylinder were composed of one thick tube ; thus a more even 
stress distribution is obtained. 

Equations similar to those given in pars. 135 and 136 may 
be used to calculate the stress due to shrinking, due attention 
being paid to the sign of f x and /„. 

In the case of gun-making, it is not an easy matter to turn 
and bore long tubes to the degree of accuracy required for 
shrinking. It is usual in this case to wind the inner tube with 
ribbon of a rectangular section with sufficient tension to bring 
the tube to a state of compression. 


Example 2. 

A compound tube is composed of a tube, 10 in. internal diameter and 1 in. 
thick, shrunk on to a tube 10 in. external diameter and 1 in. thick. The radial 
pressure at the junction is 1,100 Ib./sq. in. The compound tube is subjected 
to an internal fluid pressure of 10,000 lb./sq. in. Show by a diagram how the 
hoop stress varies over the wall of the compound tube, and compare it with 
that over a solid tube of 12 in. external diameter and 2 in. thick under the 
same internal pressure. 

We use equations (4) and (5) of par. 135, and consider 
shrinking only. 

Outer tube. / v = -5 - a 

f y = 0 at y — 6, and f v = 1,100 at y = 5. 
hence 6 - 36a = 0 

and b - 25a = 27,500 

,\ a = 2500 and b = 90,000 

Inner tube. 

fy = 0 at y — 4, and /„ = 1,100 at y = 5, 
hence ^-lGaj^O 

and 6j - 25^ = 27,500 
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27,500 , , 440,000 

a, = - —and 6, ==- — 


Outer tube. 

, b 90,000 

U = y* + a = ~ y ~ + 2,500 

90,000 

at y = 6, /„ = —gg-(- 2,500 = 5,000 lb./sq. in. tension 

90,000 

at y — 5, f x = —^-1" 2,500 = 6,100 lb./sq. in. tensiop 


Inner £«6e. I- =- - 


440,000 27,500 
9y 2 9 

49,000 

’ -3,055 


49,000 

at y = 5, /* -^-3,055 = - 1,950 - 3,055 

= - 5,005 lb./sq. in. or 5,005 lb./sq. in. compression 
49,000 

at y = 4, /, -~- 3,055 = - 3,055 - 3,055 

= - 6,110 lb./sq. in. or 6,110 lb./sq. in. compression 

Considering internal pressure only, 
at y = 6, /„ = 0, and at y = 4, f v = 10,000, 
hence b 2 - 36a 2 = 0 

and 6 2 - 16a 2 = 160,000 

a 2 = 8,000, and \ = 288,000 
288 000 

at y = 4, f x = -—Yg— + 8,000 = 26,000 lb./sq. in. tension 


at y = 5, f x = 


288,000 


-f 8,000 = 19,500 lb./sq, in. tension 


288,000 

at y = 6, f x — ——— -f 8,000 = 16,000 lb./sq. in. tension 
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Resultant stresses. 

Outer tube. 

Aty = 6, f x = 16,000 -f- 5,000 = 21,000 lb./sq. in. tension 
at y = 5,f x = 19,500 + 6,100 = 25,600 lb./sq. in. tension 
Inner tube. 

At y — 6, f x = 19,500 - 5,005 = 14,495 lb./sq. in. tension 
at y = 4, f x = 26,000 - 6,110 = 19,890 lb./sq. in. tension 



Fio. 130 

The stress diagrams are shown by Fig. 130. It will be 
observed that the distribution of stress is more uniform in 
the compound tube than in the solid tube. The greater the 
number of tubes, the more uniform is the stress distribution. 

139. Thick Spherical Shell. Let R 1 and R 2 be the outer and 
inner radii of the shell, and f 2 being the corresponding pres¬ 
sures, and let f x be the tensile stress in a circumferential 
direction, and f v the compressive stress in a radial direction 
at radius y. At this radius suppose an element of thickness 
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dy to be displaced in a radial direction by the amount p. 
Circumferential strain at radius y 

= MV + p) - 277 y 
2 

_ f* 

y 


U) 


In a radial direction the width of the element after strain 

= y + &y 4- n + <V - {y + n) 

= dy + dy, 

dy + dy- dy = dy 
dy dy 


Then radial strain = 


but 

dy 1 

dy E 

and 

y _ 1 
y~ E 


dju . .... 

= - 5 — m the hmit 
dy 

Tv m 


-L-(± 

m m 


( 2 ) 

( 3 ) 

( 4 ) 


Now consider the forces acting on an elementary shell of 
thickness dy at radius y, whose internal pressure is /„ and 
external pressure /„ + <5/*. 

Across a diametral plane the bursting force is given by 
Mfv - My + d V? (/, + Wv) 
and the resisting force = 2uy . 8yf x . 
hence 2rrt/dyf. = vy 2 f v - -n[y + dy) 2 (/„ + df v ) 


and 


f f _y<tfy 

Iv 2 dy 


dU 

dy 


.dfv_ydyl 

dy 2 dy' 


72 2 dy 


( 5 ) 

( 6 ) 


Multiplying equation (4) by y, differentiating and subtracting 
from (3), we have 

(m - 1 ) y~ + y -jj~ + (m -f- 1 ) (/» + /*) = 0 


(7) 
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Substituting the values of f x and from (5) and (6) 

, i . 

dy 2 y dy 

df v 

enee u 4 -r= = a constant 

y dy 


dy y l 

/■— | + r • 

f*~~ ~ r ■ 


also from (5) 


At y = J2„ /„ = /i, and at y = ii 2 , /„ = 


A —5I?+ r 

= “ 35? + r 


Solving, we get 


y- 3(5 _ /l)-Rl 3 -®2 3 

A _ jR 2 3 - 5? 

• (10) 

„ /A 8 -/A 3 

RJ-R? ’ 

• (ID 

(/,-/i)W , /A 3 -/A 3 
■ (Rf-R^y 3 1 A 3 -A 3 ' 

■ (12) 

(A-AWA* /A 3 -/A 3 
' 2 #»(A*-A*) R-f-Rf 

• (13) 

case, when /i = 0 


/A 3 (A 3 J 

A 3 -A 3 U 3 ) • 

■ (14) 

/A 3 (A 3 ) 

‘ A s -A*(V ) ■ 

, (16) 
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The maximum stress is given by 
f i?i 3 2 R 2 3 ) 

Jx max ~ 2 (i?! 3 - Rf ) 
which occurs at y — R r 


• (16) 


EXAMPLES XIII 

1. Deduce expressions for the intensities of the radial and circumferential 

stresses at any point in the cross-section of a thick-walled cylinder subjected 
to internal pressure. Find the circumferential stress at the inner and outer 
radius respectively in the case of a pipe, 4 in. internal diameter and 1£ in. 
thick when subjected to an internal pressure of 1,000 Ib./sq. in. (Lond. 
Univ., 1919.) Ana., 1,980 and 962 lb./sq. in. respectively. 

2. The cylinder of a hydraulic ram is 10 in. internal diameter and 2 in. 
thick. Find the maximum hoop stress in the material and the radial and 
hoop stresses at a point in the barrel f in. from the inner surface when the 
fluid pressure inside the cylinder is 1,300 lb./sq. in. (Lond. Univ., 1926.) 

-4ns., 4,000, 660, and 3,350 Ib./sq. in. respectively. 

3- A cylinder 10 in. internal diameter has to sustain an internal pressure 
of 1,260 lb./sq. in. What thickness must the walla be if the stress in the 
material is not to oxceed 4,000 lb./sq. in., and what will be the tension at 
the outside of the cylinder walls f Prove any formula you may use for this 
thick cylinder. (A.M.I.Mech.E., 1926.) Ana., 1-91 in., 2,760 lb./sq. in. 

4. Determine the radial and hoop stresses at all points in a thick-walled 
cylinder of internal and external radii 3 in. and 6 in. respectively when acted 
upon by internal and external pressures of 8 tons and 3 tons per square inch 
respectively. Show by a diagram how each stress varies over the thickness. 

6. A oylinder of 6 in internal diameter and 8 in. external diameter is 
subjected to liquid pressure from inside. There is also a compression load 
of 60 tons applied at the ends of the cylinder. Find the greatest pressure of 
the liquid so that the maximum stress in the material may not exceed 4 tons/ 
sq; in. (Lond. Univ., 1919.) Ana., 2,520 lb./sq. in. 

6. A compound tube is made by shrinking one tube on another, the final 
dimensions being : External diameter 10 in., internal diameter 6 in., diameter 
at junction of tubes 9 in. If the radial pressure on the external surface of 
the inner tube at the common 4-5 in. radius is 4,000 lb./sq. in., determine the 
maximum tensile stress in the metal of the outer tube. (Lond. Univ., 1916.) 

Ana., 38,000 lb./sq. in. 

7. A spherical shell is 12 in. external diameter and 2 in. thick. What is 

the tensile Btress at the inner and outer surface when the internal pressure 
is 1,000 lb./sq, in. ? Ana., 1,136 and 632 lb./sq. in. respectively. 

8. Indicate briefly the derivation of Lamp’s equations for the stresses in 
thick tubes subjected to external or internal pressure. 

A bronze liner, 12 in. external diameter and 4 ft. long is shrunk on a steel 
shaft 6 in. diameter, the shrinkage allowance being such that the maximum 
principal stress in the liner is 6 tons/sq. in. Estimate the torque which can be 
applied to the liner before it slips on the shaft, if the coefficient of friction 
is 0-25. (Lond. Univ., 1936.) Ana., 2,040 ton in, 



CHAPTER XIV 

ROTATION OR RINGS AND DISCS, WHIRLING OP SHAFTS 

140. Rotating Ring. A thin ring, such as that shown by 
Fig. 131, when rotating about an axis through its centre of 
gravity, has induced in it a hoop stress which is almost uniform 
when the thickness of the ring is small compared with its 
diameter. 

Let w = the weight of unit volume in pounds. 
r — the mean radius of the ring in feet. 
a = the area of the cross-section of the ring in sq. ft. 



Fig. 131 


The centrifugal force due to the element subtended by small 
angle 66 

w X a X rdO „ 

=--— co z r 

9 

where eo = the angular velocity of rotation in radian/sec. 


The vertical component of this centrifugal force 


wardd 

9 


co 2 r sin 6 
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Fig. 132 


141. Flat Rotating Disc of Uniform Thickness. Let the 
inner and outer radii be li 2 and R 2 respectively, and t he the 
thickness of the disc. An element of the disc ABGI) (Fig. 132) 
at radius y is acted on by stresses /„ and /„ -f- df v on the faces 
CD and AB respectively, and by stresses f x on the faces A1 3 
and CB. On the flat faces of the disc there is no normal 
stress, and hence there is free strain in the direction, of the 
axis. 
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The radial force on the element, due to rotation, 


w „ 

= - oTylyM&y 


where <50 is the angle between AT) and BO 
and is equal to 

fdd \ 

f v ydd + ifj>y sin-- (/ v -f &f v ) (y + dy)581 t 

^ \.i\yM + 2 f t dy - - (/ v + df v ) [y + 5y)6dl t 
and neglecting the product of small quantities 

, - , dfy , ID 

f *~ f ' + V 'dy + ~g m y* • ’ • • (1) 

If, owing to strain, y increases to y -j- y we have, as in par. 
139, 

circumferential strain = ^ = 1 <o\ 

y E\ J * m) • (2 > 

and radial strain = ~=~(f v . . (3) 


- OKI lulu — -== | / .. I 

dy E\ Jv in) 

From (2) (-£* - ~%i'\ }_f f _ fv \ 

dy E\dy m dy) r E\ Jx m) 

and substituting in (3) 

»t-A(i + i) + /.(I + i)-J^-, 

A-A + 5T1»5-5TI »S-» 

and substituting the value of ~f v from (1) 

y^+ - co 2 7/- + _L_ _ 0 

a V 9 y ^ m + 1 J dy m + l V dy ~ 0 


[ y dy + J dy 


V) 

f - mV 


dy \L+f4 + ~^r = 0 


( 4 ) 
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Substituting the value of f x in (1) 


df v , to 


m -f- 1 w 


i-co 2 ?/ 2 — X -—-to 2 ?/ 2 

Jv ' y dy g y 2 m g * 


or 


,dfy 

dy 


- JV 3ra + 1 w 

Vv + V-f: = X -"> 2 « 2 


2m g 

or, on multiplying each side by y, 


con / 2 


, 2 v .. 3m + 1 to 


+ y* dy- Xy 2m g 


— w 2 y 3 


d , „ , ^ 3m + 1 w , , 

or Jy (yi v ) = *2/—2STi®V 


t j2 f _^ 2 _3m_±_l« 

/1 v o b™ _ u* 2 / m -* 


8 m ^ 

■'* 2 y 2 8 m g y 


and from (4) 


X 7 m + 3 w> 

-8^T7“ ¥ 


(5) 


( 6 ) 


142. Solid Disc. At y = J? 1: / v = 0, and at y = 0, y—0, 
the latter condition gives 7 = 0, and from (5) 

o_f-2n±i“,».jy 

2 8??i ^ 


X = 




3m -f I to 2 


4m g 
3m + 1 


co 2 ^ 2 


8 m 




to 


,2 


/«= g^| (3m + l)fi x 2 - (m + 3)z/ 2 J — 


• 0 ) 
• ( 8 ) 


The maximum stress occurs at the centre of rotation where 
y — 0 and 

f _r _ 3 ?L±J B 2 W (0 2 

Jx—Jv 8m Ml g ' 


( 9 ) 
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143. Disc with Central Hole. In order to determine the 
constants X and Y, in the equations (5) and (6), for this case 
we have at y = R u f y ----- 0, and at y = U 2 , f v == 0. 


Hence X = ^-~T ~ “*(-8* + ■ 

4 mg 


and 
from which 

3m + 


8 m g 2 


/,= 


8 m 
3m + 1 

8 m 




* + if 2 2 - 


, - i/n - co 

2/ 2 ) 9 


2 i “ ,.,2 


( 10 ) 

( 11 ) 

( 12 ) 


i?x 2 + *»• + 


R 1 2 R 2 i m + 3 
y 2 3m -f- 


5 *)“ 


ft) 2 (13) 


The maximum value of the hoop stress f x is obtained when 
y = If 2 , and is given by 


fee max 1 


3m + 
4 m 


- [Rf 


+ 


(m-\) 
3m + 1 


R,H- 


( 14 ) 


the greatest value of f v is found when 


dh 

dy 


or 


2R-?R* 


-2y = 0 


which gives y = VR X R 2 
3m + 1 


and 


fv max 


w 


8 m 


(Ri - R <) 2 - « 2 - 

y 


(15) 


When R 2 is so small that R 2 2 is negligible, then the greatest 
value of the hoop stress reduces to 


3m + 1 „ „ w „ 

-— - R^ - co 2 

4m 1 g 


( 16 ) 


Comparing (16) with (9), it will be observed that the maxi¬ 
mum stress in a rotating disc is twice as large, when there is 
a small hole at its axis of rotation, as that when the disc is 
solid. 
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144. Disc of Uniform Strength. If the disc is to have 
uniform strength the hoop stress and the radial stress must be 
equal to one another at all points, and have the same value 



throughout the disc. Hence f x — f y =f and is a constant for 
the disc. 

Consider the equilibrium of the element ABCD. 

Outward radial force acting on face at AB 
= /(* + &) (y + dy)M 
=. f{ty + ySt + tdy)66 
Centrifugal force acting on the element 
w volume „ 


w 

'= — y . 36 . <5y . ico s y 


wy 2 coH3y56 


Total outward radial force acting on the element 

j, wy 2 a>H8y56 
= f{ty + ydl + tdy)56 H--- 


Radial inward force acting on face at OD = ftydQ. Inward 
radial force due to components of forces acting on faces at 
SO 

AO and BD = 2ftdy-^-=ftdyd6. Total inward radial force 
= ftydQ + ftdy . <50. 
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For equilibrium the resultant radial force on the element 
is zero. 


hence 


or 


and 


f(ty + ySt + %)<50 + 


wy 2 oi 2 tbybQ 


= flyso + Mu ■ so 

„ „ w . y 2 . co 2 . tdy . <50 

/. y . St. 60 4 -——- --= 0 

dt was 2 , 

7 —j-rt 

, M?Ct > 2 U 2 , 

Iog ' i = ~lT 2 ' +c ‘ 


t = ylc ^ 


S'* 


where d is an arbitrary constant of integration. 

When y = 0, i.e. at axis of disc let thickness be t D 
then t 0 = A 


Hence t — t 0 e 2l7/ 

The rotor of a De Laval steam turbine is an example of a 
solid disc of uniform strength. 

Example 1. 

A uniform steel disc 24 in. in diameter runs at 3,000 r.p.m. Show by a 
diagram how the radial and hoop stresses vary in tlio disc. What is the 
magnitude of the greatest stress in a similar disc, which has a hole ^ in. 
through it at the axis ? Assume 1 cub. in. of steel to weigh 0-29 lb. and E = 
30 X 10 s lb./sq.in. 


8m < 1 a > g 

= — 1144 - w 2 1 - °' 29 — x 
32 < 144 y 5 12 x 32 X 

= 4,420 - 30-63 y 2 , 

1 


3,000 \ 2 

60 X 277 


(1) 


w 


f a = —{(3m + W - (m + 3)y* \ - 


CQ* 


y (i^O • 

/„(lb./sq.in.) 
fx (Ib./sq. in.) 


8 m 

= 4,420 - 16-45 y 2 .... 

0 3 6 9 

. 4,420 4,145 3,320 1,940 

. 4,420 4,272 3,828 3,090 


( 2 ) 

12 

0 

2,050 
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The stresses are shown plotted to a base of radius in Fig. 134. 
Maximum stress in disc with small axial hole is given by- 
par. 143 (16) 

3m + 1 0-28 / 3,000 

X 144 X ox X ( X 2 t r 


4m 


12 X 32 


60 


= 8,840 lb./sq. in. 



Example 2. 

A De Laval steam turbine rotor is 6 in. diameter below the blade ring, and 
£ in. thick, the running speed being 30,000 r.p.m. If the material weighs 
0-28 lb./cub. in-, and the allowable stress is 20,000 lb./sq. in., what ia the 
thickness of the rotor at a radius of 1*5 in. and at the centre ? Assume 
uniform strength. 

to ary /'- 1 

t = t 0 e 2s s 

0*28 260,000 X 47I 1 

£ _ j g 24 X 32 20,000 ’ V 

- 0-18 y * 

~ t 0 e 

- 0-18 x 0 

0-25 = t 0 e 

- 1-62 

= t 0 e 


= 0-19791, 
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0-26 

0 ~ 0-1979 

= 1-263 in. = thickness at centre 

- 0-18 X (1-6) 

l = 1-263 X e 

- 0-405 

= 1-263 X e 

— 0-8436 in. = thickness at 1| in. radius 


145. Whirling of Shafts. The geometrical axis of a shaft 
does not usually coincide with the axis of rotation, on account 
of the dead weight of the shaft and its loads, or else by reason 
of initial crookedness. Owing to rotation, centrifugal forces 
are set up, and these tend to cause a still greater difference 
between the axes. 

The centrifugal forces are balanced by the forces arising 
from the stiffness of the shaft. If the speed of rotation be 
such that the centrifugal forces are able to overcome the forces 
due to stiffness, then the deflection and stress will increase 
until fracture occurs. The speed at which this unstable 
condition arises is called the whirling speed of the shaft. Whirl¬ 
ing also takes place at speeds higher than this fundamental 
speed, but the latter is usually of most importance. By 
considering the possible arrangements of nodes between the 
bearings it will be clear from what follows that the second, 
third, fourth, etc., critical speeds are to the first as 1 : 4 : 9 : 16, 
etc. 

146. Concentrated Load. If the shaft carries a load W lb. 
such that the weight of the shaft is negligible, and its dimen¬ 
sions small in comparison to its length, the critical speed can 
be found by equating the elastic forces to the centrifugal forces. 

Let y be the deflection of the shaft at the load (inches), 
and co the critical angular velocity of the shaft (radian/second). 
Let a and b be the length into which W divides the shaft 
(inches). 


W 

Centrifugal force — — co 2 y 


where g is the acceleration due to gravity (inches/sec./sec,). 
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If Wi is the static load -which will cause y, then from (6) 
par. 82 (g). 

V = 3(a + b)EI 


The stiffness of the shaft or the load per unit deflection 
W 1 3(o + b)EI 
If ~~ a 2 b 2 _ h ‘ 


Up to the whirling speed the elastic restoring forces are 
proportional to the deflection. 

Hence, restoring force = Icy. 


or 


W 

ky = — <o*y 


CO 


CO 


(kg 

W 


-A 

_ ^3(0 -+■ b)EIg 


(1) 


If there is an initial deflection h (inches) before rotation, 
and i/ x is the added deflection due to rotation at the whirling 
speed, 

. , . W 

Centrifugal force = — co 2 (h + yf) 

W 

— «> 2 (^ + Vi) = %i 

Wco 2 h co 2 h 

Vl ~ ~ W,„2 _ l.r, ~ T7, • • ' (*) 


and 


If co 2 - kg 
kg 


kg 

W' 


co* 


is infinite when co 2 = ^=.; for lower values of co the value 
of y l is positive, and hence the shaft is stable. 


Tor values of co greater than the critical value, y 1 becomes 
negative approaching tlie value - h, the shaft being again 
stable. This means that, as the speed is increased, the centre 
of gravity of the mass and the axis of rotation approach one 
another. The flexible shaft used in the De Laval turbine 
depends on this principle ; the shaft being perfectly safe, as 
the whirling speed is well below the running speed, and fracture 
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does not take place in starting up, as the running speed passes 
through the critical value very rapidly. 

If the ends of the shaft are fixed, it may be shown that 

/3(o -f- b) 3 EIg 

“ = V w ■ • • • 

147. Shaft with Uniformly Distributed Load. Such a shaft 
when in the extreme position of deflection possesses zero 
kinetic energy and maximum strain energy, and when in 
passing through its static position the former is maximum and 
the latter zero. Lord Rayleigh has shown that, by equating 
the maximum strain energy to the maximum kinetic energy, 
the whirling speed may be calculated to a fair degree of 
accuracy. 

Let w be the load per inch length (pounds). 

co the angular velocity of the shaft (rad./sec.) at the 
whirling speed. 

Considering the shaft to be freely supported by its bearings, 
if y is the maximum deflection of an element of length 6x at 
a distance x from one end, 

Maximum strain energy of element 

wdx 

= — y 


Total maximum strain energy of shaft 

w r l 

-if.* ■ 

where Z is the length of the shaft in inches. 


( 4 ) 


The maximum velocity of the element occurs when passing 
through the static position, and is equal to coy. 

Hence, maximum kinetic energy of element 


wdx 

= ~2g~ ^ 


Total maximum kinetic energy of shaft 



y 2 . dx 


(5) 
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and equating the maximum kinetic energy to the maximum 
strain energy, 


or 


w „ 


2? j 

/ ^ 2 da; 

'0 

i 

rl 

3 / 

y . dx 

fi —-II 

5 

' 1 

r* 

i/ 2 dx 


( 6 ) 


w 


and y = (x i ~2lx 3 -f l 3 x) from (5), par. 89 (6). 

Substituting this value of y and integrating 

2 24 Elg i 

^ ~ Wl 4 - 3 - 1 - 

™ ti a ii 


or 


co 


9-87 I Elg 

~ l 3 V W • 


If Z is the maximum static deflection of the shaft 

5 wl 4 
= 38412 

then from (7) 


= e - m J-dh 


or 


co = 


22-12 

Vz 


(V 


( 8 ) 


If the ends of the shaft are fixed, then 

' y — 2^2 ^ ~ 2lx * + * 4 ) 

and by substitution in (6) and integrating, 

22-45 lElg 

l* V w ‘ 


co = 


. (9) 
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384 El 


w = 22 - 45 . 


148. Shaft with any number of Concentrated Loads. If the 

shaft has free ends, and carries loads W lt IF 2 , W 3 , etc., at differ¬ 
ent distances from one end, then the empirical formula which 
follows may be used— 

11,1,11, 

—2 = 2 "I-2 ~ 2 -2 "T e ^°- ■ ' • (11) 

or co / C0j co 2 co 3 

where co = whirling speed of the system 

co s = ,, „ ,, shaft unloaded 

w L = „ ,, „ shaft carrying W 1 alone 

U)2 3 3 3 3 3 3 3 3 3 3 IFg 3 , 

<^3 “ >> 3 3 3 3 3 3 3 3 IF 3 ,, 

149. Unloaded Shaft. The unloaded shaft may be treated 
as a shaft carrying a uniformly distributed load, or may be 
treated as follows— 

Let w be the weight in pounds of unit length of the shaft. 

w 

Centrifugal force per unit length of shaft = — why where y 

is the deflection from the axis of the shaft (inches) at a distance 
x in. from one end. 

d 2 y M 

From par. 89 (1), t —5 = =-?. from which it follows that 

d*y w dx E1 

^4 = jjjj where w is the load per unit run. 

In the case of the unloaded shaft, due to rotation, the load 
w 

per unit length is — oAy. 

dhj 1 w 

dx 1 El g my 

dhj 

01 = °. (12) 
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, . IV Up 1 

where b — -—•'Jfl ' ' ■ ( 13 ) 

The aolution of (12) is given by 

y = A sin bx -j- B sinh bx + G eos bx 

+ D cosh bx .... (14) 

d?y 

Assuming free ends, at each end y = 0 and ^ = 0. 

Hence, 0 — D — 0. 

/. y = A sin bx B sinh bx . . . . (15) 

d*y 

at x = l for = 0, A sin bl = 0, .'. A — 0 or sin bl = 0. 

If A = 0 there is no deflection, and taking sin bl = 0, we 
have bl = tt, 2 it, etc. 

The lowest or fundamental value is 

bl = v 



and from (13) 



A result similar to that obtained in par. 147 (7). 


By the method of equating the maximum strain energy to 
the maximum kinetic energy, it may be shown that the fre¬ 
quency of transverse vibration for each of the above cases is 
equal to the value of cu. 

Example 3. 

A shaft of 2 in. diameter is freely supported in bearings 100 in. apart. A 
pulley weighing 50 lb. is mounted on the shaft mid-way between the bearing. 
What is the critical Bpeed of the system 7 What would be the critical 
speed if a 30 lb. pulley be placed at a distance of 10 in. from each bearing 7 
B =■= 30 x 10‘lb./sq. in. 


* r —(T-S-P h) 
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Whirling speed of unloaded shaft — N : , 

_ 60 9^87 IgEI 
2tt l 2 V w 

60 9-87 /12 X 32 X 30 X 10«x 7 T 

~ 2 t t 10,000 V 4 X tt X 0-28 

= 953 r.p.m. 

Whirling speed for 50-lb. pulley (assuming shaft weightless) 
= N 

_ 60 / 3(a -f b)EIg 

2 tt V WaW 

60 /3 X 100 "x 30 X lOSr X 12 x 32 
~ 2ffV 4 X 50 X 2,500 X 2,500 

= 888 


Let N — whirling speed of the combined system. 

_I = J_ + JL 

N 2 NS ^ N x a 

= _I_, _J_ 

(953)* ( 888 )* 

N = 650 r.p.m. 


Whirling speed for one 30-lb. pulley (assuming shaft weight¬ 
less) = jV, 

60 hi X 100 X 30 X lO^T X 12 X 32 
~~ 2^ V 4 X 30 X 100 X 8,100 


= 3,185 r.p.m. 


Let N 1 = whirling speed of new system. 

_JL = _L + _L + _L + _L 

(W 1 ) 2 NS NS NS NS 

1 1 1 2 
_ (953)* + (888)* + (3,185) 2 

iV 1 = 623 r.p.m. 



WHIRLING OF SHAFTS 


313 


EXAMPLES XIV 

1. Show I hut die hoop stress/ in a revolving ring i- given npjimxiiililiely 

I ly I ho expression / — PH where p is the density of the material, and r is the 

velocity of the ring. Assuming this expression may lie used to find approxi¬ 
mately the mean stress in a thin cylinder turning about its axis, find the safe 
number of revolutions for a rotor 6 ft. in diameter if the stress is not to exceed 
18,000 lb./sq. in. Take p = 480 lb./cub. ft. (Lond. Univ., 1913). 

Ans.. 1,323 r.p.m. 

2. Find the ring tension and the bending stress, in the rim of a flywheel, 

the section of which is rectangular, 12 in. wide and 7 in. thick. Diameter 
of wheel 8 ft., r.p.m. 200, six arms. Assume that owing to stretch of the arms, 
the hending stress in the rim segments is two-thirds of the value obtained, on 
the assumption that the rim segments are straight built-in beams. (Lond. 
t'niv., 1914.) Ans., 684 lb./sq. in., 1,710 lb./sq. in. 

3. A disc of 12 in. diameter lias a central hole of 2 in. diameter and runs 
at 4,000 r.p.m. Calculate the hoop stress at the inner and outer radius given 
that E — 30 X 10 6 lb./sq. in. and w = 0-28 lb./cub. in. 

.4ns., 3,800 lb./sq. in., 970 lb./sq. in. 

4. The rotor of u De Laval steam turbine is 24 in. diameter at the blade 

ring and is 3-75 in. thick at the cent re. Calculate the thickness at the blade 
ring if the r.p.m. are 10,000, the stress uniform and equal to 25,000 lb./sq. in. 
and the density of the material 0-28 lb./cub. in. Aik., 0-375 in. 


.7. The critical speed of a shaft supported in end bearings and loaded in 

200 

any way is in many practical calculations taken to be expressed by N = —— 

Vil 

where A r is the critical speed in revolutions per minute and d is the maximum 
static deflection in inches. With this assumption show that the maximum 
bearing span of L ft. for a hollow steel shaft of external diameter D 1 in. 

/D 2 + D „ 2 \°- 25 

and internal diameter U 3 in., running at M r.p.m. is L = K ( —) 

Estimate the value of K if the maximum safe running speed, is 30 per cent 
below the critical value. Weight of steel 0-28 lb. per cub. in. E = 30 x 10° 
lb./sq. in. (Lond. LTniv., 1921.) 


li. Tho rotor of a De Laval steam turbine weighs 4 lb. and the shaft has a 
diameter of 1 in. The bearings are 11! in. span and the wheel is 6 in. from 
the centre of one bearing. Calculate the critical speed of the system. 

Ans., 2,773 r.p.m. 



CHAPTER XV 

TESTING AND TESTING MACHINES 

] 50. Tins machines used to test materials to destruction in 
tension, compression, and shear may be divided into two 
classes: one class in which the material is stressed by the 
application of a hydraulic load, whilst in the other class stressing 
is caused by power-operated screw gearing. In each case the 
load carried by the specimen under test is measured by a 
movable weight and lever, or system of levers. An example 
of each machine will now be described. 

151. Vertical Single-lever Testing Machine. Pig. 135 shows 
a machine made by Messrs. J. Buelcton & Co., Ltd., Leeds, 
capable of exerting a force of 50 tons. It consists of a vertical 
column, or frame, and a horizontal lever or steelyard G, resting 
on knife edges at O. The specimen A is gripped by the upper 
shackle B, which is suspended from the knife edge P of the 
steelyard G. The steelyard measures the forces applied to the 
specimen by the movement of the poise weight D ; this move¬ 
ment being caused by the rotation of handwheel Q, and conse¬ 
quent rotation of screw R by means of the gear wheels S. 
The scale E and vernier F allow of very accurate readings of 
the applied forces. 

The pulling force is applied by hydraulic pressure acting on 
a piston (Fig. 136), the piston being attached to the shackle 
G, which, in turn, grips the lower end of the specimen. Before 
commencing a test, the steelyard should be balanced ; this 
condition being obtained by moving the poise weight until 
the steelyard floats equidistant between the stops ,JJ, this 
being indicated by the painter K. The vernier F should now 
correspond with the zero of scale E. 

In order to carry out a tensile test, one end of the specimen 
is gripped in the upper shackle B by means of wedge grips LL, 
Fig. 135 a. The poise weight is advanced until a reading of 
about one-tenth of a ton is indicated. This puts on a small 
load, and facilitates the gripping of the specimen. The grips 
are now put into shackle G and held in position while the 
shackle is gently lowered by means of the hydraulic gear. 
The grips bite into the specimen, and the beam is pulled into 
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a horizontal position when the pulling gear is stopped. The 
tackle at N is now fixed in position in order to prevent the 
grips falling out when the specimen breaks. The test is begun. 



the poise weight being advanced at a suitable rate, and the 
stretch of the specimen being taken up by the straining gear 
in such a manner that the steelyard is kept in a more or less 



horizontal position. This procedure continues until the 
specimen is broken. 

In Figs. 136, 137, and 138 the machine is shown diagram- 
matically arranged for tensile, compression, and deflection 
testing respectively. 
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For tensile testing the grips used are taper, as shown at LL, 
but in the case of a cylindrical specimen a V-notch is cut in 



Fig. 13S 


the face of each grip to accommodate the specimen, and each 
grip has serrations on the gripping face to facilitate a secure 
hold of the specimen. For brittle 
materials, such as cast iron, the 
specimen is screwed at the ends, 
hence a screwed chuck is used. For 
brittle materials, a special self- s 
centring arrangement must be 
employed, since bending will occur 
if the line of action of the load does 
not coincide with the geometrical 
axis of the specimen. Brittle 
materials are weak in tension, and 
hence, if the load causes bending as 
well as direct stress, the stress dis¬ 
tribution over the section will not 
be uniform, and a smaller load will 
cause the material to fail than that 
if the stress distribution were uni¬ 
form, as obtained with a central 
load. The grips shown in Fig. 139 
are common for the different types 
of testing machines, being designed 
to be self-centring, A spherical 



Flo. 13(1 
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seat is turned in the solid taper chuck at A A, and the head of 
the spindle carrying the screwed chuck is made to fit the 
spherical seat; thus, the line of pull will accommodate itself 
to the axis of the specimen. 

152. Vertical Screw Power Testing Machine. Fig. 140 shows 
a diagrammatic view of a machine of this type, as manufactured 



by Messrs. Richie Bros., Philadelphia. It consists of a rect¬ 
angular framework, to the upper end A of which the specimen 
is fastened ; the other end of the specimen being canglit in 
jaws, held by the movable head B, which is threaded on power¬ 
ful screws EE, these screws passing loosely through the lower 
portion of the framework 0. The framework has projecting 
knife-edges, F and J, which rest on levers pivoted at G and H 
respectively. A further system of levers pivoted at K and L 
enables the pull on the specimen to be balanced by a small 
jockey weight M, mounted on a graduated arm, the jockey 
weight being operated by a screw and gearing N. The screws 
EE are operated by motor-driven gearing. The pull exerted 
by the screws is transmitted through the specimen to the 
framework, and is measured by moving the jockey weight 
along the graduated arm, the arm being kept floating between 
the stops Q. These machines are made with two, three, or 
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four screws, and a machine of the three-screw type is shown 
by Fig. 141, which is capable of exerting a pull or push of 
150,000 lb. The three-screw arrangement ensures equality 
of distribution of load, and the screw nearest the graduated 
arm runs in a direction opposite to that of the other screws. 
This does away with any tendency to rotate the pulling head. 



Fig. HI 


The machine can be furnished with six speeds, and a suitable 
clutch allows of reverse motion. 

153. Extensometers. In order to measure the minute exten¬ 
sions of a test bar for stresses up to the elastic limit, instruments 
called extensometers are used. These instruments magnify 
the stretch of the specimen, either by optical or mechanical 
means, and the stretch can be measured with great accuracy. 
An instrument of each type will now be described. 

154. Cambridge Extensometer. This instrument is of the 
mechanical magnification type, and is shown diagrammatically 
by Fig. 142, and more fully by Figs. 143 and 144. It is capable 
of measuring accurately up to — od of a millimetre, but read¬ 
ings can be taken with a fair degree of acenracy up to lS - 0 - 0 -j 
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of a millimetre. The instrument possesses the following 
advantages— 

(1) The readings can be taken with ease and rapidity. 

(2) It is strongly made ; is very simple, and has no parts 
likely to get out of order. 

(3) It consists of two free parts, so that if a specimen unex¬ 
pectedly breaks, the extensometer is not seriously damaged. 


X 



This instrument has been designed to resemble a workshop 
tool rather than a scientific instrument. Having no delicate 
parts, mirrors, or microscopes, it is not easily damaged, and 
yet it gives very accurate readings. 

The instrument is made in two separate pieces each of 
which is separately attached to the test-piece M (Figs. 113 and 
144) by hard steel conical points P, P and P', P'. The steel 
rods carrying these points slide in geometric slides and after 
being driven gently into the centre punch marks in the test- 
piece are clamped in position by the milled heads R, R. Both 
parts of the instrument should be capable of rotating quite 
freely about the points, but there must be no backlash. 
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The lower piece carries a micrometer screw fitted with a 
hardened steel point X and a divided head H. It also carries 
a vertical arm B at the top of which is a hardened steel knife- 
edge. The upper and lower pieces work together about this 
knife-edge. A nickel-plated flexible steel tongue A forming a 
continuation of the upper piece is carried over the micrometer 
point X. This tongue acts as a lever magnifying the extension 



Fig. 143 


of the specimen so that the movement of the steel tongue to or 
away from the steel point X is five times the actual extension 
of the specimen. 

To take a reading with the extensometer the thin steel 
tongue A is caused to vibrate and the divided head then turned 
till the point X just touches the hard steel knife-edge on the 
tongue as it vibrates to and fro. This has proved to be a 
most delicate method of setting the micrometer screw, as the 
noise produced and the fact that the vibrations are quickly 

damped out indicate to - -^ - mm. the instant when the screw 

is touching the tongue. After the load is applied a second 
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reading is taken in a similar manner and the difference in the 
readings gives directly the extension of the testpiece. 

The standard instrument is suitable for use on specimens 
up to 20 mm. or § in. diameter, the centre points P, P' being 
100 mm. apart. 

The pitch of the micrometer screw is mm. and the head 
is divided into 100 parts. As the lever multiplies five times, 



Fig. l-M 


each division on the head corresponds to an extension of the 
test-piece of mm., and as the tenths of divisions can be 

estimated by eye, readings can be taken to ■ ^ - mm., 

although it is not claimed that the results are trustworthy to 
this degree of accuracy. The effective length of the test-piece 

being 100 mm., readings can be taken to - qq^qq q of the length 

of the test-piece by estimation. 

A marking-off tool is supplied (Fig. 145) for easily and very 
accurately marking off the test-pieces for the extensometer. 
It consists of a cast-iron base having two V grooves running 
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lengthwise along it, their centre lines being exactly the same 
distance apart as the centre points P. I”. These grooves are 
out away mid-way along their length.permitting the test-piece 



Fm. i-tr> 

to be clamped in another groove which runs across and at right 
angles to the first groove. A hardened steel centre punch 



Fio. 14ii 

slides in the grooves, and by tapping it with a hammer the 
test-piece is truly marked off. The point of the centre punch 
has three small flats on it so that it actually makes a triangular 
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hole in which the conical points of the extensometer fit 
geometrically without any play. 

155. Ewing Extensometer. The Ewing Extensometer, de¬ 
signed by Sir J. A. Ewing, F.R.S., is shown by Eigs. 146 and 
147, and is an example of an optical magnification instrument. 
This extensometer allows the stretching of the specimen to be 
continuously watched. It is applicable to large or small 



test-pieces, and can be used on testing machines of either the 
vertical or the horizontal type. 

The extensometer is clamped to the specimen by two pairs 
of set screws with steel points, which grip the bar, the distance 
apart of the two points being accurately adjusted so that a 
definite length of the specimen is under observation. The 
upright rod projecting from the lower part of the extensometer 
ends in a rounded point, which engages with a conical hole in 
the upper half of the instrument. When the test-piece extends, 
this point serves as a fulcrum for the upper part of the extenso¬ 
meter, so that a point on the opposite side of the test-piece, 
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and the same distance from it as the fulcrum, will move, 
relatively to the lower half of the instrument, through a 
distance equal to twice the extension. This distance is measured 
by means of a microscope attached to the lower clip, the move¬ 
ment being brought into the field of view of the microscope 
by means of a rod hanging from the upper clip and carrying 
at its lower end a fine wire on which the microscope is sighted. 
The displacement is read on a micrometer scale in the eyepiece. 
The standard pattern extensometer is designed for use with 
the two clamps in centres 200 mm. apart, and extra parts can 
be supplied enabling it to be converted into an instrument 
suitable for use with centres 50 mm. apart. Other patterns 
are supplied to read in English units with centres either 8 in. 
or 2 in. apart. By estimation, readings of the extension can 
be taken to mm. or 50 l 0 $ in. To ensure correct readings 
the microscope must be adjusted to give constant magnifica¬ 
tion. The screw with divided head seen on the upper part 
of the extensometer enables this adjustment to be tested, since 
when the microscope is in correct adjustment a single turn of 
the divided head should cause a displacement of the wire 
through 50 divisions on the eyepiece scale. 

The adjusting screw further serves to bring the sighted mark 
to a convenient point on the eyepiece' scale, and also to bring 
the mark back if the strain is so large as to carry it out of the 
field of view. In this case a single turn of the screw adds 
another 50 divisions to the range shown on the eyepiece scale. 

To facilitate the application of the extensometer to any rod, 
a clamping bar is added by which the two clips are held at the 
correct distance apart, with the axes of their set screws parallel, 
while they are being secured to the test-piece. 

A modified form of Ewing extensometer can also be supplied 
for measuring the elastic compression of short blocks, having 
clip centres 50 mm. apart, or 2 in. apart in the pattern designed 
for English readings, Readings can be taken to correspond 
to j~~ a mm, or in. of compression in the two patterns. 

Both of the compression forms are suitable for tension tests 
on lengths of 50 mm. and 2 in. respectively. 

156. Lamb’s Extensometer. The ingenious extensometer* 
designed by Prof. E. H. Lamb is of the optical type. It can 


Engineering, VoL CXHI, page 684. 
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be arranged for tensile or compression tests, and the principle 
is also applied for the measurement of lateral expansion and 
contraction. The instrument is shown in one form by Fig. 148, 
in which it is arranged for a compression test on a cement 
or concrete cylinder. It consists of two elements, which are 



clamped on opposite sides of the specimen. Each element 
consists of two hardened and ground steel plates having a 
knife-edge on each; between these plates a hardened and 
lapped roller is inserted, and as the specimen alters in length 
the rollers move in opposite directions. Each roller carries 
a mirror, the angular movement of which is measured by a 
telescope and scale in the usual way. The specimen does not 
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require to be marked off, as the knife edges are “ gauge ” when 
the ends of the plates are flush—a gauge is supplied to check 
this. When using two mirrors, the scale reading indicates 
the mean elongation of both sides of the specimen, which 
automatically corrects any errors due to non-axial loading. 
The accuracy of the instrument depends on the diameter of 



the rollers, and, as measurements of these can be made to 
the fourth figure, the instrument is correct to that degree of 
accuracy. 

The theory of the instrument is as follows— 

Referring to Fig. 149, let dj and d 2 be the diameters of the 
rollers, a and /3 be the incidence and reflection angles at the 
mirrors, x the scale reading, a the distance between the mirrors, 
and L the distance from the scale to the mirror mounted on 
the roller of diameter d,,. 

If da and <5/3 are small opposite rotations of the mirrors, the 
increase in scale reading is given by 

__ 2o. <5a 

fir, == 2L(6a -j- d/3) -f cQg ^ cos /S 

= 2 L(da + <5/S) + 2a . <5a . (1) 

If each extensometer element receives a deformation such that 
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is the deformation and d i the corresponding roller diameter, 
then 

ty = d y . 6a and e 2 = d 4 . <5/3 . . (2) 

The deformation in the direction of the axis is given by e, where 
® = i(^i d - ®a) 

= \{dy . da -j- . d/8) . . . (3) 


If the loading is non-axial the effect will be a small proportional 
difference in the values of ej and and we have 

&j = (1 -J- — (1 -j- h)dy&a . . (4) 


For any small difference in the diameters of the rollers we 
have, by writing d in place of d x 

d t = (1 -f- h)d ..... (6) 

From (2), (4), and (5) 

(1 + h)6p = (1 + k)8a .(6) 


and combining (1) and (6) 

d X =^2L. ^^ h + 2a[6a. 

From (3), (5) and (6) 

e = \d{2 + k)8a 

Combining (7) and (8) 

d ( 1 + l) 6x 

e = - 


_ 2 -j - k 4- h 

2L . -T -r- T - 4 2a 


1 + h 


(7) 

( 8 ) 


(9) 


If we omit the second order of small quantities, this reduces to 


d ( 1 +l) 8x 

'LL + 2a 


. ( 10 ) 


or 


D 

LL 4* 2a 


dx 


• (11) 


where D = mean roller diameter. 
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Example 1. 

The following observations were obtained during a tensile test of a piece 
of steel. The readings of the extension were taken by means of a mirror 
extensometer on a gauge length of 6 in. The extenBometer constant was 
250,000 (i.e. a reading of 1 by the extensometer was equivalent to an extension 

2 s 0,0 o i> ™‘) 


Load (Tons) 

Extension on 6 in. 
in Extensometer 
Readings 

Other Data obtained from Test 

0-0 

0 



0-6 

220 

Diameter of test piece 

= 0-662 in. 

1-0 

440 



1-5 

670 

Cross-sectional area 

= 0-2481 eq. in. 

2-0 

900 

of test piece 

2*5 

1,130 



30 

1,350 



3-5 

1,570 

Diameter at fracture 

= 0-379 in. 

4-0 

1,800 



4-6 

2,025 

Yield load 

== 9'G tons 

6-0 

2,250 



6-5 

2,470 

Maximum load 

= 13*24 tons 

6-0 

2,705 



6-5 

2,945 

Extension (including 
fracture) on 2 in. 

= 0-49 in. 

7-0 

3,190 

7-5 

3,470 



8-0 

3,780 




Plot the curve, and estimate from the plotted observations the limit of 
proportionality and modulus of elasticity in tons per square inch. Give any 
other results which can be obtained from the data given above, and which 
are usually obtained from a commercial tensile test. (A.M.I.C.E., 1926.) 

In Fig. 150 the load is shown plotted against extensometer 
readings, and it will be observed that the curve bends over at 
a load of 7 tons. 































STRENGTH OF MATERIALS 


:s:io 


Limit of proportionality = —— — 2S-2 toiis/sn. ii 

U*z4i3l ‘ ' 


The extension represented by BG = 


Strain = 


1,950 

250,000 X 0 


1,050 . 
250,000 1U ‘ 


Stress = 


AB 

0-2481 


o4Si tons/3(i - in 



Modulus of elasticity 


stress 

strain 

4-3 250,000 X 0 

~ 0-24S1 X ~ 17950 

= 13,330 tons/sq. in 
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Area of cross-section at fracture = 0-7854 x (0-37 9) 2 


Percentage redaction in area 


Percentage elongation on 2-in. 
gauge length 


Yield stress 


Maximum stress 


157. Extensometers for Wires. The apparatus shown in 
Fig. 151 has been designed by Searle to measure the extension 
of a wire subjected to a vertical tensile load. It consists of 
two frames, A and B, connected by a link 0 working between 
centres. The frame A is suspended by a wire D, securely 
fastened at its upper end, and held at each end by a chuck. 
A constant load F keeps the wire D taut. The wire E, under 
test, is similarly held and connected to the frame B. Loads 
are applied to E by means of a scale pan G. A spirit level H 
is attached to A by means of pivots, and the other end rests 
on the point of a micrometer screw in frame B. Before loading 
the wire, the bubble of the level is brought to zero, and the 
reading on the scale pan and micrometer noted. The load is 
applied and the bubble again brought to zero. The difference 
between the new reading of the micrometer and the former 
reading is the extension of the wire. The screw has a pitch 
of 1 mm., which is very accurately cut, and the head is divided 
into 100 parts 


0-1129 sq. in. 

0-2481 -0-1129 
0-2481 

0-1352 


X 100 


0-2481 
= 54-4 


X 100 


0-49 

= y X 100 

= 24-5 
9-6 

0-2481 

=- 38-68 tous/sq. in. 

13-24 
“ 0-2481 

= 53-3 tons/sq. in. 
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158. The Strain Gauge. Many structure and machine parts 
are of so complicated a form that it is not possible to make an 
accurate calculation of their operating stresses even if the 
loads are known. Increase of speed lias introduced new 
problems due to change of load distribution, and to vibrations. 
This is particularly noticeable in aircraft and in land transport 
vehicles. 

The dynamic strains can be measured, however, by means of 
strain gauges. Several types of gauge have been produced, 
hut the Electrical Resistance Strain Gauge has been most 



Pig. 152 

widely adopted. Since the strain gauge is a device which 
measures surface extension, it should fulfil the following 
requirements— 

1. It must be small in order that it may be used in places 
difficult of access. 

2. It must he light in weight so that it will not introduce 
additional dynamic effects. 

3. It should he of robust construction in order to operate 
under unfavourable conditions. 

4. Its natural frequency should be high. 

5. It should have good sensitivity and should be simple in 
attachment. 

6. The construction and operation should be such that its 
maintenance and operation is reasonably simple. 

A diagrammatic representation of a resistance strain gauge 
is shown in Fig. 152. It consists of a flat coil of very fine 
cementing to thin paper, its ends being attached to heavier 
resistance wire, about y~£oo ™ diameter, closely bonded by 
terminal leads. In use, the gauge is closely cemented to the 
surface of the object where strain measurement is required. 
The paper base forms an insulator between the gauge and the 
object under test. The gauges vary from 50 to 20,000 ohms in 
resistance. 
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When under Joad the object suffers deformation, and. 
owing to the intimate connection between the strained surface 
of the object and the strain gauge, each turn of the latter 
changes in length. Its resistance also changes, and this change 
of resistance is directly proportional to the change in length 
of the gauge wire. 

i.e. he= =- 


where e is the strain required = R tire initial resistance of 

Li 


the gauge, bli the change in resistance, and K a strain factor. 
The very small strains usually encountered produce eor- 


—vww- 

Strain gauge 

Sene 5 
resistance 



Condenser 
1 . 

To amplifier 
and recorder 


Battery 


Fio. 153 



respondingly small changes in resistance. Hence the voltage 
and power output are unable to operate directly anything 
except very sensitive recorders, thus it is necessary to provide 
amplification between the gauge and the recorder. 

Many electrical circuits have been arranged for use with the 
strain gauge, but two common types are shown in Figs. 153 and 
154; these are known as the series circuit and the bridge 
circuit respectively. The former type is suitable for strains 
which vary from a few cycles per second to thousands of cycles 
per second. In certain cases of strain measurement it is 
necessary to obtain greater magnification and also compensation 
for temperature effects: these can readily be achieved by use 
of the Wheatstone Bridge. Fig. 154 shows a circuit which 
embodies this item. The circuit in each case is connected to an 
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oscillograph and the deflection of the electron heara shown on 
the screen of tins instrument is proportional to the strain being 
measured. 

159. Brittle Lacquers. Ill any portion of a structure or 
machine part where an abrupt change of section occurs or 
where notches or holes exist, there is a localized region of high 
stress known as "stress concentration." The factors which 
cause stress concentrations are called “stress raisers.” In the 
neighbourhood of a stress raiser the maximum stress acting on 
the section may be within allowable design values, yet failure 
may occur, especially if the material is of a brittle nature or 
possesses little ductility, due to the stress concentration reaching 
a value equal to the ultimate stress of the material. The actual 
value of the stress concentration is difficult to determine. 

One experimental method employing direct measurement of 
surface strains by means of brittle lacquers has been employed. 
The lacquer is applied thinly to the surface of the specimens and 
allowed to dry. By cracking as the specimen is stressed under 
the applied load, the condition of strain is shown. Usually a 
small cantilever specimen is coated with the lacquer at the 
same time as the coating is applied to the main specimen. The 
two specimens are dried together under the same conditions of 
temperature and humidity. Known strains are produced in 
the cantilever under identical conditions with those under 
which the main specimen will be tested, ancl thus the strain 
associated with crack formation is found. As load is applied 
to this specimen cracks develop in the lacquer at the most 
highly-stressed regions and these are orientated in a direction 
perpendicular to the direction of the principal stresses. 

The method has several disadvantages, these being— 

1. The lacquer is sensitive to fluctuations in both temperature 
and humidity. 

2. The thickness of the coating is difficult to control. 

3. The lacquer usually possesses an irritating odour and gives 
off dangerous fumes. 

4. The behaviour of the lacquer under bi-axial strain is 
uncertain. 

15. Dependable numerical results require exceedingly care¬ 
fully controlled tests. 

It would appear that, for these reasons, brittle lacquers are 
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From "Some Experiments on Fatigue of Metals," J. H. Smith, Journal of 
Iron and Steel Inst., No. II, 1910. 
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only well adapted for indicating tiie position and directions of 
the maximum stress reached in the specimen when under load. 
More accurate strains at these points may then be found by 
using suitable extensometers such as strain gauges. 

160. Variation of Strength and Ductility. The chemical 
composition of a material, and the heat treatment to which 
it has been subjected, have a great effect on the strength of 
the material. The strength is also affected by the shape of 
the specimen under test, and by other factors which will now 
be considered. 

161. Effect Of Carbon on steel. The mechanical properties of 
steel are very largely influenced by the amount of carbon in 
the steel, and the table on page 336, consisting of tests 
on a complete family of steels, shows the variations very 
clearly. 

It will be noted that the strength of the steel increases with 
increase in the carbon content, but the ductility decreases as 
the carbon content is increased. In Fig. 155 stress is shown 
plotted against percentage elongation, and in Fig. 156 all the 
results in the table are shown plotted to a base oE carbon 
content. It is worthy of notice that there are apparently 
simple linear relations between a number of the quantities. 

162. Effect of Hardening. A steel may be hardened by 
heating it to a high temperature, and then rapidly cooling it 
in a cold liquid. The strength of the steel is greatly increased 
by this process, but its ductility is greatly reduced, and it 
becomes very brittle. Usually further heat treatment is 
required before the steel is of commercial use. The amount 
of hardness is influenced by the rate at which quenching takes 
place, and also by the carbon content. The following table 
contains a list of case-hardening steels, and shows the variations 
of strength and ductility with hardening. Each steel was 
tested before hardening, that is in the rolled condition. It 
was then hardened by heating to about 800° C., soaked for 
three-quarters of an hour and quenched. In par. 170 the result 
of further heat treatment on such a steel is shown. 

103. Effect of Annealing. A steel which has been hardened, 
due to rapid cooling or to repeated straining processes, may be 
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brought to its original state by heating to a blood-red heat and 
cooling very slowly. Aluminium may be annealed by the 
same process, but copper and brass require to be cooled quickly, 


Maker’s 

Identification 

Mark 

Yield Point 
tons/s q. in. 

Max. Stress 
tons/sq. in. 

Percentage 
Elongation on 

2 In. Gauge 
Length 

Percentage 
Reduction in 
Area 

Before 

After 

Before 

After 

Before 

After 

Before 

After 

K.E. 2301 . 

21-3 

23-3 

29-2 

36-8 

31-6 

31-6 

66-3 

62-6 

K.E. 287 . 

25-8 

42-0 

36-2 

63-9 

27-5 

22-6 

62-2 

63-4 

K.E. 128 . 

26-9 

64-6 

39-3 


28-6 

17-0 

61-2 

61-0 

K.E. 060 . 


6S-0 

4S-0 


230 



46-5 

K.E. 24D . 

31-5 

■iftfliW 

44-2 




52'0 

40-0 

K.E. 169 . 

38-6 

77-0 

65-0 



14-6 

31-1 

62-0 


as slow cooling hardens them. The strength of a material is 
reduced by annealing, but the ductility is greatly increased. 

104. Effect of Tempering. A material which has been har¬ 
dened may be brought to a required degree of strength and 
ductility by further heat treatment, or tempering. The 
following table shows the effect of tempering on a nickel-chrome 
steel—a steel which is of great use in automobile and aircraft 
work, and large connecting rods, etc. The steel was heated 
to 820° C., soaked for three-quarters of an hour and quenched 
in oil. It was then tempered for one hour at the temperatures 
stated, and cooled hi oil. 


Tempering 

Seat 

Yield 
Point, 
tone/sq. In. 

Maximum 
Stress, 
toDB/e q. in. 

Elongation 
% on 2 in. 

Seduction 
of Area 

% 

Brin el! 
Hardness 
Number 

Iiod 
Impact, 
ft./lb. 

Hardened only . 

110-0 

126-0 

10-0 

30-0 

632 

16-0 

160° O. 

110-0 

124-0 

11-0 

36-0 

632 

18-6 

200° O. 

106-6 

119-0 

11-0 

39-0 

612 

22-0 

260° G. 

102-0 

112-0 

11-0 

42-0 

477 

18-6 

300° G. 

96-6 

104-0 

11-5 

46-0 

400-444 

14 0 

360° G. 

90-0 

97-0 

12-0 

47-6 

430 

13-0 

400° C. 

81-6 

89-0 

12-6 

49-6 

402 

16-0 

450° C. . 

75-0 

82-0 

13-6 

61-0 

376 

21-0 

600° C. 

70-0 

76-0 

16-6 

62-6 

361 

30-0 

660° C. 

66-0 

69-6 

18-0 

64-0 

321 

40-0 

600° C. 

69-6 

64-0 

20-6 

66-6 

293 

63-0 

6S0° G. 

62-0 

69-0 

23-0 

61-5 

269 

74-6 

700° O. 

48-0 

70-0 

18-5 

30-0 

302 

36-6 
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The results are shown plotted to a base of tempering tem¬ 
peratures in Pig. 157, and it will be easily seen that increase 
in tempering temperature reduces the strength of the steel, 



0 100 ZOO 300 400 500 600 700 

Reheating Temperatures, degrees C. 

FlO. 157 


but increases its ductility. It should also be noted that the 
strength of this steel is much above that of a mild steel. The 
addition of nickel, chromium, vanadium, and manganese adds 
greatly to the strength of a steel, but decreases ductility. 

Referring to the previous table, the steels are as follows— 
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A mild steel (free from nickel and chrome). 

A 3 per cent nickel chrome steel. 

A 5 per cent nickel chrome steel. 

A special nickel chrome steel. 

A nickel chrome vanadium steel. 



K.E. 2301 
K.E. 287 1 
K.E. 128) 
K.E. 660 
K.E. 24d 
K.E. 169 


165. Effect of Low-temperature Heat Treatment. If a duc¬ 
tile material be strained just beyond the elastic limit, and then 
immersed in water at 100° C. for about one hour, the elastic 
properties are recovered, and, on restraining, the yield point 
is found to have a higher value. 

166. Effect of Period of Rest. When a ductile material 
which has just been strained is given a very long period of 
rest, the elastic properties are regained; the yield point will 
have an increased value, and the ductility will be decreased. 
The recovery of the elastic properties, by means of a period of 
rest, is a very much slower process than when water at 100° C. 
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is used. The effect is more marked in the harder steels ; 
immersion in water 100° C. for one hour being equivalent to a 
rest period of a number of years. 

167. Raising the Yield Point by Overstrain. In testing duc¬ 
tile materials it is found that if they are strained up to the 
yield point, then unloaded and immediately re-strained, the 
yield point is raised, but the elastic limit and range of propor¬ 
tionality are decreased (Fig. 158). If the loading and unloading 
process is continued, it is possible to make the yield point 
agree with the point of rupture. 


168. Mechanical Hysteresis. When a specimen is loaded 
inside the elastic range, and then unloaded, the curves for 
each process do not agree, but form a loop. Part of the strain 
develops by creeping during the loading process after the load 



is applied, and portion of the strain dis¬ 
appears by creeping after the load has been 
removed. This phenomenon is known as 
“Mechanical Hysteresis.” 

169. Effect of Shape of Specimen on 
Strength. The enlarged ends of a specimen 
affect the yield stress and the ultimate stress 
if the specimen is short. When the material 
begins to become plastic, and flow, the 
material at the enlarged ends tends to go 
to the rescue of that portion of the specimen 
at which the waist is forming; thus a short 
specimen will give values for yield stress and 
maximum stress higher than those obtained 
from a long specimen. The ductility, as 
measured by elongation and contraction, 
will also be smaller in the former case. In 
order to obtain uniformity of results, it has 
been specified by the Engineering Standards 
Committee that the parallel portion of a 
specimen must be at least nine times the 



diameter of the specimen, and the elongation 
be measured on a length equal to eight 
diameters. 

The strength of the specimen is greatly 
affected by the rate of change of eross- 


Fig. 159 


section. When the change is abrupt, the 
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stress is not evenly distributed over the cross-section where 
the change occurs, but is concentrated at the sharp angle. 
The strength will have a greatly reduced average value. This 
effect is more marked in the brittle materials. When a piece 
of material is subjected to a varying or alternating load, the 
effect of variation of cross-section is very marked indeed. 

Fig. lot) shows the form of various specimens* which were 
subjected to a load which varied continuously from a given 
value in tension to an equal value in compression. The 
following table shows the value of the applied stress and the 
number of reversals which each specimen withstood until 
rupture occurred. 


Specimen 

Maximum 
Stress 
tons/sq. in. 

Minimum 
Stress 
tons/sq. in. 

Range of 
Stress 
tons/sq. in. 

Reversals for 
Rupture 

a 

12*7 

- 12-7 

25*4 

3,000 

6 

12-8 

- 12-8 

25-6 

717,300 

c 

12-6 

- 12-6 

26-2 

739,400 

d. 

12-7 

- 12-7 

25-4 

171,000 

e 

12-8 

- 12-8 

25-6 

204,480 

i 

13-2 

- 13-2 

26-4 

30,240 


It is the usual practice to turn down the shank of a bolt 
used for the “ big end ” of a connecting rod to a diameter 
equal to that at the bottom of the thread. This prevents 
localization of the stress at the cross-section where the thread 
ends. 

The form of the specimen used for tensile testing is shown 
by Fig. 160, that at (a) being for a ductile material, and that 
at (6) for a brittle material. The brittle material requires to 
have a self-centring chuck, and to have screwed ends, as the 
taper jaws used for the ductile material would crush the ends 
of the brittle material and cause failure. The form of fracture 
for each is given at (a) and (6) (Fig. 160), the ductile material 
drawing down to a waist, and finally rupturing in what is 
called a “ cone and cup ” fracture. The brittle material shows 
very little extension, and breaks practically at right angles 
to the axis. 

The reason for the “ cone and cup ” fracture is that the 

* “ Some Experiments on Fatigue oi Metals,” by J. H, Smith, Journal oj 
Iron and Steel Inst., No. II, 1910. 

12—(T.5+64) 



STRENGTH OF MATERIALS 


344 

material really fails by shear. Experimental verification of 
this was obtained by Luder. He observed the behaviour of 
a highly-polished specimen as the load was applied, and at 
the yield point lines were observed on the surface, in a criss¬ 
cross formation at about 60° to the axis. These lines are 
called “Luder’s Lines,” and show that molecular slip is taking 
place in tire direction of the shear stress, and by par. 15 the 
resistance to shear determines the strength of a material such 
as mild steel. 



Fig. 1G0 


In order to test a wire rope, the ends of the test piece are 
opened out and bent in the form of a hook. Each end is 
placed in a conical mould, and lead poured in. The hooks 
take a secure grip in the lead and the ends can now be held 
in the testing machine. 

170. Effect of Temperature. At low temperatures the tena¬ 
city of a mild steel is increased; the material, however, becomes 
very brittle, its ductility being almost negligible. 

With increase of temperature, the elastic limit decreases, 
and is accompanied by a corresponding decrease in the modulus 
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of elasticity. The tenacity of the material decreases until a 
temperature of approximately 150° C. is reached. From this 
temperature the tenacity increases, reaching a maximum value 
in the neighbourhood of 300° C., after which it decreases as the 
temperature is further increased. The following table A* shows 
the effect of high temperature on the tenacity of various steels. 


\ 1 



(<%<) (&> 

Fig. 161 


The ductility decreases with increase in temperature until 
a temperature of about 150° 0. is reached. After this 
temperature the ductility increases with further increase of 
temperature. The increase is not regular, however, but takes 
place in an erratic manner. Tables B and C show the effect of 
temperature on a cast and wrought aluminium alloy respectively. 

171. Compression Testing. For compression testing, the 
machine is fitted with two hardened steel blocks, one of which 
rests in a spherical seating to ensure central loading. The 
specimen usually consists of a short cylinder, about fin. 
diameter and 1| in. long. If this ratio of length to diameter 
he exceeded, there is a danger of failure being due to both 
compression and bending. 

Ductile materials fail as shown at Fig. 161 (a); cracks opening 
parallel to the axis of the specimen. Since the area of the 
cross-section is continually changing with increase of load, the 
area may be found as follows— 

Let and be the mean area and length respectively at 
the commencement of the test, and let a 2 and l 2 be the corre¬ 
sponding values when a certain load is applied. Then, since 
the volume remains constant 

k 

* "Valve Steels,” by P. B. Henshaw, Journal of Roy. Aero. Sac., March, 
1927. 









Tensile Tests, Cold 
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The fracture of a brittle specimen is shown by Fig. 101 ( b ). The 
failure is really due to shear, for the reason given in par. 15, 
the inclination of the fracture being about 35°-40 D to the axis 
of the specimen. In the cone and eup ” fracture, and in 
the cast iron fracture, the theoretical value of the angle of 
inclination is 45° (par. 15), but the inclination is effected by 
the normal stress on the planes. In Fig. 9, taking p as the 
coefficient of friction, the actual shear resistance 

, W ■ n „ ir 

/, = —t sm 0 cos a = q -j- p—r cos 2 0 

jfi 


where q is the ultimate cohesive resistance to pure shear, i.e. 
when no normal force is exerted. 

Fracture will occur on the section over which q is a maximum, 

, dq . 

i.e. when -77 is maximum. 
do 

W 

q — ~ (sin 0 cos 0 - p cos* 6) 


dq 

and jq — u gives - ll = cot 20. 



Fig. Hi2 


if tb is the angle of friction, then 


- p = - tan <j) 



20 - y + 0 



and 
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For cast iron cj> is approximately 20° 
d = 55° 

The above theory is due to Navier. 

172. Shear Testing. The shearing tool shown in Fig. 162 is 
arranged for making both single and double shear tests. The 




block which carries the specimen rests on the table of the testing 
machine, and the movable head (in the ease of the Itiehle 
mac hin e) carrying a crushing tool, forces the knife through 
the specimen. The block for holding the specimen has a slot 
for gui din g the knife. A large hole in the block is fitted with 
two hard steel bushings held in place by knurled nuts. 

For double shear the specimen is slipped through the nuts 
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and bushes, and a knife having the same radius as the specimen 
is forced through the specimen. For single shear tests the 
specimen is slipped through one nut, and only allowed to 
project enough to give a full bearing on the knife. 

173. Deflection and Cross Breaking. Tests of this type may 
be carried out in either the single lever or vertical screw 
machine. The specimen rests on knif e edges (Fig. 138), and 
a knife edge, carried by the upper head, presses on the specimen 
at mid-span. Fig. 163 shows a deflection measuring device. 

It consists of a cast-iron base, the bottom of which is accurately 
planed, and to which is attached a scale A, graduated in 
■ r Vths inch. A multiplying lever G is pivoted on the base at 
D, and the beam presses on the projection E attached to the 
lever. The other end of the lever carries a vernier which enables 
readings to be taken to X utt hi. The scale A reads up to 5 in., 
and, as the multiplication obtained is 10 : 1, deflections can be 
read up to £ in. 

For testing small bars in the foundry the machine shown in 
Fig. 164 has been designed by Messrs. W. and T. Avery, Ltd. 
It can also be used to carry out rough tensile tests, in which 
case a specimen of J sq. in. cross-section is used. 

For transverse tests, the test bar is inserted through adjust¬ 
able dogs, the strain being applied by the hand-wheel, and the 
load is directly communicated to the steelyard. The steelyard , 
is graduated up to 80 cwt. for tensile tests and 60 owt. for 
transverse tests. 

Example 2. 

A piece of oak, 1 in. wide and 2 in. deep and 40 in. long, was tested under 
bending by four-point loading, as indicated in Fig. 128. By this method of 
loading the central 24 in. of the beam is under uniform bending moment. 
The deflection was measured under various loads (until fracture occurred) 
on a length of 20 in. between points of application of the load, and the following 
observations were obtained— 


EBHS0 







is arm: 
























Plot the load-deflection curve and calculate, in pounds per square inch— 

(а) The modulus of direct elasticity. 

(б) The stress at the limit of proportionality. 

(c) The modulus of rupture. (A.M.I.C.E., 1925.) 
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The load-deflection curve is shown plotted in Fig. 165, and 
on the same figure load and deflection are plotted on a larger 
scale in order to determine the limit of proportionality. 



0 0-1 0-2 0-3 0-4 0-5 0-6 

0-05 0-70 0-75 0-20 0'25 

Fia. 105 


bd s 2 3 2 , 

^12 =l2=3 mchumtS 

For a value of W = OB = 950 lb. the deflection is AB 
= 0-135 in. 

The uniform bending moment due to a total load W = 950 lb. 



= 2,850 lb. in. 
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The deflection due to a uniform bending moment is given by 
„ ML 2 


8 El (par - S " ^ 


2850 X 20 X 20 X 3 
= 8 X 2 X 0T35 

= 1-58 X 10 s Ib./sq. in. 

The limit of proportionality occurs when W = 1,300 lb. 
M = X 6 = 3,900 lb. in. 




3,900 X 3 
2 


= 5,850 lb. sq./in. 

M f . 

In the testing of beams, the equation ~f~ ~ 18 n0 * ^ rue 

beyond the limit of proportionality, nevertheless it is often 
assumed to hold up to the breaking-point, and by means of it 
a breaking stress calculated which is called the Modulus of 
Rupture. 

Bending moment at instant of fracture 

2,500 „ . 

= — 0 - X 6 = 7.500 lb. in. 


Modulus of rupture = 


7,500 X 3 


= 11,250 lb. sq. in. 

174. Torsion Testing. A machine for testing materials in 
torsion is shown by Fig. 166. It is capable of dealing with 
specimens up to 1 in. diameter, and 12 in. in length. The 
specimen is held by a chuck at each end. One chuck is rigidly 
attached to a worm wheel, gearing with which is a worm whose 
spindle carries a hand wheel. The other chuck is connected 
through a lever and link to a graduated arm carrying a counter¬ 
poise. Rotation of the hand wheel causes rotation of the end 
of the specimen nearer the worm wheel; the other end of the 
specimen attempts to rotate and exerts a pull on the graduated 
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arm. The counterpoise is now moved until the arm is floating 
in a horizontal position. Allowance is made for the shortening 
of the specimen due to torsion. 

In order to measure the angular movement between two 
sections of the specimen a given distance apart, a disc gradu¬ 
ated in degrees may be fastened to the specimen at one section, 
and one end of a long sleeve fastened at the other section. 



The other end of the sleeve carries a vernier which moves 
along the scale on the disc. 

For the testing of wires in torsion, the apparatus shown by 
Fig. 167 may be used. The wire under test is securely held 
at one end, and to the other end is attached a pulley, free to 
rotate. A cord passes round the pulley, and loads may be 
applied to a scale pan fastened to the free end of the cord. 
The relative angular movement of two sections of the wire 
is found by observing the readings of the pointers, attached 
to the wire on the graduated dials. 
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Example 2. 

Describe a method of determining the modulus of rigidity of a mild steel 
bar. A bar of steel 0*749 in. diameter, parallel length 4 in., was tested in 
torsion and gave the results shown in the table. 

Torque (lb.-in.) 200 600 800 1,000 2,000 3,000 4,000 6,000 6,000 

Angle of twist) 

on length off -0026 *0071 *0092 *0116 -0223 -0326 '0617 *2463 *6779 
4 in. (radians)} 

The bar broke with a torque of 6 , 4001 b. in. Find (1) the modulus of 
rigidity, (2) the limit of proportionality, (3) the breaking stress in shear. 
(Lend. tTniv., 1923.) 

The angle of twist is shown plotted against torque in Eig. 
168 for the complete range, and it will be observed that over 
strain has occurred after about 4,000 lb. in. The quantities are 
plotted to a larger scale on the same figure in order to deter¬ 
mine the modulus of rigidity and the limit of proportionality. 

The torque BO = 1,900 lb. in. and the corresponding angle 
of twist = AC = 0-021 radians. 

vr 4 7T X (0-3745) 4 
Iv ~ 2 ~ 2 
T_Cd 

U I 

Tl 1,900 X 4 X 2 

C ~ J P 6~ tt X (0-3745) 1 X 0-021 
= 11-71 X 10 s Ib./sq. in. 

The limit of proportionality occurs when the torque is 
3,000 lb. in. and is given by 
_ Tr 

~X> 

3,000 X 0-3745 X 2 
^(0-3745) 4 
6,000 

“ 77(0-3745) 3 
= 36,350 lb./sq. in. 

In testing ductile material to destruction, the material 
towards the end of overstrain becomes perfectly plastic, the 
overstrain curve becoming almost parallel to the axis. The 
shear stress is no longer proportional to the distance from 
the centre of the section, but is uniform in intensity over the 
section. The breaking torque may be found as follows. 
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Referring to Fig. 117 

T = 2-/„ / rfdr x 

•V £> 

= 17r/ s r 3 where /„ is the breaking shear stress 


Breaking stress = 


if X 6,400 
77 X (0-3745) 3 
58,160 Ib./sq. in. 


175. Bending and Torsion. Fig. 169 shows diagrammati- 
cally a machine suitable for testing materials in combined 
bending and torsion. The test piece is fastened at one end 



to a graduated disc, capable of rotation by a worm and wheel, 
which is surrounded by a ring carrying a vernier. From the 
disc projects a rod carrying a scale pan to which loads IF, may 
be applied. The other end of the test piece is fastened to a 
block A, suspended as shown. Projecting from the block, 
and in line with the test piece, is a rod carrying a scale pan to 
which loads W t may be applied. Rods also project from the 
block in a direction perpendicular to the axis of the test piece. 
One rod carries a scale pan to which loads liy are applied. The 
other rod carries a counterpoise D, which is used to balance 
the previous scale pan. The object of the test is to find the 
criterion of failure in a shaft subjected to bending and torsion. 
A uniform bending moment by ay = W 2 z.>, is supplied by the 
weights W x and W 2 , the twisting moment TF 3 a- 3 is supplied by 
the load W s . A spirit-level is attached to the block A. The 
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bending moment is kept constant and loads W z applied at 
about 5 lb. at a time. After applying a load, the worm wheel 
is rotated until the spirit level again records zero, and the angle 
of twist noted. Twisting moment and angle of twist are 
plotted until departure from proportionality indicates that 
the elastic limit has been reached. Great care must be taken 
to prevent the bar from being permanently strained, W s being 
removed when an abnormal movement is noted on the spirit 
level. The bar may then be immersed for an hour in water 
at 100° C., when it may be used again for a new test, or separate 
bars of the same material can be used. In each case a different 
value of bending moment is applied. The test piece is usually 
solid, \ in. diameter, and 2 ft. long, or it may consist of a 
hollow tube. 

If M = bending moment 

T = twisting moment when elastic limit is reached, 


we have from par. 121 


From maximum stress theory 



M + Vi / 2 + T 2 

should be constant 

(1) 

From maximum strain theory 



\M + WM 2 + T 2 

should be constant 

(2) 

From maximum shear stress theory 


■\J M 2 -j- T 2 

should be constant 

(3) 

From maximum strain energy theory 
- -- 


J—¥n M 2 + t 2 

y m -f-1 

should be constant 

(4) 


Constancy of any of the above shows that failure occurs accord¬ 
ing to the particular theory from which the formula is derived. 
From t^jire work carried out on various materials it would appear 
that a ductile material, such as mild steel, fails according to 
(3), whilst a brittle material, such as cast iron, fails according 
to (1). 

■ 176. Hardness Testing. The hardness of a body is the resist¬ 
ance which the body offers to indentation by other bodies. 

The various tests may be divided into two classes, (a) Scratch 
tests, ( b ) Indentation tests. 

The former usually consists of pressing a loaded diamond 
into the surface under test, then pulling the diamond in order 
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to make a scratch. The hardness “ number ” is then based 
on the load required to make a scratch of given width, or else 
on the width of scratch made with a given load. 

Indentation tests usually consist in pressing a body of 
standard shape into the material to be tested under a given 
load, and basing the hardness number on the load and the 
indent produced. 

Another instrument, called a seleroscope, has been designed 
to measure the rebound of a small hammer, which carries a 
diamond for indenting purposes. The hammer slides inside 
a glass tube from a given height, and the height of the rebound 
is a measure of the hardness. 

These methods of testing are open to the following objec¬ 
tions— 

(1) In each case the hardness is measured relative to a 
standard substance, and it is difficult to get the standard 
substances all of the same degree of hardness. 

(2) The standard substance will be slightly deformed, due 
to the force exerted, and hence in the case of indentation 
tests a true value of the indent is not obtained. 

(3) The material under test will rise in the form of a ridge 
around the indenting tool, and thus prevent a true value of 
indent being obtained. 

(4) The material under test, although stressed beyond the 
yield point at the point of application of the indenting tool 
possesses some residual elasticity and thus, on removal of the 
tool, the indent will recover slightly, so that an erroneous 
value of indent will be obtained. 

The indentation method is the commonest form of test, 
and machines designed on this principle will now he described. 

177. The Rockwell Method of Hardness Testing. In this 
machine an indenting tool which is either a steel ball or a 
conical shaped diamond with a rounded point, called a “brale,” 
is driven into the material to be tested, under a given load. 
The load and tool used depend on the material under test. 
A ball t,; in. in diameter and a load of 100 kg., together with 
Scale B on the instrument dial, is used for such materials as 
low and medium carbon steels. For harder steels, the brale 
with a 150-kg. load is usual, and the dial marked C is employed. 
For soft materials halls of diameter varying from j to J or ^ in. 
may be employed with special loads and dial graduations. 
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Very thin material^can be tested by this method. The brale, 
whose cone angle is 120°, or the steel ball, is made to carry a 
minor load of 10 kg. The full load is then applied and, after 



Figs. 170 


removal, leaving the minor load still in position, the hardness is 
read on the proper scale. 

A special adaptation of the machine called a superficial 
hardness tester has been devised for testing nitrided steel, 
safety razor blades, lightly carburized material, thin sheets, 
etc. The loads are reduced to 15, 30, or 45 kg., the brale 
being employed for the nitrided steels and the x \ r in. diameter 
ball on thin sheets. 

178. Brinell’s Method of Hardness Testing. This method 
consists of squeezing a hardened steel ball of given diameter 
into the material, under a fixed load. The load is usually 
3,000 kg. and the ball has a diameter of 10 mm. Smaller loads 
are used for the softer materials. 
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Let P = standard load in kilograms 
D = diameter of ball in millimetres 
d = diameter of indent in millimetres 


Brinell hardness number = 


load in kgs. 

spherical area of indent in sq. mm. 


_ _P_ 

~ (^D - VD^p'j 

This method of hardness testing is more widely used than any 
of the others. The machines designed on this principle depend 


D 




Fig. 172 


either on hydraulic pressure where the force is measured by a 
gauge, or on a powerful screw, and the force in this case is 
measured by a steelyard connected through levers to the table 
carrying the specimen. 

A machine of the latter type is shown in Fig. 170; the speci¬ 
men is placed on the table and the screw carrying the ball is 
lowered until the ball rests on the specimen. The screw at 
its upper end is attached to a worm, in gear wdtli which is a 
worm wheel carrying a hand wheel. Rotation of the hand 
wheel causes the screw to advance and press on the specimen. 
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The table of the machine is connected through levers to the 
two arms carrying weights which project from each side of 
the machine. When the desired pressure is reached the weights 
are elevated. The microscope is used to measure the diameter 
of the indent. 

A machine operated by hydraulic pressure is shown diagram- 
matically in Fig. 171. 

In the case of a machine part which is too large to be placed 
in either of the machines just described, an instrument called a 
hardness comparator (Fig. 172) may be used, This instrument is 
of a size which slips into a pocket and is thus useful for testing 
the hardness of an object which it is not desirable to move. 
It consists of a steel cylinder A, carrying a ball B resting on 
the specimen and also touching a bar H of standard Brined 
hardness, which can be inserted in A. A spring C holds II in 
position. The top of the cylinder is struck with a hammer and 
an indent is made both in the bar and in the specimen. 

Let P = force of the blow. 

A 1 = area of indent in standard bar. 

A, = „ „ „ „ specimen. 

B { = Brinell hardness number for bar. 
jB, = „ „ „ for material. 

P = k (Brinell No. X area of indent) = hA 1 B 1 = hA t B 2 

. B - 

•• 2 ~ A t 

179. The Vickers or Diamond Hardness Method of Testing. 
In machines of this type the hardness number is determined 
by pressing a square-based diamond pyramid into the material. 
The angle between opposite faces is 136° and the load may vary 
from 6 to 120 kg. The hardness number is the ratio PjA 
whore P is the load in kg. and A is the surface area of the 
indentation. It is claimed that the diagonal of the square 
indent can be measured with greater accuracy than the dia¬ 
meter of a circle. The method can be used for exceedingly 
thin materials and for very hard materials. On p. 422 is given 
a table which shows the approximate corresponding values of 
hardness, as found by such a machine, the Brinell and Rockwell 
machines and the Shore Scleroscope. The table has been 
prepared from tests carried out on ordinary carbon and alloy 
steels and should be applied with care to high alloy austenitic 
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steels and non-ferrous alloys in which the relationship between 
hardness number and tensile strength in particular is somewhat 
different from that of ordinary steel. 

N o fundamental basis of comparison exists between the hardness 
numbers as determined by different methods because the methods 
do not in all cases measure the same property of the metal. 
It is hoped, however, that the table will be useful in making a 
general comparison between tests carried out by different 
methods. 

180. Connection between Brinell Hardness and Strength. 

For the same quality of material a relationship seems to exist 
between the ultimate strength and the Brinell hardness number. 
In the case of the family of steels given in table in par. 161, 
the ultimate strength divided by the hardness number varies 
from 0-21 to 0-23, and in the case of the steel given in par. 164, 
tempered at different temperatures, the ultimate strength 
divided by the hardness number varies from 0-215 to 0-235. 

181. Impact Testing. The ordinary static tensile test is not 
satisfactory when we wish to determine the suitability of a 
material to resist repeated shocks. Machines have been 
devised in which a specimen receives a single shock or a number 
of shocks, and the energy required to smash the specimen is 
taken as a measure of the resistance of the material to this 
manner of stressing. 

The various testing machines may be divided roughly into 
two classes : (a) those in which a notched specimen receives a 
single transverse shock, or a number of transverse shocks ; and 
(6) those in which the specimen receives a single tensile or 
compressive shock, or a series of shocks of similar type. 

The machine shown by Fig. 173 is of the single transverse 
shock type. It consists of a heavy pendulum pivoted at the 
top of two strong A-frames. A pointer attached to the pendu¬ 
lum moves over a scale graduated in foot-pounds, and mounted 
on top of the machine. The specimen, which consists of a 
piece of material of square section 10 mm. side, is notched in 
one face. The notch is 2 mm. deep, and has a radius at the 
bottom of 0-25 mm,; a notch-measuring gauge being supplied 
so that specimens can be accurately machined to size. The 
specimen is held in a vice, fastened to the base plate of the 
machine ; the notch being at the top of the vice jaw and facing 
the pendulum. The pendulum is lifted into position and 
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secured, and the energy stored up in it is 120 ft. lb. On being 
released by a trigger, the specimen is struck and broken, and 
the residual energy in the pendulum is recorded on the gradu¬ 
ated scale. The difference between the energy stored before 



Fig. 173 


release of the pendulum and the residual energy is taken as 
the energy required to smash the specimen. A test of this 
land is known as the “ Izod Test,” and is widely used to measure 
the resistance of materials which are to be subjected to shock. 

A machine for delivering a succession of transverse blows 
to a specimen has been designed by Dr. Stanton. In this 
machine a hammer is allowed to fall repeatedly on the specimen 
from a given height, which height can be varied. The specimen 
is supported horizontally at each end, is cylindrical, and of 
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i in. diameter. A V-groove is cut in the specimen at mid-span, 
at which point the transverse blow' is struck. Arrangement 
is made to rotate the specimen through ISO 0 between successive 
blows. The machine is capable of delivering 100 blows per 
minute and is automatically stopped when the specimen is 
fractured ; the number of blow's being recorded on a revolution 
counter. The weight of the hammer X height fallen X num¬ 
ber of blows — energy absorbed by specimen. 

In machines of the type just described it is not correct to 
assume that the energy as stated is the energy required to 
rupture the specimen, since some of the available energy is 
utilized in straining the hammer and the specimen at the point 
where the blow is struck. This energy cannot be calculated, 
and thus it is impossible to calculate the exact amount of 
energy absorbed by the specimen. 

A machine has been designed by Sankey, Blount and Kirk¬ 
caldy* in which the specimen is subjected to a tensile shock 
applied in such manner that the energy absorbed by the speci¬ 
men can be computed. The principle underlying the machine 
is shown in Fig. 174. The specimen £> is 
fastened to a tup IT, and to a head II, 
and the whole arrangement is lifted to a 
height h, at which the potential energy 
of the tup is Wh. The arrangement is 
released and falls freely, the head H being 
arrested by the anvil A. The height h 
is so chosen that the specimen is frac¬ 
tured. An electrical timing device en¬ 
ables the velocity of the tup to be 
calculated after fracture and hence its 
kinetic energy E could be estimated. 

The energy absorbed by specimen = Wh - E. 

This machine was of the “ single shock ” type, and, after 
investigating various steels, the experimenters concluded that 
the energy required to fracture a specimen by a single tensile 
shock was 50 per cent greater than when fracture was carried 
out by the static method. 

The authorf has designed a machine (Fig. 173) working on 
the same principle, but the machine may be used for single 
shock tests or repeated shock tests. 

* Proc. Inst . JMech. Png., May, 1910. 
fProc. Iron and Steel Inst., Oct,, 1927. 
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The machine consists of a hollow, cast-iron anvil carrying 
a heavy hollow steel top. The specimen Q is attached to a 
tup B and an arresting head A ; this head carries cross-guide 



arms, but sufficient clearance is given to allow o± a free. fall. 
A sliding head G carries two triggers which are capable of 
opening against the pressure of a spring and grasping a knife - 
edge on top of the arresting head A. The head G slides on 
two vertical rods D. A cross-bar E carries adjustable releasing 
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plates. Tlie sliding head G is attached to a rope which passes 
through E and is fastened to the rim of a wheel F. On the 
same shaft as F is a small wheel G, to which is attached a 
rope, the other end of which is attached to a. connecting-rod 
which, in turn, is connected to the crank Ii by the adjustable 
pin J. The crank K is attached to a reducing gear driven 
by the motor L. There is a ratio of 8 to 1 in J 1 and G , thus 
the crank-pin radius for a given fall is obtained by dividing 
the fall by eight. Having adjusted the pin J, the turnbuclde 
H is adjusted so that the zero position of lift is at the anvil. 
The motor is rotated by hand until G is at the top of the lift 
and E is then set to release the head A by squeezing in the 
triggers. The motor is now started, and the head A, specimen 
Q , and tup B are automatically lifted, released, and arrested, 
until the specimen fractures. The tup falling on M causes a 
cut-out to operate and stop the motor ; the number of shocks 
being recorded on counter 0. 

The following is a description of some of the experiments 
carried out on this machine : Specimens are broken with a 
given tup falling repeatedly from a given height, the height 
being different for each specimen. The value of the product 
of height of fall, number of shocks and weight of tup give the 
energy absorbed by the specimen. The values of log. height 
were plotted against the log. of the number of shocks, and 
curves such as those shown in Fig. 176 were obtained. These 
are for specimens of Low Moor iron, A 2 , B 2 , etc., representing 
tups of 2, 4, 7, 10 and 20 lb. respectively. The point where 
each cuts the axis of log. H gives the log. of the height through 
which the fall must take place with each tup in order to fracture 
the specimen with a single blow. The value of the product of 
height of fall and weight of tup was found to be constant. 
Specimens were broken by static means and the work done 
up to fracture calculated. 

The author finds that the ratio ^ _ L 

static energy 

The heights of fall, for fracture by a single shock, as found by 
the above method, were tested by allowing a specimen, the 
tup, and arresting head to fall from a height 1 in. below that 
as found ; then allowing another specimen, etc., to fall from a 
height 1 in. above the height as found from the graph. In 
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ratio of 


= I .7. In their machine, however, a 


the former case fracture did not occur, whilst in the latter case 
fracture did occur. 

Stanton and Bairstow* give results of a number of single 
blow impact tests carried out by them. They obtained a 
f impact energy 
static energy 

great amount of energy is dissipated in straining tire hammer, 
etc., and they give this as the reason for the value of the ratio 
obtained from their tests. Materials tested by repeated 
impact show the usual “fatigue” curves associated with vary¬ 
ing or alternating stress. 


162. Brittle Fractures. This type of fracture is caused by 
"cleavage” planes following straight line paths, and in many 
places passing through several crystals without change in 
direction. The fracture has a coarse "crystalline" appearanc-e, 
as shown in Plate T, which represents a brittle fracture of a 
chain link.f 

Each area through which the cleavage planes travel, through¬ 
out the numerous crystals, appears as a small facet when the 
face of the fracture is examined. The actual size of the crystals 
are not determined by the size of the facets, since test pieces 
cut from brittle metal and prepared for microscopic examina¬ 
tion show a normal crystalline appearance. 

Brittleness does not unduly reduce the tensile strength of a 
metal, but its ductility is almost zero and its impact value 
is greatly reduced. These points are exemplified in the 
following tablef— 

STATIC' TENSILE AND IMPACT TESTS ON CHAINS 


Static Teiii-ile Tests 


m-l il ion 

* Vicki Load 
(ton-) 

! .Maximum Load 
j (tons) 

1 

Extension at 
Fracture on 

1 Links 

Kraeture 
(ft,-tons) 

As received . . 

IS 

20-5 

0-SH 

2-4S 

Annealed . . j 

12 

20-3 

1 -Sli 

1145 


10 

20-3 

2-3 

13-07 

New chain . , j 

1!) 

30-9 

2-117 

11-14 


183. Causes of Brittleness. Brittleness can usually be traced 
to one of the following causes— 

* Proc. I nut. Meek, fluff.. 11) OS. 

| Proc. Inst. Mech . Eng., 11)28. 
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1. Dae to incorrect heat treatment the metal on cooling 
adopts a coarse crystalline form. This incorrect treatment may 
be due to any of the following— 

(a) Heating to an excessive temperature. This effect is 
brought out clearly in the following table,which gives the 
result of impact tests made on notched specimens of wrought- 
iron. 

Temperature (°0.) . . 1,100 1,200 1,300 1,400 

Number of blows for fracture 7 4 2 j 

(i b ) By prolonging the correct treatment beyond the 
necessary period. 

(c) By allowing the metal to cool slowly from a tempera¬ 
ture near to the molten state. 

2. Dirty welded joints. 

3. Notches; these may reduce the impact resistance by 
60 per cent. 

4. Cold working or strain hardening. This effect is produced 
by stamping, rolling, shock-loading, etc. The general result is 
the formation of a hard case, leaving the core ductile. When 
shock is applied a crack occurs, which results in a high stress 
concentration at the bottom of the notch; the metal, being 
unable to resist this stress, develops a continuously growing 
crack, which travels throughout the ductile core and finally 
fracture occurs. 

6. Stressing at Low Temperatures and Notching. This effect 
is clearly shown by the following table which deals with both 
notched and unnotched specimens. 


Temperature (°C.) 

200 

100 

00 

17 

u 

- 20 

- 50 

- 78 

Unnotcliod (im- 







1 


pact energy) 




100-4 

15(H) 

159-9 

159-9 

159-9 

Notched (impact 









energy) . 

80-9 

78-2 

75-9 

04-9 

28-3 

13-3 

5-3 

3-0 


In the case of chains the rough treatment to which they are 
subjected causes skin cracks and fracture often occurs in the 
“frost range,” 0° to — 20°O. In extreme cases a chain has been 
known to fracture, when dropped, in very cold weather. 

When a metal has experienced the treatment in 1. and 2., 
nothing will remove its brittleness; it is now useless for 
engineering purposes. Thus it is of the utmost importance that 
correct heat treatment should be given. Tn the case of item 3. 

* Ibid. 
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the tendency to brittleness may be overcome by attention to 
design and surface finish. 

The table in par. 182 on Impact Tests on Chains serves to 
show the value of regular attention to annealing or normalizing 
of a part, in order to remove brittleness and recover good 
impact properties. 

The danger of brittleness due to frosty weather may be 
minimized by the addition of nickel to steel. This is clearly 
shown by Tig. 177, the resistance to impact by each of the 
alloy steels being greatly superior to that of plain carbon steel, 
in the frost range and also at ordinary temperatures. 



The actual temperature range in which the steel changes 
from a ductile to a brittle state, called the transition range, can 
be brought further down the temperature scale by including 
manganese in the steel. The beneficial effect of increasing the 
manganese/carbon ratio is most pronounced in normalized 
steel, especially in the ratio range 1-5 to 4; this is clearly 
shown, by the following table* where the transition temperature 
given is the mean temperature of the transition range. 


o o/ 

u /u 

Mn % 

Mn/C 

Ratio 

U.T.S. 

(tons/in.'-*) 

Transition 
Temperature D C 

Annealed 
Impact 
Value at 
20° C. 

(ft.-lb.) 

1 

| Normalized 

Aimealed 

0-10 

1-19 

11-9 

28-4 

- 50 

+ 25 

70 

0-115 

0-89 

7-7 

28-7 ] 

- 35 

4 40 

05 

0-10 

0-30 

3-0 

24-4 

- 25 

+ 30 

40 

0-17 

0-08 

4-0 

28-9 

- 25 

i + 50 

1 25 

0-23 

1-08 

4-7 

35-0 

0 

4 45 

35 

0-21 

0-82 

3-9 

32-7 1 

4 10 

+ 00 

30 

0*19 

i 

0-27 | 

1-5 | 

27-9 

+ 20 

4 00 

10 


Journal of Iron and Steel Iruit., 1947. 
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184. The Fatigue Of Metals. Metals which are subjected to 
loads which vary continuously from one value to another, or 
from one kind of loading to the reverse kind, fracture at values 
of stress much below the ultimate stress as found by static- 
tests. 

This peculiarity of metals was first subjected to an extended 
investigation by Wohler, and since then many experimenters 
have carried on the investigation. The cause of failure is 
still imperfectly understood, and a complete history of the 
work carried out would fill many volumes. The reader is 
advised to apply to the proceedings of the various engineering 
societies, or to the Fatigue of Metals, by H. J. Gough,* for a 
full account of the work carried out. A synopsis of the more 
important results of the above investigations will now be given. 

From Wohler’s experiments the following results were 
obtained— 

(a) That reversed stresses, much smaller in magnitude than 
the static breaking stress, and even smaller than' the elastic 
limit, will cause fracture if repeated a sufficient number of 
times. 

(b) Under fluctuating stress the resistance to fracture 
depends upon the range of stress within certain limits. 

The range of stress is given by 

^ ~ fmn? ~ fmin 

where R denotes range of stress, 
denotes maximum stress, 
f min denotes minimum stress, 

due attention being given to the positive and negative values 
of the stresses. 

These results have been verified by other investigators, 
and the following tables^ will serve to illustrate them. All 
stresses are measured in tons/sq. in. 

The steel used for Table T is the 0-34 carbon steel of x>- 336, 
and that in Table II is the 0-19 carbon steel of the same page. 
Reference to the table there shows us that 0-19 carbon steel 
had a, yield stress of 17-19 tons/sq. in. and a maximum stress 
of 29 tons/sq. in. when tested statically; from Table II, 
however, it is shown that a much smaller reversed stress than 

* Scott, Greenwood & Go. 

f “Some Experiments on tho Fatigue of Metals,” J. H. Smith, Journal of 
Iron and Steel Inst,, No. II, 1910. 
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Table I 

RANGE OF STRESS AND ENDURANCE 


Maximum 

Stress 

Minimum 

Stress 

Range of 
Stress 

Alternations of 
Stress 

19-7 

- 19-7 

39-4 

9,450 

17-6 

- 17-6 

35-2 

25,600 

21-9 

- 0-3 

22-2 

449,260 

- S-7 

— 24-3 

15-6 

1,461,600 

26-9 

14-0 

12-9 

2,750,000 
(not broken) 


Table II 

REVERSED STRESS AND ENDURANCE 


Maximum 

Stress 

1 Minimum 

Stress 

Range of 
Stress 

Alternations of 
Stress 

19-8 

1 

- 19-8 

39-7 

i 

1,600 

181 

-18-1 

36-2 

10,650 

17-1 

- 17-1 

34-2 

22,400 

16-S 

-16-8 

33-6 

38,600 

14-9 

- 14-9 

29-9 

127,600 

13-6 

- 13-5 

27-0 

490,000 

12-6 

- 12-6 

25-2 

739,400 

12-3 

- 12-3 

24-6 

1,066,000 
(not broken) 


the yield stress is sufficient to cause failure when applied a 
sufficient number of times. 

The values of range of stress S given in Table I are shown 
plotted against the corresponding alternations of stress N in 
Fig. 178. This is known as an S-N curve. It will be observed 
that as the number of alternations increase the curve becomes 
almost jiarallel to the axis, corresponding to a range of stress 
of 12-9 tons/sq. in. This range of stress, at which the number 
of alternations required to cause fracture becomes almost 
infinite, is called the “Limiting Range of Stress.” 


185. Bauschinger’s Experiments. When a material is tested 
statically, in tension or compression, without receiving further 
treatment than that obtained during manufacture, it shows 
clearly defined limits of proportionality. Treating these as 
elastic limits, it is usual to apply to them the term “primitive 
elastic limits.” 

Bauschiuger showed that these primitive elastic limits were 
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not fixed, but that when the material was subjected to cycles 
of stress new limits of elasticity could be produced, the limits 
being either raised or lowered, but not necessarily by equal 
amounts. These new limits are called “ natural elastic limits.” 
Bairstow* demonstrated the truth of the above statement and 



Fia. 178 

also was led to the conclusion that the fatigue range was an 
elastic range. 

186. “ Strain ” Method of obtaining Fatigue Ranges. Experi¬ 
ments of the type carried out by Wohler require an exceedingly 
long period of time as well as a large number of specimens 
in order to determine the fatigue range of a material. A 
“ strain ” method has been invented by Dr. J. H. Smithf 
which occupies a relatively short space of time and allows the 
fatigue range to be obtained with a single specimen without 
damaging the specimen. He attached an extensometer of the 
optical type to the speoimen and obtained a continuous band 
of light on a ground-glass scale. The length of this band was a 
measure of the cyclic strain of the specimen. The stress range 
was varied by increasing the speed of the machine (par. 190) 
and noting the length of the line. The process was repeated 
with increased stress ranges. On plotting length of line and 
stress range (Fig. 179) it is found that proportionality holds 

* Phil. Trans. Boy. Soc., Vol. A, 1910. 
f Journal of Iron and Steel Inst., No. II, Vol. 1910, 
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up to a certain point at which a definite “ yield ” is observed. 
After comparing the limiting ranges as found by each method. 
Smith concluded that the limiting range of stress, or fatigue 
range, was identical with the yield range as found by the strain 
method. 

187, Variation of Limiting Range of Stress, (a) Effect of 
Change of Section. An abrupt change of seotion causes a 



serious reduction in the safe range of stress; this point is 
clearly brought out by referring to Fig. 159 and the accom¬ 
panying table in par. 169. Thus it is of the utmost importance 
that, in all machine parts subjected to repeated stresses, care 
should be taken to avoid sudden changes of section. The 
reduction is greater for the harder steels than for the more 
ductile steels. 

(b) Surface Finish. It has been pointed out by Eden, Hose 
and C unnin gham* that fineness of surface finish has a decided 
effect on the fatigue range. Other investigators have verified 
♦ Proc. Inst. Mich. Eng-, 1911. 
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this, and in general the finer the surface finish the greater will 
be the fatigue range. From the point of view of design it 
is therefore of importance that all parts subjected to fluctuating 
stresses should have as good a surface finish as possible, and 
everything in the nature of a scratch should be avoided. 

(c) Under-stressing. If a material is subjected to repetitions 
of a safe range of stress and then tested at a higher range of 
stress, it will be found that the material has been strengthened. 
This operation is known as “ under-stressing.” 

(i d) Over-stressing. If a material is subjected to fluctuating 
ranges of stress greater than the fatigue range, it is said to be 
“ over-stressed.” The investigations on over-stressing tend 
to show that for any degree of over-stress there is a limiting 
number of repetitions below which the fatigue range is un¬ 
affected, also this limiting number of repetitions decreases as 
the amount of over-stress increases. A large percentage of 
over-stress causes a decided weakening of the material. The 
effect of over-stress is more marked on the harder Bteels than 
on the softer steels. 

(e) Speed of Repetition. The effect of various speeds of 
operation on the fatigue range of different materials has been 
investigated by numerous experimenters, the speeds varying 
in some cases from 200 to 5,000 reversals per minute. It is 
now the accepted theory that speed of repetition has no effect 
on the fatigue range. 

188. Hysteresis Loops. Experimenting with long wires, which 
were loaded and unloaded, Ewing* showed that, with stresses 
well below the elastic limit, the strain during the loading stage 
was smaller than the strain during the unloading stage for 
equal values of stress. This phenomenon has been referred 
to in par. 168, and was called hysteresis. 

Let a specimen be gradually loaded in tension^ then unloaded, 
and a gradually increasing compressive load added of magnitude 
equal to that of the tensile load. Upon removal of the com¬ 
pressive load and re-loading to the original value of tension, 
a loop is obtained when stress and strain are plotted. 

If the process is repeated continuously, the same loop will 
be traced out; the material is now said to be in the “ cyclic 
state,” and its elastic stresses are equal in tension and com¬ 
pression. The loop obtained by the above process is called a 
* Brit. Assoc. Rep., 1899. 
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“ hysteresis loop ” for the given stress range. Such a loop 
is shown by Fig. 180. 

If the range of stress is increased, the width of the hysteresis 
loop also increases, and consequently gives an increased area 
enclosed by the loop. When the stress range is decreased the 
width and area of the loop also decreases until it finally becomes 



Fig. 180 


a straight line. The range of stress in this case appears to be 
the same as the Bauschinger range. 

The behaviour of these loops has been investigated by Smith 
and Wedgewood* and the reader is referred to their investi¬ 
gation for full information. 

189. Formulae connecting Stress Range, Maximum Stress, 
and Ultimate Strength. Various empirical formulae have been 
devised to connect the above quantities. The following are the 
best known and are fairly representative— 

Let f mae == maximum stress 
R = stress range 
/ — ultimate strength 
fmin = minimum stress 
(a) Gerber’s Formula. 

= f + Vf^Rf 

where n is an experimental constant for the material. 

* “Stress Strain Loops for Steel in the Cyclic State ” (Journal Iren and 
Steel Inst., 1916). 

(T.54S4) 
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(i b) Launhardt’s Formula, 

This formula applies only to stress ranges whose limits are 
both of the same type stress. It is expressed as follows— 

f max = A + (f~ A) 

J max 

where A is the safe stress range when one of the limits of stress 
is zero, this value being obtained experimentally 



(c) Weyrauch’s Formula. 


/ . f min 

max " “ f 

J max 



where R r is the safe range of stress for reversed stresses. The 
formula is applicable to reversed stress cycles and cycles 
varying from zero to a maximum. 


.190. Testing Machine for Repeated Stresses. Many machines 
have been devised for investigating the properties of metals 
when subjected to repeated stresses. The more successful 
investigators have produced machines in which the stresses 
vary in a simple harmonic manner. The machine shown 
graphically by Fig. 181 is that invented by Dr. J. H. Smith, 
a full description of which will be found in Engineering, 23rd 
July, 1909. 

The machine is designed to take two specimens 8, each of 
which is rigidly attached at one end to the frame of the machine. 
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The other enrl of each specimen is attached to the members ( '. 
which act as a bearing. These members have rotating shafts 
which have cranks mounted at each end carrying the masses 
IT. The cranks are connected by special couplings D to 
cranks on each end of the driving shaft. Eac-li of these cranks 
carries balance weights *4 is a worm which operates an 
oil pump and tachometer, and P is the driving pulley; bearings 
are provided at B and B x . The coupling D allows free move¬ 
ment of the masses, cranks, and members 0. in the direction 
of the axis of the specimen. 

Due to the centrifugal forces exerted by the masses ID, 
reversed direct stresses are applied to the specimens. Any 
desired stress can be superimposed on the alternating stresses 
by means of the spring and hand wheels H. 

Let a — area of cross-section of specimen 
F = load imposed by spring 
Then the fluctuating stresses are given by 



where ru = angular velocity of the cranks. 

The machine can be uncoupled readily at one of the couplings 
I), and run as a single unit if it is not required to test two 
specimens simultaneously. The motive power is supplied by 
a variable speed motor with a rope drive. The usual running 
speed is 1,000 r.p.zn. 

191. Features of Fatigue Failure. The fatigue failure of a 
metal results in the broken surface having well-defined 
characteristics. There is a smooth portion having a flinty 
appearance usually showing concentric rings which begin at a 
nucleus or stress raiser and a rougher portion showing bright 
crystalline facets. At the end of a period of time, governed 
by the degree of loading and the frequency of alternation, a 
minute crack forms at the point of maximum stress due to the 
stress raiser causing a high stress concentration at this point. 
The crack gradually extends in depth until finally the area of 
the metal unaffected is not sufficiently strong to carry the load 
and complete fracture occurs similar to that in a static test. 
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Typical fatigue fractures are shown in Plate II, the top 
illustration being of a wagon axle, anrl the bottom one of the 
small end of a connecting-rod. 

A fatigue failure differs from that due to an ordinary tensile 
test in that practically no deformation occurs as in the latter 
test, yet if a tensile test is carried out on fatigued material 
good ductility is shown. 

Many theories have been brought forward to account for 
failure by fatigue, but so far agreement has not been reached. 
A recent publication entitled The Failure of Metals by Fatigue * 
gives a good account of the various theories; they are also 
discussed in the publication, by II. J. Gough, already referred 
to in par. 184. 

192. Notch Sensitivity. Tile extent to which a steel is notch- 
sensitive is of importance in many components which cannot 
be constructed without the inclusion of a shape which approxi¬ 
mates to a notch; this is especially true for bolts and studs. 
Moore and Henwoodf carried out an investigation on the 
endurance limit of certain steels when used for bolts, and the 
results of this investigation are shown in the following table— 



Material and Specimen 

Treatment 

uit. 
StresB 
tons/sii. in. 

Endurance 
Limit 
tons/sq. in. 

Per cent 
Bcduction 
in 

Kndurance 

Limit 


Plain low carbon . 

_ 

25-3 

_ 

_ 

A.. 

(1) No threads . 

— 

— 

14-1) 

— 


(2) Threaded 

— 

— 

11-4 

22 


0'2% C, 3% Hi, 8% Cr 

Quenched at 850° C. 
Not tempered 

82-3 

— 


(1) No threads . 

— 

■— 

29*4 

— 


(2) Threaded 

— 

— 

6-9 

76 

c. 

0-34% 0, 2'45% Ni, 0-85% Cr. 

Quenched at S50°0. 
Tempered at 201) %C. 

114 

-- 

—* 

(1) No threads . 

— 

— 

29-5 

— 


. (2) Threaded . 

— 

-- 

10 8 

63 

D. 

0 34% C, 2-45% XI, 0-85 % Cr. 

Quenched at 850 n C, 
Tempered at 050° G. 

52-G 

— 

— 

(X) No thread* . 

—- 

— 

20 0 

— 


(2) Threaded 

— 

— 

lfi-2 

43 


The results emphasize the low notch sensitivity of a plain 
carbon steel compared with a nickel-chrome alloy steel, 
especially -when no relief is given to quenching stresses, by 
tempering, as in B. Also it should be noted that the threaded 
plain carbon steel has a higher endurance limit than the 

* Melbourne University Press. 

f Bulletin No. 245, Univ. of Illinois, Eng. Expt. Sfcn. 
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exceptionally strong steel in Thus for bolts and studs no 
advantage is gained by carrying out a heat treatment on an 
alloy steel in order to produce exceptional strength where 
alternating stress conditions operate. Medium strength allied 
to ductility will give a longer life to a component which has to 
operate under this type of load. 

193. Corrosion Fatigue. Corrosive influences together with 
alternating stress cause failure much more quickly than if each 
operated singly. Experimental work appears to show that 
corrosion fatigue follows an electro-chemical course. 

Plate III* shows a corrosion fatigue fracture which took place 
under the joint action of a jet of wet steam and alternating 
stress. The fatigue limit, so obtained, was 3 per cent below that 
for a similar specimen in air and acted on by a similar alternat¬ 
ing stress. The blackened areas around the circumference are 
evidence that corrosion as well as alternating stress was in 
operation. 

Paints, which after drying yield a him containing 05 per cent 
by weight of zinc, appear to increase corrosion fatigue life. 
This really constitutes a form of cold galvanizing. It would 
also appear that complete protection may be obtained by means 
of a cathodic current whose value is increased with increase 
of stress range. 

194. Caustic Embrittlement. This may be regarded as a 
form of corrosion due to attack by the caustic constituent in 
water, contained in vessels such as steam boilers, upon the 
grain boundaries of the metal forming the plates. It, results in 
minute disintegration, when the latter is subjected to stress. 
Plate IV* shows an embrittlement fracture of a piece of boiler 
plate, the crack running along the line of one row of rivets. 
The plate was a portion of a drum from a water-tube boiler, 
six years old, and operating at a pressure of ISO lb./scp in. 
Whilst boiler -water may not, itself, show undue concentration 
of caustic soda, high concentration is possible in such parts as 
the seams of riveted joints and any part where capillary action 
and evaporation could take place, or in surface defects where 
there is a high stress concentration. 

195. Fretting Corrosion. This term is applied to the type of 
corrosion which occurs at the contact area when two metal 


* f roc. Just. Much. Emj,, 1933, 
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surfaces under load are subjected to vibratory or oscillatory 
motion. It results in surface decolorization, pitting which may 
affect the fatigue strength of a component, and the accumula¬ 
tion of a brown powdery deposit, mainly iron oxide. The 
resulting wastage of metal could cause bolts to loosen or parts 
having a press or taper lit to seize. 

Various theories have been put forward to explain this 
peculiarity, but as yet no agreement has been reached. Several 
investigations, however, seemed to show that atmospheric 
nitrogen had more influence in producing fretting than had 
oxygen. 

Investigation has shown that fretting only occurs as a result 
of a rubbing motion which involves very slight relative motion, 
this being almost of a molecular nature. It is increased by 
using highly-finished surfaces, and harder metals are more 
prone to be affected than softer ones. A stainless steel com¬ 
ponent in conjunction with similar steel is very susceptible to 
fretting. 

The tendency for metals to suffer in this manner can be 
reduced by the use of chromium plating. Nickel also offers a 
high resistance to fretting when used in combination with 
another metal. Roughening of the hardened contact surfaces 
will reduce the tendency to slip and use of a thin coating of 
aluminium paint between the surfaces has also been 
recommended. 

196. Cement Testing. It is not usual in engineering practice 
to employ cement alone or “neat.” It is usually mixed with 
broken stone, etc.; also it is rarely employed to take tensile 
stress, but is widely made use of to take thrust. The tensile 
test of cement is widely used, however, as it is found to give 
a good indication of the quality of the cement, The Engineer¬ 
ing Standards Committee have laid down the following standard 
tests for cement. 

(a) Fineness Test. If the cement is coarse, its strength is 
lowered when set, and the following are the conditions of 
fineness— 

100 grammes shall be continuously sifted for 15 min. on a 
B.S. Mesh No. 170, and the residue shall not exceed 10 per 
cent for ordinary Portland cement. For rapid-hardening 
Portland cement, the residue shall not exceed 5 per cent. An 
alternative method states that these cements shall have a 
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specific surface of not less than 2,250 and 3.250 sq. cm./gramme 
respectively. 

( b) Chemical Composition. The proportion of lime, after 
deduction of the proportion necessary to combine with the 
sulphuric anhydride present to silica and alumina, when calcu¬ 
lated (in percentages) by the formula 

CaO 

2-S Si 0, + 1-2 AL, O a Fe,0 3 

shall not be greater than 1-02 nor less than 0-0G. The percentage 
of insoluble residue shall not exceed 1-0 per cent; that of 
magnesia shall not exceed 4 per cent, and the total sulphur 
content calculated as sulphuric anhydride (>S0 3 ) shall not 
exceed 2-75 per cent. The total loss on ignition shall not 
exceed 3 per cent for cement manufactured or sampled or 
tested in temperate climates and 4 per cent for cement mann- 
faetured or sampled or tested in hot climates. 

(c) Consistency. Cement paste of normal consistency shall 
be used in the tests for soundness, setting and tensile strength. 
Tor the purpose of arriving at this consistency, the Vicat 
apparatus. Fig. IS3, shall be used, the needle being replaced 
by a plunger 1 cm. diameter. The quantity of water to he 
added to produce a normal paste shall he that required 
to give a paste which -will permit the settlement of the Vicat 
plunger to a point 5 to 7 mm. from the bottom of the mould. 
The time from adding the water until commencing to fill the 

-mould shall not be less than 3 min. nor more than 5 min. The 
temperature of the cement and water and that of the test 
room, at the time the above operations are being performed, 
shall be from 58° to 64° F. 

Trial pastes shall be made up of varying percentages of 
water until the normal consistency is reached, and the amount 
of water for this is then recorded and expressed as a per¬ 
centage by weight of dry cement. 

(d) Soundness Test. This test is carried out hi order to 
determine the amount of free lime in the cement, and is known 
as the “Le Cliatelier” test. The apparatus shown by Fig. 
182 consists of a small split brass cylinder of thickness 0-5 mm. 
It forms a mould 30 mm. high and 30 mm. diameter. Pointers 
are attached to the cylinder on each side of the split. These 
pointers are 105 mm. in length from the tip to the centre of the 
cylinder, A plastic mixture of cement with 0-78 of the water 
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required for normal consistency is placed in the mould, which 
rests on a glass plate, another glass plate being placed on top of 
the mould and weighted. The whole apparatus is then placed 
in a water bath whose temperature is between 58 and 64° F. 
The distance between the tips of the pointers is measured after 
an interval of twenty-four hours. The mould and cement are 
now immersed in cold water, which is heated to boiling point 


D 



Fiq. 182 


in 25 to 30 mill, and kept at this temperature for one hour. 
After cooling, the distance between the tips of the pointers is 
again measured. The expansion must not exceed 5 mm. for 
a cement which has been exposed to the atmosphere for seven 
days before mixing, or 10 mm. if unexposed. 

(e) Time of Setting. This test is usually carried out by 
means of a weighted needle as shown in Fig. 183. A pat of 
the cement which has been mixed into a plastic state with- 
0-85 of the water for normal consistency is held in a circular 
mould. The needle, which is 1 mm. square, is gently lowered 
into the surface of the cement. When the needle fails to 
penetrate the pat completely the cement is said to be “set.” 
This is called the initial set, and the time is that from adding 
the water until the needle ceases to penetrate the pat. 

For the determination of Anal set, the needle is replaced by 
one having a diameter of 5 mm.; final set occurs when no 
impression is made by this needle, but a slight impression may 
be made by the former one. 

Quick-setting cement will be set initially in not less than 
30 min., finally in not more than 10 hours. 

Medium-setting cement will also be set initially in not less 
than 30 min., finally in not less than 10 hours. 

The needle and rod to which it is attached weigh 300 g. 
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A pointer attached to the rod slides on a scale and gives the 
depth of impression at any given time. 

(/) Tensile Test. The cement- and sand are mixed as for normal 
consistency, with sufficient water to make it plastic. It is then 



put into a standard mould, whose 
dimensions are given by Fig. 184, 
without being rammed mechan¬ 
ically. The mould is 1 in. deep 
and thus the minimum cross- 
section of the briquette will have 
an area of 1 sq. in. The mould 
rests on a steel plate, and as 
soon as the setting of the 



Fig. 1S3 


Fig. 1S4 


briquette wall permit the mould is removed. The briquette 
shall be kept in an atmosphere of at least 90 per cent relative 
humidity and at a temperature of from 5S° to 04° F. for twenty- 
four hours, after which it is placed in a bath of fresh water, 
of temperature of from 58° F. to 64° F., until required for 
testing purposes. The water is changed every seventh day. 

It is usual to prepare twelve briquettes, six of which are 
tested after three days, and six after seven days. The load is 
applied at the rate of 100 lb. per sq. in. of section in 12 seconds. 

The standard sand is obtained from Leighton Buzzard, and 
the mixture consists of one part by weight of cement to three 
parts by weight of sand. The percentage w ater to be used is 


determined from: 


(0-78P) 


2-5, where P is the percentage 


of water to produce a paste of normal consistency. 
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The minimum tensile strength should be, for ordinary 
Portland cement, 

After 3 days . . not less than 300 lb./sq. in. 

After 7 days . . not less than 375 lb./sq. in. 

and for rapid-hardening Portland cement 

After 1 day . . not less than 300 lb./sq. in. 

After 3 days . . not less than 450 lb./sq. in. 



197. Cement Testing Machine. The machine shown in Fig. 
185 is of the compound lever type. The briquette is gripped 
in the specially shaped jaws, which are well greased, and 
sufficient tension applied by the hand-wheel to raise the steel¬ 
yard to the top of its movement. Lead shot is allowed to 
flow from the upper receptacle into the pan suspended from 
the end of the steelyard, thus causing tensile stress in the 
specimen. When fracture occurs, the steelyard falls and auto¬ 
matically cuts off the supply of shot, The shot in the pan is 
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then weighed on the steelyard by moving the counterpoise 
until balance is obtained, the steelyard being graduated in 
terms of breaking load. The orifice gives the correct rate of 
loading. 

Compression Test. Cubes having a face area of 50 sq. cm-, 
mixed in the proportion, by weight, of 1 part cement, 3 parts 



sand, and water 10 per cent by weight of the dry materials, 
should conform to the following— 

Ordinary Portland cement, 

After 3 clays . . not less than 1,600 lb./sq. in. 

After 7 days . . not less than 2,500 lb./sq. in. 

Rapid-hardening Portland cement, 

After 3 days . . not less than 3,000 lb./sq. in. 

After 7 days . . not less than 3,750 lb./sq. in. 

198. Testing of Concrete, Stone, Brick, etc. Concrete and 
stone are usually tested in the form of cubes of 4, 6, 8, and 12 in. 
edge, but cylinders are also used. In the case of concrete the 
strength increases with age and depends largely on the mixture. 

The strength of bricks is affected by the manufacturing 
process and by the composition of the clay. 

It is of the utmost importance in testing these brittle mate¬ 
rials that a good bedding surface should be obtained, in order 
that the pressure may be evenly distributed over the surface. 
Lead plates are sometimes used above and below the cubes or 
cylinders, but better results are obtained when a thin coating 
of plaster of parts is applied to the surfaces taking the thrust. 
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in order to make them smooth and parallel, and millboards 
take the place of the lead plates. The compression blocks of 
the testing machine should have spherical seatings and the 
cubes should be placed centrally on these. 

Fracture in concrete takes place as shown by Fig. 186, at 
angles of about 45° to the direction of thrust; this form of 
fracture being common to other brittle materials as shown by 
Fig. 161 ( b). 

199. Testing of Alloys. Many materials, particularly the 
light alloys, do not exhibit a clearly defined elastic limit, limi t. 



of proportionality, or yield point, and several methods of 
indicating these stresses are in use. The most widely used 
method is that involving a measure of permanent set and is 
called the “offset method.” 

Fig. 187 shows the stress strain relationship for a material 
stressed beyond the limit of proportionality and then unloaded. 
The slope during the unloading stage is practically similar to 
that during the elastic range of loading. 

The offset AB is equal to the permanent set x, and thus the 
stress for any given amount of inelastic deformation is easily 
obtained from the stress-strain or load-extension diagrams. 
The amount x is set off on the strain or extension axis and a 
line OB is drawn parallel to the straight line portion of the 
loading curve. Through B, a line BD is drawn, parallel to 00 
and the stress, or load, causing the permanent set x is read off 
at D. 
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In defining a particular stress by this method, the magnitude 
of x is chosen from experience, and is that value which it is 
considered will give a stress of practical value to the designer. 

The values of various offsets and the corresponding stresses, 
applicable to different materials, are referred to in various 



Fig. 1SS 


British Standard Specifications, and these should he consulted 
for fuller details. 

In the case of aluminium alloys the following offsets and 
stresses have been recommended, and Tig. 1SS shows how they 
are obtained from the load-extension diagram. 

The elastic limit is taken to be that stress at which there is a 
permanent set of 0-02 per cent; this is generally called the 
0-02 per cent elastic limit. The proof stress is that stress at 
which there is a permanent set of 01 per cent and is called the 
0-1 per cent proof stress. The yield point is that stress at which 
there is a permanent set of 0-2 per cent. 

In the case of a 2 in. gauge length, the extensions corre¬ 
sponding to the above stresses are 04, 2 and 4 thousandths of 
an inch respectively, and thus extensometer measurements are 
required for the accurate production of the load-extension 
diagram. 

The specimen from which Tig. 188 was obtained had a cross- 
sectional area of l sq. in. Trom the diagram it is found that 
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the limit of proportionality, 002 per cent elastic limit, 0-1 per 
cent proof stress, and yield stress have the values 3'0, 4-8, 
7-04, and 9-0 tons/sq. in. respectively, whilst Young’s Modulus 
has a value of 10-24 tons/sq. in. 


EXAMPLES XV 

1. Make careful sketches of a “ lever ” testing machine, giving good scale 
details of shackles suitable for— 

(1) A flat plate specimen, 1J in. X £ in. section. 

(2) A round specimen 0-604 in. diameter with collars at the ends, 

(3) A round specimen 0-664 in. diameter with screwed ends. 

(Lond. Univ., 1926.) 

2. You are given a bar of cast iron 1-6 in. diameter and 12 in. long, and 
are required to find its modulus of elasticity and its breaking strength in 
tension. Make a dimensional sketch of the specimen you would prepare for 
testing. A cast-iron specimen 1 -000 in. diameter, when tested in tension for 
the first time, gave the following results— 

Load (tons) . . .0-2 0-0 1-0 1-4 1-8 2-2 2-6 3-0 2-0 1-0 0-2 
Exteuaometcr reading . . 3-02 3-05 4-29 4-67 6-04 6-46 6-86 6-31 6-41 4-63 3-79 

l’he calibration was 6-13 scale divisions equals rjhr in. and the extensions are 
measured on an 8-in. length of specimen. Make a report on this test. (Lond. 
Univ., 1926.) 


3. A tensile test on a steel tube on which was fixed a 2-in. extensometer 
gave the following results— 


Load on specimen (tons) 

0-1 

0-2 

0-4 

0-0 

0*8 

1-0 

1-4 

1-8 

2-0 

2*2 

Extensometer reading . 

10-0 

9-85 

9-64 

9-24 

8-94 

8*64 

8-03 

7*41 

7-09 

6*75 

Load on specimen (tons) 

2-3 

2-4 

2-2 

2-0 

1*0 

1-2 

0*8 

0-4 

0*2 


Extensometer reading . 

6-6 

6-75 

5*00 

0-19 

6*78 

7-30 

7»94 

8*67 

8*89 



The tube had an external diameter of 1-126 in., and a thickness of 0-036 in. 
One unit of the extensometer scale = 0-0004 in. per inch length of specimen. 
Plot the complete load-extension diagram, and determine— 

(а) The initial elastic limit; 

(б) The modulus of elasticity. 

On re-loading, what elastic limit would you expect to get t (Lond. Univ., 
1916.) Ana., 17-9 tons/sq. in., 13-8 X 10“ tons/sq. in, 

4. A test bar 1J in. diameter and gauge length 8 in. was subjected to tensile 
loads. A Ewing extensometer was fitted first to the 8-in. gauge points, and 
secondly across the bar mid-way between the gauge points. The following 
results were obtained— 


Loads (tons) . 

. 

• 

2 

6 

8 

12 

16 

20 

Extensometer readings 

(1) 

4-60 

6-10 

6-70 

6-26 

6-86 

7-46 

ft 

ft 

(2) 

3-26 

3-40 

3-66 

3-73 

3-90 

4-06 


The calibrations of the extensometer gave 480, and 2,600 extensometer 
units per inch alteration of test-bar respectively. Find the elastic constants 
of the bar. (Lond. Univ., 1919.) 

Ana., B = 13-7 X 10 3 , 0 = 6-37 X 10 8 , K = 10-16 X 10 8 tons/sq. in 
respectively, m = 3-62. 
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5. Describe, with sketches and index letters, the principle and use of an instru¬ 
ment tor the measurement of the elastic strain of a metal tension test piece. 
Explain how you would calibrate the instrument. (A.M.I.Mech.E., 1925.) 

6. Discuss the effect of increasing temperature on the yield point, ultimate 
strength, and elastic modulus of (a) steel, [b) brass. Sketch curves, showing 
the nature of the variations, and state a few numerical values to mark the 
different limits. (Lond. Univ., 1921.) 

7. Describe an apparatus by which the maximum shear strength of a bar 
of solid steel may be determined. (Lond. Univ., 1919.) 

8. Discuss the effect of “ notching ” on the tenacity of a test-bar. A bar 
of mild steel 8£in. long and 1} in. diameter has a groove of dimensions J in. 
wide by J in. deep at the centre of its length. Another bar of the same material 
has the same length and a uniform diameter of 1 in. Compare the resiliences 
of the two bars for the same maximum tensile stress. (Lond. Univ., 1918.) 


9. What is meant by “ overstrained material ” T What teBts would you 
propose to perform in order to ascertain if a sample of mild steel has been 
overstrained ? Explain how the results of the tests would enable you to 
decide as to the state of the steel. (Lond. Univ., 1922.) 

10. A beam of pitch pine was tested by bending on a 4 ft. span, the load 

being applied at the middle of the span. The depth of cross-section was 

2-52 in. and the width 1-81 in. The readings of load in tonB and deflection 
in inches up to the breaking load of 1-26 tons were as follows— 

Load (tons) . 0-2 0-4 0-6 0-7 0-8 0-9 1-0 Ml 1-2 1-25 1-26 

Deflection (In.) . 0-19 0-37 0-50 0-65 0-74 0-S6 0-97 I'll 1-28 1-41 1-46 

broke 

Find the value of the modulus of elasticity of the wood end the limiting 
longitudinal stress. Estimate the least height from which a load of 200 lb. 
could have been dropped on to the middle of this beam supported over a 
4-ft. span in order to fracturo the beam. (Lond. Univ., 1926.) 

_4na., E ~ 2,310,000 lb./sq. in., 11,250 lb./sq. in., 10-5 in. 


11. The following data are taken from a torsion test-of a specimen of wrought 
iron. Diameter of specimen 0-48 in. Length under test 3-0 in.— 


Twisting moment (in. lb.) 

48-6 

97-2 

145-8 

194-4 

243-0 291-6 

340-2 

Angle of twist (degrees) 

0-15 

0-25 

0*40 

0-60 

0*70 0-80 

0-06 

Twisting moment (in. lb.) 

. 388-8 

437-4 

486-0 

534-6 



Angle of twist (degrees) 

1-10 

1*25 

1*45 

2-35 




From the above results, plot a diagram of shear stress against angle of twist 
and determine the modulus of transverse elasticity in tons per square inch. 
What is the probable limit of elastic shear stress for this piece of material ? 
(A.M.I.Mech.E., 1924.) Ana., 11-45 X 10‘lb./sq. in., 20,700 lb./sq. in. 

12. Sketch some form of compressometer suitable for determining the 
modulus of elasticity of a stone or concrete in compression. A concrete block 
4 in. square is loaded in a testing machine and strains measured by means of 
a compressometer, and the following results obtained— 

Load fibs.) ... 870 2,840 5,010 6,210 S,830 9,960 

Compression on 8 in. 

length (inches) . 0-000152 0-000547 0-000985 0-00123 0-0017 7 0-00188 
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Plot the load strain and stress strain curve, and determine a value of E at a 
stress of 500 lb. per square inch. (Lond, XJniv,, 1923.) 

Ans., 2-47 x 10“ lb./Bq. in. 

13. State the most important commercial applications of the Brinell 

hardness test and briefly describe, with a diagram, a satisfactory type of 
Brinell hardness testing machine. Calculate the Brinell hardness number of 
a piece of metal when a load of 3,000 kg. is used with a ball of 10 mm., and 
the diameter of the indentation produced on the metal is 6 mm. (A.M.I.C.E., 
1928.) Ans., g6-5. 

14. Show by sketches how the following materials fail in tension, compres¬ 
sion, and torsion— 

(1) A 3 per cent nickel alloy steel quenched in oil and tempered at 850“ C. 
(2) Cast iron. 

Discuss in detail the failure of the cast-iron specimens and indicate the type 
of stress that has caused failure. Hence deduce from the types of failure the 
relative strengths of cast iron in (a) tension, (6) torsion, (c) compression. 
(Lond. XJniv., 1925.) 

16. Briefly describe a machine whereby a “ shock ” or impact teBt may be 
made upon a material. Sketch a specimen prepared for such a test and say 
how tlio result of the tost would enable you to judge of the quality of the 
material. (Lond. XJniv., 1923.) 

16. Give a brief explanation of the chief resultB which have been obtained 
from recent research work on the effect of repeated and alternating stresses. 
How are these results employed when determining the working stresses to 
adopt in designing machines or structures in which repeated or alternating 
stresses occur? (Lond. XJniv., 1916.) 

17. Describe with the help of sketches any method of testing the strength 
of a given sample of steel when subjected to repetitions of stress, and state 
fully what you know of one of the following— 

(а) Gerber’s parabolic relation, or 

(б) Strain method of determining fatigue ranges, or 

(c) Bileot of rapid changes of section and surface conditions on the limiting 
ranges of stresB. (A.M.I.C.E., 1926.) 

18. Explain fully the procedure adopted in preparing cement briquettes 
for tension testing. Make a neat diagrammatic sketch of any cement-testing 
machine with which you are acquainted, and describe how a test is carried 
out. (A.M.LMech.E., 1918.) 

19. The following observations were made during a compression test of a 
small mild-steel cylinder : Diameter of cylinder 0-76 in., length of cylinder 
1-50 in., load applied axially. 

bead (tons) 6 10 lO.-e 16 20 SO 40 50 

Compression (Inches) 0-006 0'012 0'050 0-122 0-237 0-192 0-701 0-836 

Assuming that the volume of the material remains constant, plot curves on a 
compression base, showing the variation of load and of mean stress in the 
material. What deductions would you make from these curves ? (Lond. 
XJniv., 1923.) 

20. In making a determination of ultimate strength, why is it so much more 
important to ensure that the pull shall be axial when testing cast iron than 
when testing mild steel ? 

A rod of cast iron 1 in. diameter was subjected simultaneously to an axial 
tensile pull and a twist. The iron fractured along a helix which was inclined 
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62° to the axis of the rod. If the tenacity of cast iron is 8-5 tons per 
square inch, find the probable magnitudes of the axial pull and the torque. 
(Lond. Univ., 1922.) Ana., 4-78 tonE,.and 0-885 ton ins. 


21. The following data were obtained during a test on an aluminium alloy 
bar of J in. cross-sectional area and gauge lenctb 2 in. 


Load (tons) . 


0-25 | 

0-5 1 

0-751 

1-0 I 

1 *25j 1-5 1-751 

2-0 

Extension ( 10 Vj 

in.) 

0-44 

0-89 j 

1-331 

1-78 j 

2-231 2*68 3-3 [ 

4-05 

Load (tons) . 


1 2-5 

2-75 

3-0 

! 3-251 

Extension at fracture 

Extension 

in.) 

J 6-25 

7-6 

9-3 

112-0 j 

0-36 in. 



2-25 

5-05 


Calculate the value of Young's Modulus, the limit of proportionality stress, 
the 0-02 per cent elastic limit stress, the 0-1 per cent proof stress, the 0-2 per 
cent yield stress, and the percentage elongation for the alloy. 


Ans., 10-03 X 10®, 6-0, 7-8, 10-48, and 12 tons/sq. in. respectively. 18 per cent. 

22. The following observations wero made during combined bending and 
torsion tests on seven bars of similar material and of similar dimensions. 
Each bar was submitted to a constant uniform bending moment and the 
twisting moment increased until the limit of proportionality was reached. 


Bar number . 

1 

2 

1 3 

1 4 

1 5 

6 

M lb./in. 

109 

200 1 

I 300 1 

400 I 

500 

600 

T lb./in. 

850 

S30 

800 ] 

750 | 

700 

610 


State which theory of elastic failure soems to govern this form of loading. 

Ana., Guest’s theory. Mean value of T t — 854-5 lb./in. 


LINEAR COEFFICIENTS OF EXPANSION 


Aluminium (cast) 

, 



. 0-0000203 

per °C. 

Brass 




. 0-0000185 

IP 

Copper 




. 0-0000185 

ft 

Glass 




. 0-0000077 

»» 

Iron (cast) 




. 0-0000108 

Jl 

Iron (wrought) . 




. 0-0000131 

ft 

Lead 




. 0-0000290 

ft 

Masonry and cement . 




. 0-0000138 

ft 

Nickel 




. 0-0000120 

ft 

Steel 




. 0-0000120 


Tin .... 




. 0-0000210 

rt 

Zinc 




. 0-0000290 

W9 


FACTORS OF SAFETY 



Dead Load 

Live Load 

Shock 

Cast iron .... 

4 

6-10 

10-15 

Wrought iron 

3 

5- 8 

9-13 

Steel (mild) .... 

3 

5- 8 

9—13 

Copper . 

5 

6- 9 

10-16 

Timber . 

7 

9-14 

14-20 















CHAPTER XVI 

CREEP OF METALS 

200. During recent years there has been a rapid rise in the 
working temperatures of steam boilers and turbines, in certain 
chemical processes, and in other directions. The behaviour of 
metals at such temperatures has occupied the attention of 
many investigators, and although the results of such investiga¬ 
tions have not been in complete agreement, certain facts have 
been revealed which are of the utmost importance to designers 



of plants which are required to work at continuous high 
temperatures. 

At high temperatures it is found that the ordinary condition 
of elasticity of metals changes to a state of viscous flow whereby 
continuous deformation or creep may proceed at small rates. 

This characteristic is illustrated in Fig. 189. A steel speci¬ 
men heated to 850° F. was stressed up to 5 tons/sq. in., and the 
initial extension OA noted. The stress and temperature were 
kept constant and the extension measured at intervals of 48 
hours. The curve ABO represents the total extension plotted 
to a time base. It will be noted that the rate of creep is more 
rapid for the first period of 8 days than for succeeding periods, 
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the maximum value being practically readied after 16 days, 
the growth after this period being very slow indeed. 

At higher temperatures smaller stresses will still produce 
creep, and thus it is not possible to define a breaking strength 
for metals at high temperatures. Some investigators state 
that at a temperature above 1,000° F. anv stress, however 


5 0-0006 


Test Suspended 



mo 2000 3000 4000 5000 6000 7000 8000 

Duration of Test (hours) 

Fig. 1Uu 


small, would cause continuous flow or creep in such materials 
as carbon steels. 

In order to obtain information on creep characteristics, 
many forms of creep tests have been devised. The installations 
show considerable variation in design as they aTe often required 
to suit particular conditions, but a clear distinction can be 
drawn between short-time and long-time testing methods. 
The duration involved in the latter method is an obvious 
drawback, but short-time tests suffer in general from the dis¬ 
advantage that they may not give more than an indication 
of the relative order of creep of a range of materials. Thus the 
general opinion is that long-time creep tests are necessary for 
obtaining data which can be used in service. 

201. Methods of Creep Measurement. In measuring creep it 
is usual to state the stress in tons/sq. in. at a given temperature 
which will cause a deformation of a certain number of inches 
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per inch (strain) in a given time, or a deformation of a given 
percentage in a given time. 

The former method is illustrated by Fig. 190. 

The graph is taken from a paper by Bailey and Roberts* 
and represents a test on a nickel-chrome-molybdenum steel 
specimen carrying a stress of 5 tons/sq. in. at a continuous 
temperature of 450° C. It is of interest to note in this test 
that stoppages took place at certain intervals and these 
stoppages necessitated the re-setting of the strain measuring 
instruments; it will be observed from the graph that the 
rate of creep continued the same after as before the stoppage. 

The second method of creep measurement is illustrated in 
the accompanying table taken from a paper on Copper Alloys 
in Engineering.t 


CREEP PROPERTIES OE SOME COPPER ALLOYS 




Stress in tons/sq. in. 
to produce a creep 


Material 

Temp. 

°C. 

rate of 

Reference 


0-01 per 

0'1 per 




cent per 

cent per 




1,000 hour's 

1,000 hours 


60 Cu, 40 Zn (rolled) } 

150 

205 

4-0 

0-9 

5-4 

2-1 

Clark and 
White 

Naval Brass: 69 Cu, ■> 

40 Zn, 1 Sn (rolled) / 

150 

5-4 

6-7 

,, 

205 

1-6 

2-5 


70 Cu, 30 Zn (rolled) j- 

205 

315 

5-7 

0'1 

8-0 

0-4 

»» 

86 Cu, 16 Zn (rolled) j 

205 

316 

3-9 

0-45 

6-4 

1-2 

>> 

Gunmotal: 87 Cu, 11 Sn, 1 
2 Zn (cast bar) J 

205 

260 

315 

5-0 

1-8 

0-8 

7'0 

3-0 

1-4 

Stewart 

Gunmetal: 88 Cu, ) 

205 

5*0 

7-0 


10 Sn, 2 Zn (specimen 1 

260 

2-7 

4-0 


cut from large casting) j 

315 

1-3 

2-0 


87 Cu, 7 Sn, S Zn, 1 

1 Pb (east test bar) j 

205 

260 

315 

5-0 

2'3 

M 

7-0 

4-0 

2-2 


90 Cu, 6 Sn, 2 Zn, ] 

205 

4-0 

6-0 


2 Pb (specimen cut l 

260 

2-7 

4-0 


from large casting) j 

316 

1-4 

1-8 


92-6 Cu, 7-5 Ai, \ 

290 

-- 

4-4 

Kanter 

(die-cast) 1 

460 


1'3 



* Proa. Inst. Mech. Eng., 1932. 

t Copper Development Association Publication No. 32. 
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Tiie figures also serve to show the relative creep values of 
rolled and east alloys. 

202. Comparison of Tensile and Creep Tests. The figures 
shown in the following table are also taken from the previously 
mentioned paper by Bailey and Roberts, and the tests were 
carried out at a temperature of 500° C. The method of carrying 
out the tests was as follows— 

Tensile Tests. The stresses recorded were the maximum 
developed when the specimens were tested with a straining 
rate of 0-001 inch per inch per minute. 

Creep Tests. The stresses recorded were the values giving 
a minimum creep rate of 10 -s strain per hour. 


Type of Steel 

Max. Stress Tensile 
Teat 

Tons/sq.In. 

Creep Stress for Min. 
Strain Rate of 

10" • per Hour 
Tons/sq.in. 

Remarks 

Aa 

.Received 

After 
2,000 
Houra 
at 560°C. 

Aa 

Received 

After 

2.00Q 

Honrs 

“Armco”iron 

0-15 C (annealed) 

0-15 C (normalized) 

0-25 O (forged) . 

0-3 C (oast) 

0-4 C (forged) 

5 per cent nickel . 

14 per cent Or . . 1(1) 

Stainless . . . i(2) 

Ni, Cr, Mo . . . 1(1) 

1(2) 

35 Ni, 10 Cr 

7-55 

13-56 

13- 45 

14- 76 

15- 05 
22-0 
17-15 
17-0 
25-2 
24-04 
3S-5 
41-0 
38-1 

12- 23 

13- 8 
17-65 
13-9 

22-4 

27-7 

32-2 

2-85 

6-25 

6- 25 
5-15 
5-0 

7- 7 
2-75 
2-7 

8- 25 
8-25 

15- 0 

16- 5 

17- 25 

6-0 

4- 1 

5- 9 

2-7 

8- 25 

9- 0 

17-0 

Cold 

drawn 


Trom the above it would appear that the tensile test serves 
as a rough guide in sorting materials and that the maximum 
stress is a measure of the creep resistance of the material. 

203. Short Creep Tests. The time required for the perform¬ 
ance of creep tests increases so rapidly with reduction in the 
minimum creep rate for which a stress-temperature relation may 
be desired that the requisite test duration may run into months 
or longer. Hence if experimental stress data for a minimum 
creep rate are desired, either results for a relatively large creep 
rate will have to be accepted or else means will have to he 
deter min ed to shorten the period occupied in reaching the 
mini mum creep rate. With the object of saving time, a creep 
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rate for short tests and for comparison purposes should be 
chosen large enough to ensure satisfactory results. A minimum 
creep rate of 10 -4 or 10 ~ 5 strain per hour will he found to 
meet the need for economy in time and at the same time give 
a figure for the resistance of the material suitable for com¬ 
parative purposes. 

204. Effect of Carbon on Creep Properties of Steels. It is 

generally accepted that increasing the carbon content has no 
effect on the creep properties of steels. This statement is 
admirably supported by the figures given in the following table 
which has been taken from a report by the British and Allied 
Industries Research Association.* 

The tests were carried out on wrought carbon steels at a 
temperature of 450° G. under a stress of 8 tons/sq. in. The 
first four steels were tested at a creep rate of 0-8 x 10~ 6 strain 
per hour. The 0-4 per cent carbon steels were tested at a creep 
rate of 1-5 x 10 -6 strain per hour, and for the 0-61 per cent 
carbon steel the creep rate was 12-0 x lCT 8 strain per hour. 


Stool 

No. 

Carbon 
Content 
per cm. 

Heat 

Treat¬ 

ment 

before 

Test 

Ultimate 
Stress at 
Air 
Tem¬ 
perature 
Tons/sq.in. 

Total 
Creep at 
20 Days, 
per cent 

Creep Pi 

Average 
Total 
Creep at 
20 Days, 
per cent 

lOTERTIEH 

Eatc of 
Creep at 
End of 
20 Days, 
Inches 
per inch 
per hour 
X 10’ 

1 

0-13 

1 

Air 

27-2 

0-36 

I 


1-3 

21 

0-16 


cooled from 

30-9 

0-12 



0-8 

19 



OBO^C. 

29-0 

0-13 



0-8 

20 


J 


31-8 

0-14 

J 


0-3 

4 

0-37 



37-8 

0-13 




14 

0-40 


Air 

39-0 

0-20 



1-7 

9 

0-42 


cooled from 

38-3 

0-38 



2-1 

ma 

0-40 



39-4 

0-22 



1-5 

16 

0-44 



40-3 

0-29 



1-5 

22 




40-0 


J 


2-1 

3 

0-61 

Air cooled 

48-6 







from 875°C. 







Average 
Rate of 
Creep at 
End of 
20 Days, 
Inches 
per inch 
per hour 
x 10* 


0-8 




1-5 


205. Effect of Molybdenum on Creep Properties of Steels. 

The addition of molybdenum to carbon steel effects a con 
siderable improvement in the creep resistance and the most 

* Proc. Inst. Mech. Eng., 1939. 
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advantageous amount is usually about Oo per cent. Prom 
tests carried out on several air-cooled steels by the British and 
Allied Industries Research Association it would appear that 
a slight improvement is obtained by increasing the molybdenum 
up to about 1 per cent. 

-0(i. Effect of Molybdenum and an Additional Element on 
Creep Properties Of steel. Although the addition of molydenum 
to carbon steels has the effect of increasing the creep resistance, 
microscopic examination has shown that test specimens 
fractured because of the development of intercrystalline cracks, 
and that the greater the creep resistance the greater the ten¬ 
dency to cracking. The previously mentioned research com¬ 
mittee investigated the effect of the addition of various 
elements to molybdenum steel and the results are given in 
the following table. 


Steel 

No. 

Carbon 
Content, 
per cent 

Molyb¬ 
denum 
Content, 
per cent 

Addi¬ 
tional 
Alloying 
Element, 
per cent 

Heat Treat¬ 
ment before 
Teat 

Ultimate 
Stre?s at 
Air 
Tem¬ 
perature 1 
Tons/ 
aq.in. 

Total 
Creep at 
40 Days, 
per cent 

1 Rate of 
Creep at 
40 Days, 
Inches 
per inch 

1 per hour 
x 10* 

23 

018 

0-61 


Air 

cooled from 
975°C. 

31-2 

J 0-195 

; 

0-52 

30 

0-14 

0-82 

— 

Air 

cooled from 
975°C. 

r 

33 0 | 

1 


<0-3 

24 

i 

0*14 

i 

0-54 

Vana¬ 

dium 

0-20 

Air 

cooled from 
1000 C C. 



< 0-3 

25 

019 

0-51 

Tung. 

sten 

0-57 

Air 

cooled from 
925°C. 

35-7 

0-135 

0-73 

2G 

0-16 

0-50 

Copper 

0-25 

Air 

cooled from 
975°C. i 

32-1 

0-30 

2-1 

27 

0-198 


Man¬ 

ganese 

1-48 

Air 

cooled from 
950°C. 

46-8 

0-43 

j 

2-7 

28 

0-13 

0-52 

Tita¬ 

nium 

0-24 

Air¬ 
cooled from ■ 
lOOO'C. 

30-2 

2-57 

11-0 
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These tests were carried out at a temperature of 550° C. 
and under a stress of 9 tons/sq. in. Jt would appear from the 
figures that no advantage in creep resistance is gained by the 
addition of the above percentages of tungsten, copper, man¬ 
ganese, or titanium. The addition of 0-2 per cent vanadium 
appears to be advantageous. 

207. Heat Treatment—Spheroidization. A carbon steel with 
a carbon content up to 0-9 per cent in the fully annealed and 
normalized conditions consists of grains of ferrite and pearlite. 
The pearlite has a lamellar structure arising from alternating 
bands of ferrite and iron carbide or cementite. If the steel is 
heated for a sufficient time at a temperature below the lower 

0-3 --- 

s-0-2 
‘S 
£ 


0 

0 50 100 150 200 250 300 350 400 

Duration of Test (hours) 

Fro. 391 

critical temperature (700° C. in carbon steels) the lamellar 
structure of the pearlite is changed, the iron carbide lamellae 
breaking up into collections of small masses. The general 
form of the masses tends to be globular and the change from 
the lamellar structure is known as spheroidization of the carbide 
or the carbide is said to be spheroidized. As this change is 
accompanied by a substantial reduction in the resistance to 
creep its importance will be appreciated. The effect of spheroi¬ 
dization on the creep resistance of alloy steels is also pronounced 
as shown by Fig. 191. 

The diagram shows creep test curves on a 0-5 per cent molyb¬ 
denum steel tested under similar conditions by Bailey and 
Roberts.* In the case of A17 the structure is lamellar resulting 
from heating at 850° 0. for 6 hours and in the case of A9 heating 
for 6 hours at 650° 0. resulted in the spheroidized condition. 
The minimum creep rate for A9 is 240 times that of A17, the 
rates being 1-79 x 10 -2 per hour and 7-54 x 10 -6 per hour 

* Ptoc. Inst. Mech. Eng., 1932 . 
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respectively. The tests were carried out at 550° C. under a 
stress of 14 tons/sq. in., and in each ease air-cooling was 
adopted. 

The effect of heat treatment on the creep properties of the 
carbon, carbon-molybdenum, and on the complex molyb¬ 
denum steels already mentioned, was studied and the following 
facts emerged. 

Carbon steels which have a coarse-grained structure gave 
results at 451° C., which did not greatly differ from those for 
the normalized specimen, but steels which were spheroidized 
by heating for IS hours at 625° C. gave greatly diminished 
results. 

Carbon-molybdenum steels which had been oil quenched 
and tempered for 6 hours at 626° C. when tested under a stress 
of 9 tons/sq. in. and at 550° C. showed slight improvement on 
the air-cooled condition when the carbon content was low. 
Considerable deterioration took place with 0-4 per cent carbon 
steels. Spheroidization which was produced by heating air¬ 
cooled material for 14 days at 625° C. showed a marked decrease 
in creep resistance. 

Complex molybdenum steels which had been air-cooled 
showed the best creep properties, hut oil quenching and heat 
treatment gave nearly as good results for the plain molybdenum 
steel and for the vanadium-molybdenum steel. Slow cooling 
in a furnace at 100° C. per hour gave a decrease in creep 
resistance, and spheroidization, produced by heating for 14 
days at 625° C., showed a marked decrease except for the 
vanadium-molybdenum steel which was not very susceptible 
to any of the above treatments. 



CHAPTER XVII 

PHOTO-ELASTIC METHOD OF STRESS ANALYSIS 

208. The probable maximum stress in a component as found 
by mathematical methods is often far from accurate, since the 
intricate shape of the component may render the use of such 
methods inapplicable. Higher values of stress than those 



calculated by such methods are often concentrated at unsus¬ 
pected points and these are clearly revealed by photo-elasticity. 

The photo-elastic method of stress analysis not only enables 
the designer to obtain a rapid qualitative picture of stress 
distribution in a loaded component, but also provides quan¬ 
titative information from which the stresses may be evaluated. 

209. Polarized Light. A ray of light is assumed to travel 
in wave formation in any number of directions transverse to 
the direction of the beam. If the vibrations of the ray are 
confined to one plane the resultant light is then referred to as 
plane-polarized light. 

When a plane-polarized light ray is passed into a loaded 
model of suitable plastic material the ray is split into two 
component rays vibrating in the directions of the principal 
stresses at the point. This is known as double refraction, and 
the velocities of the component rays are unequal, being 
dependent on the magnitude of the principal stresses. 
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The component ra} r s on emergence from the model may be 
recombined in one plane by passing them through a- second 
polarizing element called an analyser. The plane of polarization 
of the analyser is at right angles to that of the former polar¬ 
izing element. Interference will occur if the rays are out of 
phase, and if they are projected on a screen the interference is 
revealed as a black spot. The behaviour of the various rays is 
shown in Fig. 192. 

When plane-polarized white light is used and the source 



illu min ates the entire model, then the image of the model, 
projected on the screen, will be covered by a series of brightly 
coloured bands. These are known as isocliromatics. If, how¬ 
ever, the light is monochromatic the brightly coloured hands 
are replaced by black lines called “fringes.” The monochro¬ 
matic source of light is preferred to the white light source as 
the alternate black and monochromatic bands are easily 
distinguishable (Plate V {top)). 

If the plane of the incident polarized light ray is made to 
coincide with the direction of one of the principal stresses 
the light will pass straight through the model and will be 
annihilated by the analyser, resulting in a black spot on the 
screen. This occurs at every point at which the principal 
stresses in the model have the same directions, and the loci of 
these points is a black line on the image called an isoclinic. 
Isoclinics are useful in determining the directions of the prin¬ 
cipal stresses. Fig. 192 shows a diagrammatic representation 
of the apparatus described, and a series of isocliromatics for 
a pair of wheel teeth is shown in Plate V (top). The figure shows 
clearly the stress-concentrations at the point of contact of the 
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teeth and also at the fillet on the compression stressed side 
of the teeth. 

If a quarter-wave plate is inserted, on each side, between the 
model and the polarizing element in the apparatus shown in 
Pig. 192, then isochromatic lines only will be shown. The 
arrangement for such lines is shown in Fig. 193. The quarter- 
wave plates can readily be removed if isoclinics are required. 
Isoclinic lines on the image of a loaded beam are shown in 
Plate V {bottom). 

210. Retardation of Component Rays. The amplitude of a 
ray of light after a time t may be expressed by the equation— 


a = A sin wt 


( 1 ) 


when the amplitude is zero at zero time. If this condition 
does not hold the equation is of the form a = A sin w(t -1 0 ) 
where t 0 is the time at which the amplitude becomes zero. 
The polarizing ray on entering the loaded model is broken up 

into component rays in the 
directions of the principal 
stresses, as shown in Fig, 
194. These component rays 
may be represented by OB 
and 00 where the vector 
a is the amplitude of the 
entering pola rizedray. The 
values of OB and 00 are 
given by a cos a and a sin 
« respectively, or sub¬ 
stituting in equation (1)— 



OB = A cos « sin wt 
OG — A sin a sin wt 


( 2 ) 

(3) 


If Fj and V 2 are the respective velocities of the component 
rays through the model whose thickness is x, and t x and t 2 
are the respective times for the rays to travel through the 
model then— 





(5) 




I 

cu 


(T. 5 |fn) 
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and the equations of the displacements on emergence are 
given by—- 

(Zj = A cos a sin w(t - q) . . . (6) 

(L = A sin a sin u:{t -1 2 ) . . . . (7) 

The time lag or retardation of one component ray relative 
to the other is— 

x x 

To - 


t x -U 


r v 

(To- T)-(T , - F) 

ViV 2 


x 


( 8 ) 


Since l\ V 2 is practically constant and the change in velocity 
is proportional to the principal stress, then the retardation is 
approximately proportional to the difference between the 
two principal stresses, i.e. 

h ~ Z 2 — <7 C/n ,—fn t ) ..... (9) 

After passing through the analyser the component rays OB 
and 00 will be re¬ 
solved into two 
components, as is 
shown in Fig. 195. 

The components 
00 and OF will be 
annihilated and the 
component rays OE 
and OD will be 



1 

F 



D 





Vco 

G 

C 


Ayis of 


Polarization 


transmitted. The £ 

amplitudes of these 
emerging rays are as follows— 

OE — OB sin a 
= a cos a sin a 
a , 

= g sin 2 a 

OD = OG cos a 
=: a sin a cos a 

a . 

— g sin 2a. 


0 

Fig. 195 


( 10 ) 


(11) 
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Thus the rays OE and 01) have the same amplitude, and their 
equations are given by— 


d L ' — — sin 2 a sin iv(t - q) 

iL 


( 12 ) 


a 


d 2 ' = -v sin 2 a sin w(t - q) 


(13) 


If these rays are out of phase the resultant ray will be the 
vector difference of the component rays, and its equation is_ 


CL 

d" = ^ sin 2 a . [sin w(t - q) - sin w(t - q)] . . ( 14 ) 

211 . Conditions for Formation of Isoclinics and Fringes. 

From equation (14) it is seen that the value of d" will be zero, 
i.e. no light will be transmitted, for two conditions, as follows— 
(a) For a value of a = 0 which corresponds to the condition 
that the plane of polarization corresponds with the direction 
of one of the principal stresses. One component ray emerges 
from the model and is eliminated by the analyser. 

( 1 b ) When sin w(t - q) = sin w(t - / 2 ). This condition is 
satisfied when, 

w{t - q) = w(t - q) -f- 2nn .... ( 15 ) 

where n is an integer. It follows then that 

w(t 2 - q) = 2nn ...... (16) 

Substituting the value of (q - q) from (9) 

O (/„, = 2^77 

. „ 2«.7T 

01 ' Ini ~ fill — " Q ...... ( 17 ) 


and from page 21 (5) the value of the maximum shear stress 
at the point is given by— 

/■ _ Ini In 2 

J 2 


or from (8) 


A - 

“ "mur 


nv 

a 



(18) 


K is a constant for the material and is called the fringe value. 
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212. Evaluation of Principal Stresses. The first condition 
gives a point on an isoclinic and enables the directions of the 
principal stresses at the point to he found. The polarizer and 
the analyser are rotated together until a black spot appears 
on the image at the point. The directions of the pi-incipal 
stresses correspond to the axes of polarization of the polarizer 
and analyser. 

From the second condition no light is transmitted when 
equation (16) holds, and hence when equation (18) holds or 
„ , 2 nK 

—.( 10 ) 


Thus for every integral value of n a series of fringes will be 
formed. The first fringe formed as load is applied, for a value 
of n equal to unity, is called the first order fringe, and for a 
value of n equal to 2 the fringe is called the second order fringe, 
etc, 

Several methods are employed for determining the actual 
value of the principal stresses at a point. Two methods are 
given, and for each the value of K is necessary. 

A strip of material similar to that forming the model and 
of the same thickness as the model is loaded in such a maimer 
that the maximum shearing stress at a point can he calculated 
directly. Its fringe value is noted and from equation (18) the 
value of K is found. At any desired point in the loaded model 
the difference between the principal stresses is found by meana 
of equation (19). 

An extensometer, usually of the optical type, is used to 
obtain the strain in the model at the point in a direction per¬ 
pendicular to the surface of the model. 


__ Sn i , 

mE 


fn, 

mE 


( 20 ) 


from which 

/»,+ /«, = mEe 3 .(21) 

m and E can be found for the material of the model, and equa¬ 
tion (21) combined with equation (19) enables the principal 
stresses to be calculated. 

The second method employs successive integration and is 
derived from a knowledge of the shear stress difference on a 
small block of material. 

Fig. 196 shows the variation of stress on such a block taken 
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from a loaded component of uniform thickness t. Resolving 
the forces in a vertical direction, then— 

(/„ + df v )tdx - f v idx + S y tdy - (S y + dS v )tdy = 0 
or df v . clx - dS v dy — 0 

, dS v 

and df v = -jj- . dy .... (22) 

„ , P /a dS v 

hence /»„-/„,= / faT ■ dy ■ ■ (23) 


Thus the difference between the normal stresses on two parallel 
planes is equal to the rate of change of shearing stress at right 

A 

fy + dfy 


Sx dSx 



Sy+dSy 


Px + dfx 


Sx 






Fia. 190 


angles to the planes multiplied by the distance between the 
planes. 

To evaluate the stresses in equation (23), a straight line is 
drawn across the component through the point at which the 
stress is desired and the direction of the line is taken as the y- 
direction. The line is next divided into a number of segments 
each of length Ly. The shear stress S.„ at each end of the 
segments is found from page 21, equations (4) and (5), which 
give¬ 
's,, = i (/„, sin 2 d 

= sin2<?.(24) 
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8 is found from the isoclinic, and S Vriax is evaluated by means 
of equation (18). 


The value of 

ax 


can be determined at the end of each 


seg¬ 


ment, and starting at a boundary, where f Vt is zero, successive 
values of f Vi can be evaluated by means of equation (23). 

A line is next drawn through the point in a perpendicular 
or ^-direction and following a similar procedure the following 
equation holds— 


fx, /*! — / 


x> dSx 
dy 


dx 


(25) 


and hence successive values of can be found. 

Thus a complete picture of the stress situation at any point 
in a component may be obtained and hence the principal 
stresses can be evaluated. 


14 —(T. 5464 ) 
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TENSILE STRENGTH PROPERTIES OF COPPER ALLOYS AT ELEVATED TEMPERATURES 



la certain cases tie quoted figures have been deduced from graphs of a sories of testa given by the various authors. 














Sand j Die i Annealed I Grade A j Grade B | Sand | Die I Sand I Die Sand 1 Die Sand j Die 



| 9-11 j 10-12 8-11 11-16 14-19 11—13 | 13-16 18-20 J 21-23 j 19-22 j 22-24 j 14-17 j 13-20 
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CONVERSION TABLE* 

CORRELATING DIAMOND AND BALL INDENTER IMPRESSIONS 
AND NUMBERS WITH ROCKWELL AND SHORE NUMBERS AND 
WITH TENSILE STRENGTHS 


Firth 

Hardometer 
Scale Heading 
130° Diamond 
Indenter 
80-kg. Load 

Diamond 

Hardness 

Number 

Brfnell 

Impression 

mm. 

Brlnell 

Hardness 

Numbor 

Approx. 
Tensile 
Strength 
Tons/sq. in. 

Rockwell 

Hardness 

Number 

Shore 

Scleroscope 

Number 

2-36 

1007 

2-25 

746 

_ 

_ 

101 

2-46 

927 

2-30 

712 

— 

— 

90 

2-55 

856 

2-35 

682 

— 

C66 

91 

2-65 

792 

2-40 

653 

— 

62J 

88 

2-76 

736 

2-46 

627 

— 

60± 

84 

2-83 

698 

2-50 


132 

C59 

81 

2-90 

601 

2-55 

578 

126 

67 

78 

2-98 

627 

2-60 

556 

122 

56 

75 

305 

598 

2-65 

534 

116 

534 

72 

3-15 

670 

2-70 

514 

112 

52 

70 

3-20 

643 

2-76 

495 

108 

m 

67 

3-28 

619 

2-80 

477 

104 

49 

65 

3-35 

496 

2-86 

461 

101 

m 

63 

3-43 

474 

2-90 

444 

98 

40 

61 

3-60 

454 

2-96 

429 

04 

45 

59 

3-58 

436 

3-00 

416 

92 

043 i 

57 

3-66 

418 

3-05 

401 

88 

42 

65 

3-73 

401 

3-10 

388 

84 

41 

54 

3-80 

386 

315 

375 

82 

40 

52 

3-88 

371 

3-20 

363 

80 

38 

50 

3-95 

357 

3-25 

352 

76 

37 

49 

4-00 

348 

3-30 

341 

74 

36 

47 

4-08 

335 

3-35 

331 

72 

35 

46 

4-15 

323 

3-40 

321 

70 

34 

45 

4-23 

312 

3-46 

311 

68 

33 

44 

4-30 

302 

3'50 

302 

66 

C32 

43 

4-35 

294 

3'65 

293 

64 

31 

42 

4-40 

286 

3-60 

285 

62 

30 

41 

4-50 

276 

3-65 

277 

60 

29 

40 

4-65 

269 

3-70 

269 

59 

28 

39 

4-60 

262 

3-75 

262 

58 

27 

38 

4-65 

255 

3-80 

255 

56 

26 

37 

4-76 

247 

3-85 

248 

54 

24J 

36 

4-80 

241 

3-90 

241 

62 

23 

36 

4-85 

236 

3-95 

235 

51 

22 

34 

4-95 

230 

4-00 

229 

50 

B99 

34 

6-00 

224 

4-06 

223 

49 

98 

33 

5-05 

218 

4-10 

217 

47 

97 

32 


* Reproduced by the courtesy of Messrs Thos. Firth & John Brown, Ltd., 

Sheffield. 
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CONVERSION TABLE |r;ont<l.) 

CORRELATING DIAMOND AND BALL INDENTER IMPRESSIONS 
AND NUMBERS WITH ROCKWELL AND SHORE NUMBERS AND 
WITH TENSILE STRENGTHS 


Firth 

Hardometer 
Scale Reading 
136° Diamond 
Indenter 
30-kg. Load 

Diamond 

Hardness 

Number 

Brinell 

Impression 

mm. 

Brinell 

Hardness 

Number 

Approx. 
Tensile 
Strength 
Tons/aq. in. 

1 

Rockwell 

Hardness 

Number 

Shore 

Scleroscope 

Number 

510 

212 

4-15 

212 

46 

B96 

31 

6-20 

207 

4-20 

207 

45 

95 

31 

5-25 

202 

4-25 

201 

44 

94 


5-30 

197 

4-30 

197 

43 

93 

29 

5-40 

192 

4-35 

192 

42 

92 

29 

5*45 

187 

4-40 

187 

41 

91 

28 

5*50 

IS2 

4-45 

183 

40 

90 

28 

5-60 

178 

4-50 

179 

39 

B39 

27 

5-65 

174 

4-55 

174 

38 

88 

27 

5-70 

170 

4-60 

170 

37 

87 

26 

5-75 

166 

4-65 

167 

36 

86 

20 

5-85 

162 

4-70 

163 

35 

85 

25 

5-90 

158 

4-75 

159 

34-5 

84 

25 

5-95 

lo5 

4-80 

156 

34 

83 

24 

6-05 

152 

4-85 

152 

33-5 

82 

24 

6-10 

149 

4-90 

149 

33 

81 

23 

6-20 

146 

4-95 

146 

32-5 

80 

23 

6-25 

143 

5-00 

■a 

32 

B7S4 

— 

6-30 

140 

505 


31-5 

77 

— 

6-40 

137 

510 


31 

76 

— 

6-45 

134 

5-15 

■m 

30-5 

75 

— 

0-50 

132 

5 20 

131 

30 

74 

— 

— 

— 

5-25 


29-5 

72 

— 

— 

— 

5-30 


29 

71 

— 

— 

— 

5-35 

■ V 

28-5 

70 

— 

_ 

_ 

5-40 

121 

28 

69 

— 

— 

— 

5-45 

118 

27-5 

67£ 

-- 

_ 

_ 

5-50 

116 

27 

B66 

— 

_ 

_ 

5-55 

114 

26 

65 

— 

— 

— 

5-60 

111 

25 

631 

— 

_ 

_ 

5-65 

109 

24-6 

62 

— 

_ 

_ 

6-70 

107 

24-3 

60 

— 

— 

— 

5-75 

105 

24 

58i 

— 

— 

— 

o-SO 

103 

23-5 

57 

— 

_ 

_ 

5-85 

101 

23 

56 

— 

_ 

— 

5-90 

99 

22-5 

54J 

— 

— 

— 

5-95 

97 

22 

53 
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0043 0086 1 01281 0170 


0828 0864 0890,0934 


1173 1 1200 1239! 1271 


1492 1523 ; 1553' 


II 


1790 

1818 

1847 

1875 

2068 

2005 

2122 

2148 

2330 

2355 

2380 

2405 

2577 

2601 

5625 

2648 

2810 j 2833 

2856 

2878 

3032 1 3054 3075 

3096 

3243 

3444 

3636 

3820 

3263 3284 
3464 3483 
3055 1 3674 
3838i3856 

3304 

3502 

3692 

3874 

3997 

4014 

4031 

4048 

4166 

4330 

4487 

4639 

4183) 4200 
4346 | 4362 
4502[ 4518 
4654i4669 

4216 

4378 

4533 

4683 

4786 

4800 

4814, 4829 

4928 

5065 

5198 

5328 

4942 

5079 

5211 

5340 

4955 ; 4969 
5092i 5105 
5224 1 5237 
5353 1 5366 

5453 

5465 

5478 

5490 

5575 

5694 

5809 

5922 

5587 

5705 

5821 

5933 

5599 5611 
5717 . 5729 
5832 5843 
5944 5955 

6031 

6042 

6053 

60G4 

6138 

6243 

6345 

6444 

G149 

6253 

6355 

6454 

61 GO 
62G3 
6365 
64 G4 

6170 

6274 

6375 

6474 

G542 

6551 

6561 

6571 

6637 

6730 

6821 

6911 

GG4G 

6739 

6830 

6920 

6656 

6749 

6839 

6928 

GOG 5 
G758 
6Q48 
6937 

6998 

7007 

7016 

7024 




3 7 10 13 

16 

20 23 26 30 : 

3 7 10 12 

16 

19 22 25 29 ^ 

3 6 9 12 

15 

18 21 24 28' 

3 6 9 12 

15 

17 20 23 26 


2923 j 

2945 | 

2967 

2989 

3139 

1 3160 

3181 

3201 

3345 

3541 

3729 

3909 

3365 
3560 
3747 j 
3927 

3385 
3570 
3766 1 
3945 

3404 

3593 

3784 

3962 





40S2 

-1090 

4116 

4133 


5539 j 55511 1 



6 9 11 14 17 20 23 20 
5 811 14 16 19 22 25 


3 

5 

a 

n 

14 

16 

19 

22 

24 

3 

5 

8 

10 

13 

15 

18 

21 

23 




9 10 12 14 15 


2 

3 

6 

7 

8 

JO 

11 

13 

15 

2 

3 

S 

6 

8 

9 

11 

13 

14 

2 

a 

5 

6 

a 

9 

11 

12 

14 

1 

3 

4 

0 

7 

9 

10 

12 

13 


1 3 

4 

6 

m 

8 

10 

11 

12 

1 3 

4 

5 

7 

8 

9 

11 

12 

1 3 

4 

5 i 

G 

8 

9 

10 

12 

1 3 

4 

5 

6 

8 

9 

10 

11 

1 2 

4 

5 

6 

7 

9 

10 

11 

1 2 

4 

5 

6 

7 

8 

10 

11 

1 2 

3 

5 

! 6 

7 

8 

9 

10 

1 2 

3 

5 

i 6 

7 

8 

9 

10 

1 2 

3 

4 

s 

m 

8 

9 

10 


1 2 

8 

4 

5 

6 

7 

8 

9 

1 2 

3 

4 

5 I 

I a 

7 

8 

0 

1 2 

3 

4 

1 5 

' 6 

7 

8 

9 

1 2 

3 

4 

5 

G 

7 

8 

D 


6702 6712 123 4 56778 

6794 6803 1 2 3 4 5 5 6 7 8 

6884 6893 1234 45678 


The copyright of that portion of the above table which gives the logarithms of numbers from 
1000 to 2000 is the property of Messrs. Macmillan & Co., Ltd., who, however, have authorized 
ihe use of the form in any reprint published for educational purposes. 
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70S4 i 7093 710117110 7118 
7168 i 7177 i 71b4 7193 72"2 
7251 S 7259 ] 7267 i 7275 7284 
7332 I 7340 ! 734S i 7356 7364 


7490 | 7497 7505 7513 
7566.7574,7582 7539 
7642 7649 7657 7664 
7716 7723 7731 7733 



7896:7903 7910 7917 1 1 
7966 1 7973 7980 7987 1 1 
8<j35,8041 8048 8‘>55 1 1 
8102’8109 8116 8122 1 1 


8129 j 8136 8142 8149'8156 

8195! 8202'8209 8215'8222 8228 
8261 8267 8274 8280, 8287 8293 
8325 * 6331 i 833S 8344 \ 8351 8357 
8333 1 8395 | 8401 8407 8414 8420 


8549 1 S555 ! 8581 : 8567 

B6o9 6615 8621 8627 

8669 8675 S631 ! 8686 

8727 8733 , 8739 j 8745 


75 | 8751 j 8756 1 8762'8768 j 8774 



8785’8791 8797! 680211 1 


8S37 8842 { 8848 ' 8354 i SS59 
8S93 8S99.8904 ! 8910 S 8915 
6949 8954 I 8960 ! S965 ; 8971 
9004 9009 I 9015 | 9020,9025 



3 

3 4 5 5 

3 

: 3 4 4 5 

3 

! 3 4 4 5 

i 3 

3 4 4 5 


81 

9085 

9090 | 9096 ; 9101 

9106 

82 

9138 

9143| 9149. 9154 

9159 

83 

9191 

9196 1 9201 1 9206 

9212 

84 

9243 j 

9248 | 9253 j 9258 

9263 































































































































1 

2 

3 

4 

1002 

1005 

1007 

1009 

1026 

1050 

1074 

1099 

1028 

1052 

1076 

1102 

1030 

1054 

1079 

1104 

1033 

1057 

1081 

1107 

1125 

1127 

1130 

1132 

1151 

1178 
1205 
1233 

1153 
1180 
1208 
123Q 

1156 

1183 

1211 

1239 

1159 

1186 

1213 

1242 

1262 

1265 

1268 

1271 

1291 

1321 

1352 

1384 

1394 

1324 

1355 

1387 

1297 

1327 

1358 

1390 

1300 

1330 

1361 

1393 

1416 

1419 

1422 

1426 

1449 

1483 

1517 

1552 

1452 

1486 

1521 

1556 

1455 

1489 

1524 

1560 

1459 

1493 

1528 

1563 


I62Q 

16153 

1702 

1742 

1629 

1667 

1706 

1746 

1633 

1671 

1710 

1750 

1637 

167: 

1714 

1754 

1782 

1786 

1791 

1795 

1824 

1866 

1910 

1954 

1828 

1871 

1914 

1959 

1832 

1875 

1919 

1963 

1837 

1879 

1923 

1968 


2046 

2094 

2143 

2193 

2051 

2099 

2146 

2198 

2056 

2104 

2153 

2203 

2061 

2109 

2158 

2208 

2244 

2249 

2254 

2259 

2206 

2350 

2404 

2460 

2301 

2355 

2410 

2466 

2307 

2360 

2415 

2472 

2312 

2306 

2421 

2477 





2518 

2523 

2529 

2535 

2576 

2636 

2698 

2761 

2825 

2891 

295S 

3027 

3097 

2582 

2642 

2704 

2767 

2831 

2897 

2965 

3034 

3105 

2588 

2649 

2710 

2773 

2838 

2904 

2972 

3041 

3112 

2594 

2655 

2716 

2780 

28-14 

2911 

2979 

3048 

3119 



2858 

[ 2864 

1 - 871 

2877 

2924 

2992 

3062 

3133 

2931 

2999 

3069 

3141 

29381 
1 3006 I 
3076 
3148 

2914 

3013 

3083 

3155 


1 1 

2 

3 

3 4 

5 

5 

6 

1 1 

2 

3 

3 4 

5 

5 

6 

1 1 

2 

3 

4 4 

5 

6 

6 

1 1 

2 

3 

4 4 

5 

G 

6 









































































ANTI LOGARITHMS 


\m 


3170 | 3177 

3184 ! 3192 

3243 I 3251 
3319. 3327 
3396, 3494 
3475 3483 

3259 3266 
3334 3312 
3412 342o 
3491'3499 

3556 \ 3565 

3573 35S1 

3639 1 3648 
3734 3733 
3811 3819 
3893 3908 

3656 3664 
3741 3759 
3828,3837 
3917 i 3926 


§m[ 


3990,3999 I -4009 j 40181 4<>27 


•1083 4093 4102 4111 4121 
4178 1 4188 4198 4207 -1217 
4276 4285 \ 4295 4305 43 L 5 
4375 ; 4385 4395.44U6 4416 

4477 | 4487 | 4498 45U8 4519 


4581 I 4592 4603 ! 4613 
4688 4699 4710 | 4721 
4797 4808 4819 483114842 
4909. 4920.4932'49431 4955 


5023 | 5035 j 5047 | 


5140 5152 I 5164 
5260 5272 ; 5284 
5383 5395 ' 5408 j 
5508 5521 5534 


5630 5649 ) 5662 | 


4VJ9 

4539 

4550 456o 

4634 

4742 

4853 

4966 

4645 

4753 

4864 

4977 

4656 4o-7 
4764 4775 
4375 4887 
4939,5009 


5176 5188 
5297 5309 
5420 5433 
5546 5559 


5702 5715 5728 574 J 


6324 

6339 

6353 

6368 

6471 

! 6486] 

! 6501 

6516 

.6622 

6637 

6653 

6668 

.6776 

, 6792 

6808 

6823 

6934 

; 6950 

! 6966 

6982 

1 7096 

1 7112 

7129 

714.5 

7261 

7278 

7295 

7311 

7430 

7447 

7464 

7482 

7603 

1 7621 

1 7638 

76-’>0 

7780 

7798 

7816 

7834 

7962 

7980 

i 7998 

S017 

8147 

8166 

1 8185 

8204 

8337 

8356 

8375 

8395 

1 8531 

; 8551 

1 8570 

, 8590 

8730 

8750 

8770 

8790 

8933 

' 8954 

8974 

8995 

9141 

9162 

9183 

9204 

9354 

9376 1 

9397 

! 9419 

! 9572 

i 9594 

9616 

9838 

9795 

9817 

9840 

9963 


6546 1 6561 : 6577 1 6592 
6699,6714 i 6730 : 6745 
6855,6871,6687 j 6902 
7015 7o3l j 7047 7063 


7345 7362 
7516 j 7534 
7691.7709 


7834 I 7852 1 7870 j 78S9 


8241 J 8200 

8433 i 8453 


7379 7396 
7551!7568 
7727)7745 
7907 7925 


8279 S299 
K472 I 8492 
, 8670,8699 
i 8872 1 8892 


9036 

9057 j 9078 j 9099 

9247 

9462 

9683 

9908 

9268 | 9290 
9484 i 9506 
9705 | 9727 
9931 9954 

9311 

9528 

9750 

9977 


2 

3 4 

5 

5 

6 

7 

2 

3 4 

5 

5 

6 

7 

2 

3j 4 

5 

6 

5 

7 

o 

3| 4 

5 

6 

6 

7 


1 2 

4 

5 6 

7 

8 

10 

11 

1 2 

4 

5 6 

7 

9 

10 

II 

1 3 

4 

5 6 

8 

9 

10 

11 

I 3 

4 

5 6 

S 

9 

10 

11 


3 4 5 7 8 9 10 12 


1 3 4 $! 

13 4 5 

l 3 4 

1 3 4 6| 

7j 8 9 II 12 

7i 8 10 11 12 

, 7; 8 10 11 13 

7 9 10 11 13 

13 4 6 

7; 9 10 12 13 


2 3 

5 

7 

8 

10 

12 

13 

15 

2 3 

5 

7 

9 

10 

12 

14 

16 

2 4 

5 

7 

9 

u 

12 

14 

16 

2 4 

5 

7 

9 

11 

13 

14 

16 


4 6 7] 9! 11 13 15 17 

4 6 8| 9 H 13 15 17 

4 6 8 10 12 14 15 17 

4 6 8 10 12 14 16 18 

4 6 8 10 | 12 14 16 18 


4 

6 

fi 

11 13 

15 

17 19 

4 

7 

9' 

!1 [ 13 

15 

17 20 

4 

7 

g 

11 113 

16 

18 20 

3 

7 

9 

11,14 

16 

18 20 












































































Trigonometrical Functions 


Angle, 

Chord. 

Sine. 

Tangent. 

Co-tan- 

Cosine. 




Deg- 

Ra- 

gent. 




rees. 

dians. 









0° 

0 

0 

0 

0 

oo 

i 

1-414 

1-5708 

90° 

1 

•0175 

•017 

•0175 

•0175 

57-2900 

■9998 

1-402 

1-5533 

89 

2 

•03-19 

•035 

•0349 

•0349 

28-6363 

•9994 

L-3S9 

1-6359 

88 

3 

■0524 

•052 

•0523 

■0524 

19-0811 

■9986 

1-377 

1-5184 

87 

4 

•0698 

■070 

•0698 

•0699 

14-3007 

■9976 

1 -364 

1-5010 

86 

5 

■0873 

•087 

•0872 

•0875 

1 1-4301 

•9962 

1-351 

1-4835 

85 

6 

■1047 


•1045 

•1051 

9 5144 

■9945 

1 -338 

1-4661 

84 

7 

■1222 

iinbvvfl 

•1219 

•1228 

8-1413 

■9925 

1 -325 

1-4486 

83 

8 

•1396 

SfH 

•1392 

■1405 

7-1154 

•9903 

1-312 

1-4312 

82 

9 

•1571 

Krifl 

•1564 

•1581 

6-3138 

•9877 

1 *299 

1-4137 

81 

10 

•1745 

•174 

■1736 

■1763 

5-6713 

•9848 

1-286 


80 

rrw 

•1920 

•192 


-1944 

51416 

•9816 

1-272 

1-3788 

79 

ta 

•2094 

•209 


•2126 

4-71) 16 

•9781 

1 -259 

1-3614 

78 

pi 

■2269 

•226 


•2309 

4-3315 

■9744 

1-245 

1-3439 

77 

H 

•2443 

■244 

•2419 

-2493 

4-0108 

-9703 

1-231 

1-3265 

76 

IS 

•2618 

•261 


•2679 

3-7321 

•9659 

1-218 

1-3090 

75 

16 

■2793 

■278 


■2867 

3-4874 

•9613 

1-204 

1-2915 

74 

17 

■2967 

•296 

■2924 

•3057 


•9563 

MHO 

1 -274 1 

73 

18 

■3142 

•313 

■3090 

•3249 

3-0777 

•951 1 

1-176 

1-2566 

72 

19 

•3316 


•3256 

•3443 


■9455 

1-161 

1-2392 

71 

20 

•3491 

■347 

•3420 


2-7475 

■9397 

1-147 

1-2217 

70 

21 

■3605 

■364 

■3584 

•3839 

•2-6051 

•9336 

1-133 

1-2043 

69 

22 

•3840 

•382 

■3746 

•4040 

2-4751 

■9272 

1-1 18 

1 -1868 

68 

23 

•4014 

■399 

•3907 

•4245 

2-3559 

■9205 

1-104 

1-1694 

67 

24 

•4189 

•416 

•4067 

•4452 

2-2460 

•9135 

1-089 

1-1519 

66 

25 

•4363 

•433 

•4226 

•1663 

2-1445 

•9063 


1-1345 

65 

28 

•4538 

•450 

•4384 

•4877 

2-0503 

■8988 

1 -060 

1-1170 


27 

•4712 

■467 

■4540 

•5095 

1-9626 

•8910 

1-045 

1-0990 


28 

•4887 

■484 

■4695 

•5317 

1-8S07 

■8829 

1-030 

1-0821 


29 



-1848 

■5543 

1*8040 

■8746 

1-015 

1-0647 


EM 

•5236 

■518 


•5774 

1-7321 

•8660 


1-0472 

60 

31 

•5411 

■534 

•5150 

•G009 

1-6643 

•6572 

•985 

1-0297 

59 

32 

■5585 

■551 

•5299 

•6249 


•8480 

•970 

1-0123 

58 

33 

■5760 

•568 

•5446 

■6494 

1-5399 

•8387 

•954 

•9948 

57 

34 

•5934 

•585 

•5592 

■6745 

1-4826 

■IEE3I 

•939 

•9774 

56 

35 

•6109 

■601 

■5736 


1-4281 

-8192 

•923 

•9599 

55 

38 

■G283 

•618 

•5878 

•72C 5 

1 -3764 


•908 

•9425 

54 

37 

•6458 

•635 

•6018 

•7536 

1 -3270 

•7986 

•892 

•9250 

53 

38 

•6632 

•651 

•G157 

•7813 

1-2799 

•7880 

•877 

■9076 

52 

39 


■668 

•6293 

•8098 

1-2349 

•7771 

•861 

•8901 

51 

40 

■6981 

■684 

•6428 

•8391 

1 T9 18 

•7660 

•845 

•8727 

50 

41 

"•7156 

•700 

-6561 

•8693 

1-1504 

■7547 

•829 

•8552 

49 

42 

•7330 

•717 

•6691 

•9004 

1 *1106 

■7431 

•813 

•8378 

48 

43 

■7505 

■733 

■6320 

•9325 

■BIHVl 

•7314 

•797 

•8203 

47 

44 

■7679 

•749 

■6947 

•9657 


■7193 

•781 

■8029 

46 

45° 

■7854 

•765 


1 -0000 


•7071 

•765 

•7854 

45 









Ra- 

Deg- 




Cosine. 

Co-tan- 



Chord. 

dians, 

rees. 




gent. 



Angle. 
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Alluyjj, 380, 416, et ae'/. 
Annealing, effect of, 337 
Axis, neutral, US 


Bailey and Roberts, 394, 398 
Bairs tow's experiments, 372 
Btiusclii tiger's experiments, 371 
Beams, 99, 193, 208 
large curvature, 22*2 
uniform strength, 190 
Bending— 

and direct stress, 131 
moment, 94, 107 
strain, 118 
stress, 118 

torsion, shear, thrust, 247, 231, 300 
Breaking stress, 32, 351 
Brick testing, 385 
Brinell, hardness testing, 308 
Briquette for cement, 383 
Brittle— 

fractures, 367 
lacquers, 335 
Brittleness, causes, 367 
Buckton testing machine, 314 
Built-up spring, 168 
Bulk modulus, 6 


Cambridge extensometer, 319 
Cantilevers, 95-7 
Carbon, effect of, 337 
Castigliano’s theorem, 210 
Caustic embrittlement, 379 
Cement— 
testing, 380 
machine, 384 
Centroids, 77 
Chromium, effect of, 340 
Circular shafts, 237 
Clapeyron’s theorem, 210 
Columns, 262 

Complementary shear stress, 26 
Compound— 
bai’S, 12 
cylinders, 291 
strain, 40 
stress, 18 
equation, 33 


Compression—■ 
strain, 4 
stress, 2 
testing, 345 

Concrete, reinforced. 128 
testing. 385 

Constants, elastic, 6, 408 
Continuous beams, 208, 218 
Copper alloys, 415 
Corrosion fatigue, 379 
Crane hooks, 220 

Creep and tensile comparison 

of, 395 
Creep— 

effect of heat treatment un, 398 
methods of measurement, 393 
properties of copper alloys, 394 
properties of steels, 396 
Crinkling of columns, 272 
Curvature, radius of, 119 
Cylinders— 
compound, 291 
ova], 73 
thick, 2S0 
thin, 02 

Deflection— 

due to bending, 150 
due to impact, 184 
due to shear, 181 
of a framework, 185 
testing, 349 

Diamond hardness tests, 360 
Disc, rotating, 299 
Ductility, measurement of, 52 

Eccentric loads— 
on column, 272 
on riveted joint, 145 
Eden, Rose and Cunningham, 373 
Elastic— 
constants, 6, 408 
limit, 5, 51 
props, 165 
Elasticity, 5 
modulus, (> 

Ellipse— 

moment al, 90 
of strain, 41 
of stress, 24 
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STRENGTH OF MATERIALS 


Elongation, percentage, 52 
Embrittlement, caustic, 37S) 
Euler’s theory, 262 
Ewing, 324, 374 
Expansion coefficients, 391 
Extensomoters, 319, 324, 331 

Factor of safety, 52, 391 
Failure, tlioorios of, 46 
Fatigue of inetuls, 370 
duo to corrosion, 37!) 
failure, 377 
range, 372 
Fidler’s formula, 271 
Fineness testing, 380 
Fixed beams, 193 
Fracturos, brittle, 367 
Frameworks, 185 
Fretting corrosion, 37!) 
Fringes, 401 

Gerber's formula, 375 
Girdors, built-up, 143 
Gough, 370, 378 
Graphical methods, 107 
Grips for testing machine, 317 
Guest’s theory, 46 

Haihii’S theory, 05 
Hardening, effect of, 337 
Hardness comparator, 300 
Hardness— 

conversion table, 422 
and strength, 301 
testing of, 350 
Heat troatmont, 3!) 8 
Helical spring— 
close coiled, 253 
open coiled, 255 
Hemispherical onds,72 
Hollow shafts, 240 
Hooke’s law, 5 
Hoop stress, 62, 286 
Horse-powor of shafts, 241 
Hysteresis— 
loops, 374 
mechanical, 342 

Impact— 
energy, 361 
testing, 361 
Inclined loafs, 112 
Increasing loads, 109 
Indentation tests, 356 
Inertia— 

ellipse of, 88 
moment of, 79 
Isoclinics, 401 
Izod impact tost, 362 


Johnston's parabolic formula, 271 
Joints, riveted, 7 

Lacquers, brittle, 335 
Lamb’s axtensomoter, 325 
Lame's equation, 288 
Laterally-loaded struts, 27!) 
Launhardt formula, 376 
Lever-testing machine, 314 
Limiting range, 371 
Links, 231 
Loud, 1 

suddenly applied, 57 
Low temperature stresses, 368 

Machine for bending and torsion, 365 
Masonry structures, 134 
Metals, properties of, 50 
Middlo Third, Law of, 136 
Moduli, elastic, 28 
Modulus of rupture, 351 
Mohr’s circle, 34 
Moment— 
of inertia, 7!) 

polar, 84, 239 
of resistance, 121 
Moore and Henwood, 378 

N a visa’s theory, 348 
Neutral— 
axis, 118 
surfaeo, 11!) 

Nickel, effect of, 340 
Nominal stress, 51 
Normal stress, 18, 20, 27 
Notch sensitivity, 378 
Notching, 368 

OVRUUANTiTNO boams, 105 
Overstrain, effect on yiold point, 342 
Overstressing, 374 

Perry's formula, 276 
Photo-olasticity, 400 
Poisson’s ratio, 27 
Polarized light, 400 
Principal— 
planes, 31 
strains, 40 
stresses, 31, 124, 405 
Proof stress, 56, 387 
Proportionality, limit of, 51 

Rankine theory, 46 
Rankino-Gordon theory, 207 
Rectangular shafts, 247 
Reduction of area, 66 
Repeated stressing machine, 376 
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Resilience, 56 
modulus of, 57 
proof, 56 
torsional, 244 
Rest, effect of, 341 
Riehle testing machine, 313 
Rigidity modulus, 6 
Rings— 

rotation of, 2518 
strength of, 228 
Riveted joints, 7, 143 
Rockwell tester, 357 
Rupture, modulus of. 351 

Safety factor, 52, 391 

Sankey, Blount, and Kirkcaldy, 363 

Scleroscope, 360 

Scratch hardness test, 356 

Screw-power testing machine, 318 

Searle’s extcnsometer, 331 

Section modulus, 122 

Self-centring grips, 317 

Setting test, 382 

Shafts— 

torsion of, 337 
whirling of, 306 
Shape, effect of, 342 
Shear—- 
modulus, 6 
strain, 4 

stress, 3, 18, 20, 139 
testing, 348 
Shearing force, 94, 210 
Shells, built-up, 64, 69 
Shock, stress due to, 58 
Sinking prop, 165 
Slope, 150 

Smith, J. H„ 338, 343, 372, 375 
Soundness test, 381 
Southwell, 74 
Speed, effect of, 374 
Spherical shell— 
thick, 294 
thin, 68 

Spheroidization, 398 
Springs, 168, 234, 253 
Square shafts, 247 
Stanton and Bairstow, 367 
Steels, types of, 409 et seq. 

Stone, compression test on, 385 
Straight line formula, 271 
Strain, 3 

energy, 45, 130 
gauges, 333 

method for fatigue range, 372 
Strength, bar of uniform, 10 
Stress, 2 
Struts, 2 


Sum curve rule, 115 
Supported beams, 99 
Surface finish, 373 

Symmetrical sections, moment of 
inertia of, 86 

Taper— 

rod, extension of, i 1 
shaft, torsion of, 245 
Tempering, effect of, 339 
Temperature— 
high, effect of, 344 
low, effect of, 341 
stresses, 13 
Tensile— 
strain, 3 
stress, 2 

Testing machines, 314, 363, 376 
Theories of elastic failure, 46 
Thick shell— 
cylindrical, 286 
spherical, 294 
Torsion— 
of shafts, 237 
strain, 237 
stress, 23S 
testing, 355 
Torsionmeter, 243 
Tubes under pressure, 73 
Twist, 237 

Ultimate stress, 52 
Understressing, 374 
Unlike stresses, 23 
Unsymmetrical sections— 
bending, 124 
moment of inertia of, 86 

Vanadium, effect of, 340 
Variation of strength and ductility, 
337 

Venant, St., 46 
Vicat apparatus, 381 
Vickers’ hardness test, 360 
Volume— 

increase of, 68, 71 
modulus, 6 
strain, 4 

Wabxock’s testing machine, 363 
Weyrauch’s formula, 376 
Whirling of shafts, 306 
Wilson’s method, 212 
Wohler’s experiments, 372 
Working stresses, 52 

Yield stress, 51, 386 
Young’s modulus, 6 
modified values of, 43 
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